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Phase diagrams of the spin-1 Blume-Capel film with an alternating crystal field
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The spin-1 ferromagnetic Blume-Capel film with an alternating crystal fieldD5D1 on the odd layers and
D5D2 on the even ones is considered in the mean-field approximation. The ground-state phase diagrams in the
(d1 ,d2) plane (d15D1 /J andd25D2 /J) are determined analytically; the number of their phases depends on
the parity of the number of layers of the film. At finite temperature, 15 types of topology, depending on the
range of variation ofd1, are found in the~t,d2) plane for an even number of layers, but only 14 for an odd
number of layers (t5kBT/J is the reduced temperature!. The phase diagrams exhibit a variety of multicritical
points. In particular, a tricritical pointC appears in the paramagnetic-ferromagnetic line of transition, but only
for values ofd1 larger than a threshold valuedtrc

(2) which is but the tricritical crystal field~in the mean-field
approximation! of the spin-1 Blume-Capel model on a square lattice. Moreover, lines of transition presenting
the reentrant and double reentrant behaviors may also take place.

DOI: 10.1103/PhysRevB.69.064415 PACS number~s!: 64.60.Cn, 02.70.Uu, 05.10.Ln
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I. INTRODUCTION

The Blume-Capel~BC! model is a spin-1 Ising mode
with single-ion anisotropy. It has been originally introduc
to study first-order magnetic phase transitions1,2 and then ap-
plied to multicomponent fluids.3 Later, it was generalized to
the Blume-Emery-Griffiths model4 to study the He3-He4

mixtures and a variety of other physical systems.
The BC model has been investigated in detail using m

approximate methods, namely, mean-field approximation1,2

high temperature series expansion,5 constant-coupling
approximation,6 Monte-Carlo7 and renormalization-group8

techniques. All of these approximate schemes suggest
existence of a tricritical point at which the system chang
from the second-order phase transition to the first-order o
when the transition temperature is plotted as a function of
parameter of anisotropy.

On the other hand the BC model has been investigate
semiinfinite lattices with modified surface coupling. Seve
approximate methods have been used9 ~and references
therein!. All of them show the possibility to have a phas
with ordered surface and disordered bulk, and show the
istence of the so-called ‘‘extraordinary,’’ ‘‘surface’’ and ‘‘or
dinary’’ transitions, and of multicritical points called speci
points.10 More recently, with the development of the molec
lar beam epitaxy technique and its application to the gro
of thin metallic films, renewed interest in thin film magn
tism has been stimulated, and much experimental and t
retical efforts have been devoted to the subject.11 The BC
model with a rationally decreasing crystal field has recen
been extended to a layered structure and analyzed in
mean-field approximation.12 The model exhibits a constan
tricritical point and a reentrant phenomenon for a cert
number of layers.

Our aim in this work is to study, using mean-field theo
the phase diagrams of a ferromagnetic spin-1 Blume-Ca
film with an alternating crystal field:D5D1 on the odd lay-
ers andD5D2 on the even ones. The number of topolog
0163-1829/2004/69~6!/064415~6!/$22.50 69 0644
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of the phase diagrams is finite and depends only on the pa
of the number of layers of the film. The phase diagra
present many multicritical points and may have transit
lines exhibiting the reentrant and double-reentrant behavi
this kind of behavior has been previously found in t
Paramagnetic-Ferromagnetic transition line of the ordin
Blume-Capel model with a random crystal field13 or with
random nearest-neighbor interactions.14

The paper is organized as follows. In Sec. II we pres
the model and give the mean-field equations of the differ
order parameters. In Sec. III we present the results, then
end in Sec. IV by a conclusion.

II. MODEL AND METHOD

The system we consider is the spin-1 Blume-Capel mo
of a simple-cubic lattice, infinite and symmetric in thex and
y directions and of finite thickness in thez direction, i.e., a
film of N ferromagnetically coupled layers with an alterna
ing crystal field. The Hamiltonian of this system is given b

H52J(
^ i , j &

SiSj1(
i

D iSi
2 , ~1!

whereSi561,0; the first sum runs over all pairs of neare
neighbors andD i is the crystal field which takes the valueD1
on the odd layers andD2 on the even ones. The mean-fie
equations of state are straightforwardly obtained and
given by

mk5^Sk&5
2 sinhbhk

ebDk12 coshbhk

, ~2!

qk5^Sk
2&5

2 coshbhk

ebDk12 coshbhk

, ~3!

with
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h15J~zm11m2!,

hk5J~mk211zmk1mk11! for 2<k<N21, ~4!

hN5J~mN211zmN!.

In these equations,mk (qk) is the reduced magnetizatio
~quadrupolar moment! of thekth layer; andz is the interlayer
coordination number (z54 for the case of the square laye
considered here!. The reduced total magnetization ism
5(1/N)(k51

N mk . The reduced free energy of the film
given by

f 52
1

b (
k51

N

ln@112e2bDkcoshbhk#

1
1

2 (
k52

N21

~mk211zmk1mk11!mk1
1

2
m1~4m11m2!

1
1

2
mN~mN2114mN!. ~5!

III. RESULTS AND DISCUSSIONS

The study of the phase diagrams in the~t,d2) plane ex-
hibits the existence of different topologies depending on
range of variation ofd1 (d15D1 /J, d25D2 /J, and t
5kBT/J are the values of the reduced crystal fields and te
perature respectively!. We note from the beginning that thes
topologies are limited in number and do not depend on
number of layers itself but only on its parity. In the followin
we will discuss in detail the case of an even number of lay
and comment at the end on the odd number case. To un
stand the origin of the different topologies, we first determ
analytically the ground-state phase diagram in the (d1 ,d2)
plane by looking for the lowest-energy configurations. For
arbitrary even number of layersN52L, we distinguish six
regions of this plane@Fig. 1~a!# ~but only five for an odd
number of layers@Fig. 1~b!!#. ~a! d1,3, d2,3, and d1
1d2,621/L; the stable configuration~see Ref. 16! for the
notations! is (11)L, where the spins of the sites of all th
layers are all equal to 1.~b! 3,d1,4, d2,d1 and (L
21)d11Ld2,6L24; the stable configuration i
01(11)L21, where the spins of the first layer are all equal
0 while those of the other layers are all equal to 1.~c! d1
.4 andd2,2; the stable configuration is (01)L where the
spins of the odd layers are all equal to 0 while those of
even ones are all equal to 1.~d! 3,d2,4, d1,d2 , and
Ld11(L21)d2,6L24; the stable configuration i
(11)L2110 . ~e! d1,2 andd2.4; the stable configuration i
(10)L. ~f! d1.2, d2.2, d11d2.621/L, (L21)d11Ld2
.6L24 andLd11(L21)d2.6L24; the stable configura
tion is the nonmagnetic state (00)L.

From Fig. 1~a! it is clear that for fixed values ofd1, the
system exhibits various transitions by varyingd2. For the
following ranges of variation ofd1: ~i! 0,d1,2, ~ii ! 2
,d1,321/L, ~iii ! 321/L,d1,3, ~iv! 3,d1,4, and~v!
d1.4, the system presents the following phase transitio
06441
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~i! From the state (11)L to the state (11)L2110 atd253 and
then to the state (00)L at d254. ~ii ! From the state (11)L to
the state (11)L2110 at d253 and then to the state (00)L at
Ld25(6L24)2(L21)d1. ~iii ! From the state (11)L to the
state (00)L at d25(621/L)2d1. ~iv! From the state
01(11)L21 to the state (00)L at (L21)d25(6L24)2Ld1.
~v! From the state (01)L to the state (00)L at d252, respec-
tively.

It is worth to note here that, contrary to the two- or thre
dimensional Blume-Capel cases~or the case of a film with a
homogenous crystal field!, the ground-state of certain layer
may be magnetic even for relatively large values of the cr
tal field in these layers. For example, ford1,2, the even
layers ~except the final one! are in the magnetic statesm2k
51 even with a crystal field, in these layers, reaching
valued254 @which is larger than the critical crystal field fo
a square (dc

(2)52) or three dimensional cubic (dc
(3)53) lat-

tices#.
For finite temperatures the transition lines are determi

by solving numerically Eq.~2! which may have more than
one solution; the one which minimizes the free energy@Eq.
~5!# corresponds to the stable phase. Transitions of the
ond order are characterized by a continuous vanishing of
magnetizations while those of the first order exhibit disco
tinuities at the transition points.

In order to describe the different entities in the phase d
grams, the Griffiths notations15 will be adopted: the critical
end-pointBmAn denotes the intersection ofm lines of second

FIG. 1. The ground-state phase diagrams in the (d1 ,d2) plane
for an arbitrary number N of layers,~a! N52L, ~b! N52L11.
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FIG. 2. The phase diagrams in the~t,d2) plane for a generic even value ofN (N56) and generic values ofd1. ~a! d151, ~b!d1

51.85, ~c! d151.855, ~d! d151.9, ~e! d151.99, ~f! d152.01, ~g! d152.1, ~h! d152.25, ~i! d152.75, ~j! d153.5, ~k! d153.8, ~l! d1

53.9, ~m! d154.01, ~n! d154.1, ~o! d155. The solid lines are of second order, the doted ones are of first order. Filled circles are tric
points while empty circles are the other multicritical points and end points.
l
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order andn of first order; the multicritical pointC denotes
the intersection ofm lines of second order; the tricritica
point, which is the intersection of a line of second order a
a line of first order, is denoted in particular byC. The tric-
ritical points will ~as is common! be represented in the fig
ures by filled circles while the end points and the multicr
cal points will be represented by empty ones. In addition,
following notations of the different phases will be adopte
(FF)L is, for example, a state where all the layers are in
ferromagnetic state, i.e., the magnetization and the qua
06441
d

e
:
e
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polar moment of each layer are both different from ze
(FF)L21F0 is a phase where all the layers are in the fer
magnetic state except the last one which is in the nonm
netic state~denoted by 0! and is characterized by vanishin
magnetization and quadrupolar moment. (PP)L is a phase
where all the layers are in the paramagnetic state, i.e.,
magnetization of each layer is equal to zero but not the q
drupolar moment.

For an even number of layers (N52L), 15 types of to-
pology of the phase diagram in the~t,d2) plane are found.
5-3
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FIG. 2. ~Continued!.
ct

s
es

io

ed,
nce

n-
e

the
They may be gathered into six groups, each one is chara
ized by a certain range of variation ofd1.

~1! For 0,d1,dtrc
(2) @e.g., Fig. 2~a!#, there is a critical line

separating the paramagnetic phase (PP)L from the ferro-
magnetic ones (FF)L, (FF)L21F0, and (F0)L. These fer-
romagnetic phases are separated by two transition line
first order at low temperatures which meet two critical lin
at two tricritical points~totally inside the ordered phases! C1
andC2, respectively. The first-order lines reach thed2 axis at
the fixed values~independent of L! d253 andd254 respec-
tively. The critical lines present both a reentrant behav
near the paramagnetic-ferromagnetic (P-F) transition line
and meet this last at two multicritical points (B3)1 and (B3)2
06441
er-
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r

respectively. The topology described here is characteriz
contrary to the ordinary Blume-Capel model, by the abse
of a tricritical point in the (P-F) transition line . The value
of d1 over which this point appears is found to bedtrc

(2)

51.848. This is equal to 8 ln 2/3 which is the analytic mea
field theory expression of the tri-critical crystal field of th
spin-1 Blume-Capel square lattice.

~2! For dtrc
(2),d1,2, four types of topology are found

with increasingd1, all of them present a tricritical point in
the P-F transition line and present the same features of
type-1 topology with some differences. Ford1 in the vicinity
of dtrc

(2) the lines of transition (F-F lines! separating the fer-
romagnetic phases (FF)L, (FF)L21F0, and (F0)L still ex-
5-4
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hibit the reentrant phenomenon near theP-F transition line
and meet this one at the multicritical points (B3)1 and (B3)2
@e.g., Fig. 2~b!#. With increasingd1, the F-F lines meet the
P-F line at the multicritical pointB3 and at the critical end-
point BA2 respectively, and still present the reentrant beh
ior @e.g., Fig. 2~c!#; for higher values ofd1, the former lines
lose the reentrant behavior and meet theP-F line at two
distinct critical end points (BA2)1 and (BA2)2 as is depicted
in Fig. 2~d!. Finally, for d1 close to 2 theP-F first-order line
develops a reentrant topology@e.g., Fig. 2~e!#.

Note that for d1,2 the ferromagnetic phase (F0)L is
stable for an infinitely large value ofd2 at temperatures
lower than a temperaturetc

(2)(d1) which is independent o

FIG. 2. ~Continued!.
06441
-

the number of layers 2L. tc
(2)(d1) is but the critical tempera-

ture of the ordinary two-dimensional spin-1 Blume-Cap
model corresponding tod1. This may easily be understoo
even beyond the mean-field approximation. In fact at l
temperatures and for large values ofd2, the odd layers are al
nonmagnetic (m2k1150) and the system of equations of th
magnetizationsm2k of the even layers is decoupled to
equivalent two-dimensional equations with a crystal fieldd1:
the magnetizationsm2k ~and then the total magnetization!
vanish at the same temperature which istc

(2)(d1). For d1

.2 the ferromagnetic phase is unstable for large values
d2, as will be seen, in accordance with the ground-st
phase diagram.

~3! For 2,d1,321/L, three types of topology exist. Fo
these topologies the ferromagnetic state (F0)L disappears
from the ordered phases. The ferromagnetic phases (FF)L

and (FF)L21F0 are, as above, separated by a transition l
of first order, at low temperatures, which reaches thed2 axis
at d253 and meets the second order line at a tricritical po
C1. This last line meets theP-F line at a critical end-point
BA2. For d1 in the close vicinity of 2, theP-F line of tran-
sition exhibits a reentrant and double-reentrant behav
@e.g., Fig. 2~f!#; with increasingd1, only the double reentran
still exist @e.g., Fig. 2~g!# and then it disappears for highe
values ofd1 @e.g., Fig. 2~h!#. Note that theP-F transition
line reaches, for 2,d1,321/L, thed2 axis atd2 given by
(L21)d25(6L24)2Ld1: the surface of the (FF)L21F0
phase then decreases with increasingd1 and it collapses at
d15321/L.

~4! For 321/L,d1,3, the phase diagram is of the sam
type as that of the ordinary spin-1 Blume-Capel model@e.g.,
Fig. 2~i!#; the first-order line reaches thed2 axis atd2 given
by d25(621/L)2d1.

~5! For 3,d1,4, three types of topology are found
These are characterized by the appearance of the ferrom
netic phase 0F(FF)L21 at low temperatures. The ferromag
netic phases (FF)L and 0F(FF)L21 are separated by a criti
cal line of approximately constant temperature which me
the P-F transition line at a critical end-pointBA2. TheP-F
line reaches thed2 axis atd2 given by Ld25(6L24)2(L
21)d1. For d1 far from 4, a typical phase diagram is give
in Fig. 2~j!. With increasingd1, the P-F transition line de-
velops a double-reentrant behavior@e.g., Fig. 2~k!#, and
when d1 approaches 4 this line presents a reentrant
double-reentrant behaviors@e.g., Fig. 2~l!#.

~6! For d1.4, three types of topology are fond; these a
characterized by the appearance, in addition to the s
0F(FF)L21, of the state (0F)L at low temperatures. The
ferromagnetic phases (FF)L, 0F(FF)L21 and (0F)L are
separated by two critical lines of approximately consta
temperatures which meet theP-F transition line at two criti-
cal end points (BA2)1 and (BA2)2, respectively. TheP-F
line reaches thed2 axis atd252. For values ofd1 very close
to 4 theP-F line presents a reentrance and a double re
trance @e.g., Fig. 2~m!#; the reentrance disappears with i
creasingd1 @e.g., Fig. 2~n!# and then the double reentranc
disappears for high values ofd1 @e.g., Fig. 2~o!#.

For an odd number,N52L11, of layers, the ground-
5-5
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state@Fig. 1~b!# has only five different phases~instead of six
for N even!; in fact, for small values ofd1 (d1,2) only two
phases now exist: (11)L1 ~for d2,4) and (10)L1 ~for d2
.4).

For finite temperatures, 14 types of topology exist in t
case.

~i! For 0,d1,dtrc
(2) the topology is like the type-1 abov

~in the case of an even number of layers! but with only two
ferromagnetic phases (FF)LF and (F0)LF separated by a
unique line having a tricritical pointC1 at low temperatures

~ii ! For dtrc
(2),d1,2 there are four types of topolog

which are like those of the group 2 above, but with the mo
fication mentioned in i!.

~iii ! For 2,d1,3, there are no topologies like those
the group 3 above. The topologies, in the number of thr
are all of the ordinary Blume-Capel type, but for the two fi
ones (d1 close to 2! the P-F transition line develops a reen
trance ford1 very close to 2, and a reentrance and doub
reentrance for higher values ofd1 ~Fig. 3!.

~iv! For 3,d1,4, there are three types of topolog
which are like those of the group 5 above, but with the f
romagnetic phase 0F(FF)L210 at low temperatures@instead
of 0F(FF)L21 for N even#.

~v! For d1.4, there are three topologies which are li
those of the group 6 above, but with the ferromagne
phases (0F)L0 and 0F(FF)L210 at low temperatures@in-
stead of (0F)L and 0F(FF)L21 for N even#.

IV. CONCLUSION

We have studied, using mean-field theory, the phase
grams of a ferromagnetic spin-1 Blume-Capel film with
alternating crystal field:D5D1 on the odd layers andD
5D2 on the even ones. The ground-state phase diagram
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