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Phase transitions and cooperative Jahn-Teller effects in fullerene anions
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Fullerene-based solids are known to undergo a range of structural, orientational, magnetic, and supercon-
ducting phase transitions. One important factor in many of these phase transitions is a combination of intramo-
lecular and intermolecular vibronic couplings. The former can be described in terms of an on-site Jahn-Teller
effect, while the latter can be described as a cooperative Jahn-Teller effect. We will look at the Jahn-Teller
effects applicable to all negatively charged states of fullerene ions to show that, depending on the values of the
vibronic coupling strengths, cooperative distortions can result in individggai@lecules being distorted in the
same or opposite sense to their nearest neighbors. More complicated phases can also occur under certain
coupling conditions, particularly when symmetry-lowering distortions are present. This opens the possibility
that new states of fullerene solids could be observed experimentally in the future.
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. INTRODUCTION superconductors, while in contrast tlaCy, materials are
insulators. Solid &, is diamagnetic; the rhombohedral poly-
|SO|ated fu||el’ene mOIeCUIeS haVe the now We”-knOaner of QO is usua“y diamagnetic but under Certain Condi_
icosahedrall, symmetry of a soccer ball. The interaction tjons can become weakly ferromagnéti€harge-transfer
between the electrons of thefnolecule and vibrations of complexes such as tetrakigdimethylaming ethylene
fche Gso huclei can be quite strong. This is belie\_/ed to ha"e(TDAE)-CGO can be antiferromagnetic or ferromagnetic.
important - consequences for many properties of the At high temperatures, fullerene-based solids can form
fullerenes. The vibronic interactions can locally distort theCrystals which are translationally ordered but which are usu-

tCGf% rgolecfgle. I;!owever,t tunntelllng bet\;veefn dlffgrelntt dC;S' ally orientationally disorderet?'*As the temperature is de-

orted configurations restores *l’ﬁ‘sy“?me. fy for an 1solate: . creased, there are one or more phase transitions to a more

molecule and thus no static distortion is observed. This is . . .

known as the dynamic Jahn-TellglT) effect. However, the orientationally ordered phas_e Wlth lower symmetry cryfsyal

situation is somewhat different whengCforms a sélid structure and long-range orientational order. The transition
6 .

There will then be interactions betweegy@olecules and/or need not be sharp, but instead there may be a f:onthuous
with other atoms or molecules introduced into the solid lat-Path from the disordered to the ordered phase. Orientational

tice. In these polycentric cases, a cooperative JT effect Capihas_e '[ransm_ons2 can be described in terms of translation-
lock in place the JT distortions of each molecule, resulting infotation coupllngl.
nonzero static distortions. An example of a structure that is Pure crystalline g has a fcc structure at room tempera-
likely to result in three-dimensiondBD) ferromagnetic or-  ture with individual G, molecules rotating almost randomly
dering of G molecules is given in Ref. 1. between different orientations. As the temperature is lowered
Cooperative JT effects are seen in a large number of cryelow 261 K, an orientational alignment begins to take place
tals, such as rare-earth zircons and spinels. In general, it ighereby the rotational axis of each molecule starts to be-
known that cooperative JT effects can lead to different maceome constrained along one of two standard orientations, and
roscopic states, as discussed in a number of books arttie crystal is said to have merohedral disorder. As the tem-
reviews?~* At low temperature, ordering of local distortions perature is lowered further, the rotations sfaamd the prob-
may lead to a macroscopic deformation of a crystal. Strucability of occupying the configuration with the lower energy
tural distortions are accompanied by a corresponding ferrdncreases? although the merohedral still persists even at low
antiferro or ferrimagnetic ordering of the orbior pseu- temperatures. In doped solids, rotations become hampered by
dospin as it is often calledAt higher temperatures, thermal the dopant resulting in merohedral disorder at higher
fluctuations destroy the correlations between the distortiontemperature& The A;Cq, fullerides such as ¥Cq, also ex-
leading to a structural phase transition, which can be undemibit merohedral disordéf: K,Cg and RhCgo have a body-
stood using a simple Ginzburg-Landau approaStructural  centered-tetragondbct) crystal structure which again has
orderings are related to real magnetic orderihgsading to  merohedral disordér:'® Cs,Cq, has a pure phase in which
the possibility of magnetic phase transitions. It has been sughere is an orthorhombic distortion of a bct lattice, which
gested that observed changes in magnetic ordering in thesults inD,, symmetry and complete ordering of thg,C
antiferromagnetic semiconductor @GMn, sS are related to molecules at room temperattifavith an order-disorder tran-

cooperative JT effects. sition to a state with two possible anion orientations at 623
Experimentally, it is seen that fullerene solids can exhibitk.*®
various phase transitiod$. The A;Cq, fullerides(whereA is Although not all the phase transitions observed in

an alkali metal and related compounds exhibit various struc-fullerene solids will be related to vibronic coupling, a com-
tural and orientational phase transitions and can be metals dination of coupling to high-frequency intramolecular vibra-
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tions and low-frequency intermolecular vibrations is widely |t is generally accepted that the Hamiltoniafy for interac-

cited as a possible mechanism behind a number of the oljions between JT centers can be represented phenomenologi-
served effects. This view has been reinforced by calculationgally by a form quadratic in th€,, or equivalently in the
which indicate that the fullerene solids involving the mol- & | independent of the physical mechanism causing the
ecule Gg may have a higher superconducting transition tem4nteraction? For example, the interaction could be direct ex-
perature than even the alkali-metal dopeg) €olids™® The  change between orbitally degenerate states, or indirect ex-
Cgs molecule is much smaller than thegdnolecule and so  change through an interaction between localized electrons
should be more sensitive to vibronic interactions. A modeland collectivized electrons of the conduction barfbr the
involving a charge-transfer induced intramolecular JT distorcase of interacting § molecules of interest here, we will

tion combined with an intermolecular cooperative JT inter-choose a quadratic form involving ti@, . The Hamiltonian
action has been used to explain an observed pressur@ill thus be written in the form

induced depression in the Curie temperature of TDAF-C

The A;Cqy compounds may be superconductors and the

A,Cqo insulators because in the former, the alkali-metal at-  Hij(K(i—1)=Q/K(i-)Q=2 K,,(i-1)Qi,Qj.
oms sit in symmetric positions, while in the latter the alkali- e @)
metal sites are less symmetric. This means that vibronic hop-

ping matrix elements largely cancel &sCeo but @ smaller  \here Q; is a vector whose components are the collective
cancellation occurs i, Cgo. Another explanation is that the  coordinatesQ, for moleculei (which will be calledQ;,),
“band” gap is widened due to a combination of electron- Y i i -
phonon interactions and electron correlatfBA mechanism andK (1)) s a matrix vyhose c_omponerit(sm(l -J) repre

sent the strength of the interaction between an intramolecular

by which a Mott-Hubbard insulator can be changed into &ipration v of the G, moleculei and the vibrationu of the
band insulator through a Jahn-Teller effect has also beefholeculej.

suggested® While the explanations may not yet be clear, it It is usual to restrict the mode;, considered to the JT
is agreed that vibronic coupling is an important feature. It isactive modes, as they are expectea} to be the most important.
therefore clearly important to develop a good theoretical uny, our case here, this means the five components ohghe
derstanding of all of the JT effects experienced ky Bns.  mode. There are arguments for including other modes in
A signature of a cooperative JT effect is when there is &,me cases. For example, a cooperative interaction between
nonzero expectation valu®,) for one or more of the col- 4 molecules may involve a net displacement of the center
lective displacementsQ, of the vibrationally coupled of mass of each molecule indicating that the translational
modds). Alternatively, this is equivalent to a nonzero value modes should also be included. However, we will restrict our
for the expectation valugo,) of the electronic operatos,  considerations to thé, mode, which is the active mode
used to describe the JT interaction. As the strength of theg|evant for fullerene anions. We will follow Ref. 24 and use

cooperative interaction increases, the valug®@f) for (at  ihe labelsQ={Q,,Q.,Q,,Qs,Q¢} to represent the compo-
leas} one component will increase, tending to a constant pents of this mode, which correspond to the labels

for very strong interactions. In this paper, we will investigate{Ql Q.,Q5,Q,,Qs}, respectively, used in Ref. 23.
the relative values that these expectation values can take in"The values of the interaction coefficierks, ,(i—j) are
ya

order to explore the range of possible cooperative distort@onaetermined by the symmetry of the crystal structure and the
that could be seen in negatively charged fullerene aniongpysical nature of the cooperative interaction. The coeffi-

— whi Do 2223 . - . . . ;
Cgo Which are coupled tty modes of vibratiorf cients can be positive, corresponding to antiferrodistortive
ordering, or negative, which corresponds to ferrodistortive
Il. THE HAMILTONIAN order. In other JT systems, the physical mechanisms that

. o have been considered include direct exchange and superex-
Fullerene anions are coupled ig modes of vibration in - change in orbital degeneracy, and indirect exchange through
what is known asp"®h JT effects™ We will consideri  ¢onduction electron&However, we are not concerned with
interacting @, molecules. Each molecule experiences an onyhe patyre of the interaction in this paper. We will seek to

site JT effect which can be represented by the Hamiltoniagjetermine useful information on the nature of the coopera-
Hi, and a cooperative JT effect with neighboring molecules;ye JT effect and of possible phase transitions keeping these
j that can be represented by the Hamiltoriigp. As is usual gy antities as free parameters. Nevertheless in Sec. VI we will
in the cooperative JT effect, we will consider interactionsgpiain some restrictions, due to symmetry considerations, on
with nearest neighbors only. The total Hamiltonian is thus he allowed parameters forggmolecules at fcc sites in the
two standard orientations 0A;Cg, fullerides. The results

H:z H,+ 2 H,ii (1) also illustrate how the ideas can be applied in other geom-
] o etries.
where(i,j) indicates the sum is taken over nearest neigh- _ o
bors. A. Molecular-field approximation
The form of the on-site JT Hamiltoniah; is well known We will now find solutions to the Hamiltonian in E¢L).

for all the fullerene anions &5 .23 We will consider linear  The first step is to decouple the interdependence between the
coupling tohy modes of vibration in a JT effect of strendth  vibrations of neighboring g molecules andj. Such a sepa-
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ration is commonly achieved using a molecular-field ap-in units in whichz, the reduced mass of the mode, and the
proximation, and we will use such an approach here. Theibrational frequency are taken to be unity. The form of the
specific details follow the approach used by Feiner for thes;, for each of thep"®h JT problems are given in Refs. 22
E®e systent> which follows from original ideas of Engl- and 23.
man and Halperif®?’ although the situation is considerably It should be noted that Chancey and O'Brien use a five-
more complicated due to the higher dimensions of both théold z axis throughout their worke.g., Ref. 23 With this
electronic and vibrational systems. The interaction is writterchoice, minima in the lowest adiabatic potential-energy sur-
in terms of fluctuations@;,—(Q;,)) from the average dis- face(APES of warped systems can be mapped onto corners
placementgQ;,) of the Gy, molecules. Products of fluctua- of an icosahedron. However, Dunn and Bates., Refs. 24
tions in the displacements of differenggnolecules are ne- and 28 use a twofold axis in their work as this gives a
glected. This ignores dynamic correlations between theymmetric form for the vibronic states. In general, the form
vibrational motion of different molecules but preserves cor-of the JT Hamiltonian will be different for the different
relations between vibrational and electronic motion within achoices of axes. However, the Hamiltoniafy(k,0) in the
molecule. A more common decoupling procedure is to use absence of strain has $8 symmetry, which is accidentally
displaced phonon approach in which correlation between vihigher than thd,, symmetry of the system being modeled.
brational and electronic motion within each molecule wouldAs a consequence of the accidentally higher symmetry, the
be neglected. This is extremely successful in describing beorm of the linear JT Hamiltonian is the same whatever axis
havior of systems in which the dominant coupling is tois chosen as the axis. (The form of the Hamiltonian for
acoustic phonons and strain. However, it will not be appro-quadratic or other higher-order terms is different, as is the
priate in our case where JT interactions within a molecule aréorm of the Hamiltonian describing coupling to an electronic
important, as it does not allow quantitative connections beH state used to describel{.) In linear coupling, the only
tween the JT effects experienced by isolateg @olecules  way in which the definition of the choice of axis becomes
and cooperative JT effects involving the same molecules. important is in defining the meanings of the distorti@s.

In our molecular-field approacl can be replaced by the In Refs. 23 and 24{Q,,Q.,Q4,Q5,Q¢} (or their equiva-

molecular-field Hamiltonian lent) are modes transforming ag(3z%—r?)/2,J/3(x?
—y?)/2,\3yz,\/3zx,/3xy}, respectively(like d-orbitaly in
HmfZE Himf_ Z Eicj , 3) terms of the defined axds,y,z}. Thus, for example, in Ref.

i ih 24 aQ,type mode represents a distortion along a twofold
axis, whereas in Ref. 23 it represents a distortion along a
fivefold axis. This distinction will be important in Sec. VI
when discussing the form of the cooperative interaction
Himf:Hi_Z A, Qi Hamiltonian for Q,O 'mol.ecules 'in specific geometries. An
v additional complication is that in other papé?$® Q, and
Q. are defined to be linear combinations of Qg and Q.
given above. Again, the results obtained for warped systems
are simpler with this choice. In this paper, we will follow the
definitions in Refs. 23 and 24 as we are concerned with
with linear coupling only.
At this point, H"" does not have the required form
MF‘E z K,u(Qj ), (5) H;(k,w) due to thg additional terrﬁ_i)\iniV.. Howeve.r, we
i = can make a canonical transformation to displaced vibrational

operatorsQ;,=Q;,—\;, andP;,=P;,, so that

where

B =2 2 (Qui(QiKu 4

wherej(i) is taken to mean all moleculg¢sadjacent ta.
The molecular-field Hamiltonial?Himf for moleculei no ~ ~ ~

longer contains explicit reference to the coordinates of the ~ H["'=2> [3(P?+Q2)+kQ;,01,—d,oi,]—EF, (7)

neighboring moleculeg, and solutions to the decoupled .

equations can now be sought. where

B. Coordinate transformations Ef:% 2 )\iZV (8)
14

H ™ can be made to resemble the JT Hamiltor#hgnfor
a vibronic coupling within a g, molecule with linear JT and where
coupling of strengthk and subject to a strain in th@direc-
tion of strengthw. Solutions to this problem are either al- di,=—khj, ©)
ready known.or can be' fou_ndat least in prmmplé The s the molecular field experienced by the pseudospin invthe
required on-site JT Hamiltonian for molectléas the form  yirection. ™ now resembles the Hamiltonian for a single
: I
1 molecule with a component of strain in all directions in the
Hi(k,w)== > (P? + ny)+k2 Qi,0i,~Wai, (6 coordinate space. We note that if the JT interact.io_n experi-
25 v enced by each molecuiencludes a permanent splittir@r
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example, due to strain in the fullerene spliof the form

> ,w;,0;,, the molecular fields becond,=w;,—k\;, but
the rest of the formalism stays the same. We will return to
this point later in Sec. V.

Although the JT problem with a component of strain in all
directions inQ space could be solved directly, it is simpler if
we make a rotation to coordinat€¥, so that, in the new
coordinates, the strain is in one direction only, which we
choose to be thé direction. In theE® e system, where there 0 0.1 02 03 04 05
are only two coordinates, it was easy to see the form this d
transformation should tak&.In our case, we need a rotation : , , ,
in five-dimensional coordinate space. The required transfor- FIG. 1. _Schematlc_ representation of the graphical solution of the
mation is given in Ref. 23 in terms of a magnitu@eand molecular-field equations for thE® e system(after Ref. 25. The

four angles,d, ¢ and «. This transformation was also straight lines represent variation of pseudosg{ik,d, T) as a func-
d ingR ]l ’24 ’t v nv C:t' from th | fixed rdin ttion of field according to Eqs(18) for different phases, and the
:)S/Etem to ?’o.tatingocc(;)c())rd?nateg in Wf]i(lzjf?l:ﬁe n:vrdirceoc(zion % urves are values for the pseudospins calculated from knowledge of

) . . . . the energy levels. The points of intersection of the curves and lines
is always perpendicular to the trough, where it was written Ir]give the required solutions. Curves are shown for the critical tem-

the form peratureT=T, defined in Sec. IV A, and for temperatures above
and below this.
r_
Qv‘% Duul(0,¢,7.2)Q,. (10 The Hamiltonian® " has now been reduced to a stan-
dard form for which the states and energies can, at least in
The corresponding inverse transformation is principle, be calculated as a function kfand w for any

isolated G, anion using analytical or numerical methods.

QV:% DV“( 6’¢’7’Q)Q”' (11) IIl. DETERMINATION OF DISTORTIONS

The same transformation is appropriate here but where the A. Thermal average

angles take fixed value, ¢;, v;, ande; for moleculei The thermal average of any operaforat temperaturd,
(and similarly for moleculg), rather than being allowed to ¢an be defined as

vary over the whole potential-energy trough. The actual form
of the rotation matrix element® ,,, to be calledD,,, for
moleculei, is not important here; all that matters is that such

; (ol Tl by exp(— En(k,d)/kgT)

a transformation exists and that it obeys the normalization (f)= , (14)
and orthogonality relations > exp(—Eq(k,d)/kgT)
n
S DD - 1 if v=p (12) where they,, are taken to be the complete set(abrmal-
7 VFTrET |0 otherwise. ized ground and excited vibronic states of the on-site JT

effect of strengthk experienced by an isolatedg{ anion

We apply the transformation in E¢l1) to the molecular subject to a distortion. The E,(k,d) are the corresponding
field d;,, requiring that the resultant field is in thedirec-  energies of the states akg is the Boltzmann constant.
tion only and sal/,=d; for »= 6 and zero otherwise, where In order to calculate nonzero values of distortions, we
d; is the magnitude of the molecular field. Hencg, need to determine averages of the electronic operatgrs
=d,D},. (This is equivalent to sayingl,,=d; cos# and We can therefore obtain curves givifg;,)=s(k,d,T) as a
d;.=d; sin¢, in the rather simpleE® e system, where there function ofd for any given values of the vibronic coupling
are only two directions to considgr. strengthk and the temperatur€, as given in Ref. 25 for the

In order to preserve the desired form for the Hamiltonian,E® e system and illustrated schematically as the curved lines

we must also apply the same transformation to the electronit Fig. 1. Hence using the inverse of Ed.3), we can find

operatorso;, to give rotated operators;, . It then follows ~averages of the nonrotated operators as a function ok
that andd. However, we do not know the value of the distorting

field d and so this is not sufficient for us to determine values
for (o;,). Fortunately, additional information is available
> di,oi,=diofy, (13)  from the quantum mechanics of the operators involved.
M

confirming that the molecular field is now in the neidi- B. Commutation condition

rection. The form of the Hamiltonian for the remaining terms  As the diagonal matrix elements of the commutator of the
remains the same as before the rotation, with all quantitiemomentaP;, and H between eigenstates @¢f are zero
simply being replaced by their rotated equivalents. (where theP;, are conjugate to th®);,), it follows that
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)\iV:<QiV>+k<O-iV>' (15)

This is equivalent to Eq(7) of Ref. 25. Equating EqY¥5)
and(15) gives a set of ten coupled equations, five of the form

<Qiﬂ>+k<aw>+% 2 K,{(Qj,)=0 (16)

(for the five values ofu) and another five with the labels
andj interchanged. Now it must always be possible to define
new linear Combmatlons of th@i# (and equivalent combi- FIG. 2. Division of fcc lattice into eight noninteracting fcc sub-
nations of theo;,) so that each equation only contains ref- |attices(after Ref. 30.

erence to one mode and we have five pairs of coupled equa-

tions of the form which no atom interacts with any other atom in its own sub-
lattice (to first ordey, as shown in Fig. 3° If the sublattices
Q. )+ k(o +2 K4(Q =0 17) are labeled in th.e conven_tl-onal manner as shown in the fig-
(Qig) +k{aip) 0) #Qip) ure, each atom in sublattide=1—-4 has two nearest neigh-

bors in every other sublattice exceipt4. From Egs.(9),

(and the same with andj interchangel where the labeB (15), and(17), we can now obtain the general result

refers to the new linear combinations and g are the
roots of the equation Dét() =0. These equations give extra
constraints on the average values of @g and theoz.

_ o
Q= (g, DK 1) 8K 2K o

C. Bipartite lattices _ ZKB( Topt oagt aas— 12KB‘7513

All the formulas given to this point apply to any crystal -
lattice structure. The simplest application of the theory oc- toggtorgtogg)]. (19
curs for bipartite lattices, such as simple cubic and body15
centered cubic lattices. These are lattices which can be d
vided into two sublatticesa and b, such that the nearest-
neighbor to an ion or molecule in one sublattice lies in the
other sublattice. IV. SOLUTIONS

Where the cooperative interaction coefficients are positive The solutiorts) for the average pseudospin and corre-
and antiparallel distortions are favored, the average values ighonding distortion that will occur physically are those
sublatticesa andb will be expected to be different. However, \yhich simultaneously satisfy Eqél4) and (18). The solu-
this also accounts for the case where parallel distortions argons can be found graphically, as in Fig. 1. Where there is
favored by allowing the average values in the two sublatticeghe possibility of more than one phase at a given tempera-
to be equal. We will assume that the average distortion angyre, the phase that will occur is that for which the free
pseudospin in sublattica are Q, and o, with components energy per molecule

Qap and ;aﬁ, respectively, and similarly for sublattide

imilar results can be obtained for the ottigr; by appro-
Briate permutation of the labels.

From Egs.(9), (15), and(17), it thus follows that Emi_ 2 f(k,d,T)—Z) Eﬁ) / N (20)
i 1]
— k _ _
Qap=— m(aaﬁ_ZKﬂUbﬁ)y is smallest, wherd\ is the number of molecules and
Y
wheregz=2zKzk?/ (1—2?K%) andzis the number of nearest
neighbors. These are the equivalent of E(3a,h and A. E®e

(24a,h, respectively in Ref. 25. It can be shown that these
relationships lead to the straight lines in Fig. 1 for the
E®e problem.

Before solving the current case, it is useful to summarize
the results obtained in Ref. 25 for tBe» e system so that we
can draw parallels with it. Reference 25 considered the case
in which a permanen®-type splitting of the doublet is
present, and wrote the cooperative interaction in the form
Unfortunately, the fcc lattice exhibited by many fullerene A (Q4,Qpst+ QacQpe): i.€., \=K,y=K,. in our notation. A
solids is not bipartite, as two nearest neighbors to a given sitphase with ferrodistortivéF) ordering of the pseudospins
can themselves be nearest neighbors. However, it is possibland hence of the distortionsvas found whem\ <0; the
to proceed with a generalized version of molecular-fieldpseudospins in the two lattices are parallel and are assumed
theory by dividing the fcc lattice into eight sublattices in to have the same magnitudes. Three possible phases were

D. fcc lattices
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The actual phase and values of the pseudospins that will
be observed is that for which the free energy per molecule is
smallest. This shows that the AF phase is always thermody-
namically unstable with respect to the PSF phase, as is also
w the case in a magnetic analog of the same system. This re-
PSF sults in a phase diagram with transitions from the PSF phase
to the P phase as the temperature increases. In general, the
T P-PSF phase transition is Ising-like as only theomponent

¢ o ,
of the pseudospin is ordering. However, when the permanent
T distortion is set to zero, the situation is rather different as
there is no longer a preferred direction for the ordering.

We P

FIG. 3. Schematic phase diagram for tAee system(after

Ref. 25.
B. Cly

found when\ >0. In the first phasey,.= op,.=0, with the Qualitatively, we know that at finite temperature, the av-
result that the average pseudospins are aligned antiparallefage pseudospin experienced by any isolated JT center will
along theé direction with(in general different magnitudes. be zero when there is no distortion. In the case gf, Ghis
It is termed as an antiferrodistortifédF) phase in Ref. 25. means that isolated molecules or anions experience local dis-
The equivalent phase is called a ferridistortive phase in Reflortions but the JT effect is dynamic with all locally distorted

4. The free energy is configurations being equally probable. The average pseu-
dospin is only nonzero at zero temperature. For very large
Fol=1[f(k,dy,T)+f(k,dy,T)] distortions, the average pseudospin will tend to a constant, as
o for the E® e system. Quantitative determination of the en-
—%gg[aaab—%z)\(giwL;ﬁ)]. (22 ergy levels for a given system is a significant undertaking

. that will not be attempted in this paper. Nevertheless, much
The second phase also hag.= o,.=0 but in this case the useful information on possible allowed phases can still be
two pseudospins are aligned parallel along theirection  obtained by consideration of the equations in general terms.

and have the same magnitudes= o= This is called a In all of the JT problems applicable togE anions, the
paradistortive(P) phase. The free energy per site is form of the interaction in the absence of strain is such that
the lowest APES contains a multidimensional trough of

FO'=f(k,d, T)—1g,. o2, (23 minimum-energy point8> The motion in the five-

dimensional space of thevibrations is therefore comprised
wheregg, =0g5(1—2zKp). The third phase is called a pseu- of vibrations in the directions across the trough and rotations
dospin flop(PSH phasé® or a spin polyaxial phasklt has in the directions around the trougtRotations in this context
equa' Components Of pseudospin in tHedirection, ;a(i are often called pseudorotations to dIStIﬂgUISh the situation
— from real rotations of the molecu)eln the cases relevant to
C3, . there are two vibrations and three rotations, whereas
for the other G, anions there are three vibrations and two

= o,y=W/2g,, and are mirror images of each other in the
direction, and the free energy is

F™ —f(k.dT)—1q,.02+1q, 0.2 24 rotations. As all point_s on the trough are equivalent, the av-
por= 1l ) 7290400+ 20-0 24 erage values of the displacemef@s, and hence of the,,,
wheregz_=g,(1+2zKp). are zero for all components.

For a 6-type strain—wo, in the JT effect for @5 a
circle of minimum-energy points will be extracted from the
four-dimensional hypersphere of minimum-energy points in
with the curves calculated for the thermal average detertn€ absence of strain, with the center of the circle lying along
mined from detailed knowledge of the energy lev@s dis- the strain direction. T'he values of the angle's.parametnzmg
cussed in Sec. Il A Any points of intersection of the curves the Q'S are also restricted. The circles of minimum-energy
and lines give the required phases. For high temperature%o'”ts are |Iluitrated E:hematlcally in Fig. 4. This means that
(e.g., T>T. on the graph there is no point of intersection the average®); and o, will be nonzero, but the average
with the PSF line and so only R phase is possible. How- Vvalues of the other components will still be zero. The curves
ever, as the temperature is lowered below the critical temof svsd are therefore at least qualitatively similar to those in
peratureT, (at which the gradient near the origin of the Fig. 1 for theE®e system. A strain applied in a different
curved line coincides with that of the PSF ljnéoth P and  direction will result in a similar picture but with the circle of
PSF phases become possible. It is found that the PSF phagénimum-energy points in a different orientation. In the JT
is thermodynamically stable with respect to tRephase. system applicable to % , there is either a circle of
Thus a structural phase transition from tRephase to the minimum-energy points or a single minimum point when any
PSF phase can take place. The resulting phases are shosplitting between théP and 2D terms is neglected, depend-
schematically in Fig. 3 as a function of the temperafiexd  ing upon the sign of the strain term. When the term splitting
the permanent distortiow. is included, the situation is not quite so straightforward as

The values ofo=s for the different phases depend lin-
early on the distortiond. Lines defining the PSF ang&
phases have been plottédchematically in Fig. 1, along
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Qq lattice results in an interaction withk ,,=K,. and K,

=K.4=0.%° There is also & phase witho,=oy, if K,

=K,<0 [Fig. 5(b)]. Another interesting possibility can oc-
Q. 0 cur if K,=—K,>0 (say. In this caseg, and o}, make the
6 same angle with thg axis. This resembles the PSF phase of
(a)Q, (b) the E®e system but in which the magnitudes of the two
<] N3 pseudospins need not be the sdifig. 5(c)]. It is not clear
30° Q. Qs whether any physical mechanism could result in such a cou-
g pling, although it must be remembered that tg contain
Q q " ; P
/ Qs both positive and negative combinations from kg, . Fur-

ther solutions can be obtained by extending the above ideas

for three, four, or all five of ther;; nonzero, although this
places even more restrictions on the coupling constants. Nev-
ertheless, it is possible.

It is interesting to note that it has been suggested that bct
K4Cso could have either a Jahn-Teller-Mott dynamic state or
a staggered distortion in which neighboringy@nolecules
distort along different direction®. Our results show that the

strain will mix part of higher-ener otential sheets into theOnly solution in which neighboring sites have different dis-
P 9 gy p .- tortions is the PSF phase of Fig. 5, which only occurs if it
ground state. Nevertheless, the average pseudospin will k{e

) L X . arns out that the coupling constants for two of the un-
oriented along the direction of the molecular field in all . . o
cases coupled modes3 are equal in magnitude and opposite in

sign.

Depending upon the detailed nature of the interaction and
any restrictions on the coupling constants, we now have a
By comparison withE® e, we can now find equivalent series of lines through the origin with positive gradients,
solutions for our ¢, anions. We can immediately see that €ach equivalent to the line labeled PSF in Fig. 1. Excluding
(in the absence of any permanent Sp||t)|mg]e set of solu- the origin, each line will intersect at most once with the
tions occurs whew 5 is nonzero for one of the components €UV€ s(k,d,T) calculated from the energy levels for any
B only. If K;<0, we obtain a phase equivalent to the given temperature. As mentioned before, the phase that will

phase of Ref. 25, and K ;>0, we obtain a phase equivalent 2ﬁ?ra"y|:g$9url at th?t It:emper?t_ure isd_thtatl forbw_hich thﬁ. fLee
to the AF phase. ay is lowest. It is not immediately obvious whic

. — line will dominate asF™ contains two parts, one involvin
Another set of solutions occurs when two of thrg; are P 9

nonzero, say fo3= and ». For the requirement for the (K.d.T) and the other inr11fvolving the’s.

field and average pseudospin in a sublattice to be collinear, it 1€ dependence d&™" on d can only be found for a
follows that this phase is only possibleKf,= =K, . When given system whe.n the details of the variation of its energy
K,=K,>0, there is again an AF phase with the pseudospin%evels with distortion are known. However, we can make

antiparallel, but with the pseudospins now oriented at arrome _deductions based on Hee case using the energies
angle in theu—v plane[Fig. 5@)]. Such an interaction is JV€N i Ref. 32. These can be used to show that, when there

certainly possible in a real crystal. For example, in the!S NO permanent dlStOFtIOﬂka,d,T) decreases asl in-

E®e system an interaction along the body diagonal of a bc¢reases, while the term in the's increases, with the varia-
tion in the former being slightly greater in the latter for the

parameter ranges considered in that paper. The net result is

FIG. 4. Representation in th€,Q.-Qg directions of the
minimum-energy points for the JT problem applicable ﬁg@ the
presence of &-type strain. The upper circlgnset(a)] indicates the
points that are minima whew<0. This hasé=0 and the angle
around the circle is 2+ ¢). The lower circle of point$inset(b)]
are minima whemw>0. It hasd= y= #/2 and the angle around the
circle is 2¢.

1. Bipartite lattices

(a) m s (0) m Sga thus that the free energy will be lowest for the case with the
/a' /s'b largest value of the intermolecular coupling constént,

- n n and the situation with the largest possible value of distortion

sp will dominate. For very high temperatures, the two relevant

‘ curves will only intersect at the origin and the only solution

is one in which there is no overall distortion. As the tempera-
ture decreases, a phase transition to an ordered state becomes
(Shm S possible. We will therefore have a phase diagram equivalent
p to Fig. 5 but where the PSF phase is now the AF phase and
the P phase is a phase with no overall distortion.

n
I\sb 2. fcc lattice

The analysis for fcc lattices proceeds in a similar way to
FIG. 5. Possible pseudo spin alignmen(: antiferrodistortive ~ above but using the more complicated expression in(E).
(AF), (b) ferrodistortive F), (c) pseudospin flogPSB. for the Q; 5. At first sight, this appears rather complicated as
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they contain references @, in eight different sublattices. different positions for different lattices. This may play a part
However, as the fcc lattice is translationally invariant, and byin @n understanding of the structural phase-transitions ob-
analogy to the generalized molecular-field theory ofServed experimentally in some fullerene solids. Furthermore,
magnetisni® we must also impose the condition that eitherthe elffects of \ija”Ol:DS coiplln_gs other than l(:alectron-vﬂlarat_lo_n
— = . — couplings need to be taken into account. For example, it is
@ oig=0(ira)p for all i=1-4 or that(b) all o= knO\?vn ?hat elastic constants can be softefreduced ;fs a
T O(i+4)8- . consequence of translation-rotation coupling to long wave-
When only one of the components of the, is NoNzero  |ength phonons if the amount of orientational order changes
(so giz=0;), case(b) leads to the rather simple res@;  considerably when the crystal distotfs.
=—ko, and d,;=0. This is a rather interesting phase in It is interesting to note that if it is possible to introduce a
which there is no net molecular field but there is still a non-permanent distortion into our solid material, such as through
zero average distortion, with the distortion correlated be-internal” strains or by application of a uniaxial stress, an

tween neighbors. Cade) leads to the results external pressure or magnetic field, then an even wider range
of phases become possible. A strain in tBedirection is
- K introduced by adding a term to the right-hand side of the
Ql_(4KB_1)(12KB+ 1) expression fod, in Eqg. (18). One solution to the situation

with such a strain included occurs whgg is the only non-

zero pseudospin. This results in AFBiphases ifK ;>0 or

a F phase ifK;<0, just as forE®e. However, there are
[_12KB;1+;2+;3+;4]’ other solutions when more than ons qf the pseudospin com-

) ponents are nonzero. For examplegif is nonzero(as well

- as ;ﬁ), there is a phase satisfying the equati@mom the
and similarly for the othe®,. However, for antiferromag- collinearity condition
netic ordering these expressions can be simplified further by

X[(1+8K g) a1 — 4K g(0p+ o3+ 04) ],

B 4k%K 4
T (AK-B-1)(12Kz+1

dy
(25)

) — — — g0t Tap — 0,00+ o,
applying the usual rule that{_,o;,=0, namely,o;+ o Wp— 9p0bp+ 2Ke8p7as _ ~ 9uTbyut 2Ku0uTas (28)
+ 03+ 0,=0 in our case, so that Oap Tap
) and the equivalent equation withandb interchanged. The
Q,= k — and d-=— 4k°K - (26) magnitude and direction of the pseudospin in one sublattice
V(K- t Yo(4Kg-1T determines the pseudospin in the other lattice, but the mag-

) ) — ~nitudes and directions in the two lattices are different. This
For ferromagnetic ordering, all the; ; are usually equal, in introduces extra possible lines in the equivalent of Fig. 1,
which case which could easily result in phase transitions between states
) with different distortions as the temperature changes.
=y k - 1K — Any new phases appearing after a stress, pressure, or
Q=———0, anddj=— ———"—0,. y new p pp g _ » P ;
(12K z+1) (12Kz+1) magnetic field could be observed experimentally by a num-
27 ber of means. A second-order phase transition, such as that

However, there are other interesting phases which might oclgetween .theP and PSF phases, could be observed. as an

ith diff binati oF i h sublatti q anomaly in the temperature dependence of the specific heat
cur with di efe”t com inations af; In eac Sub attice, and magnetic susceptibility.Structural changes can be ob-
also phases in which more than one valuekgfis nonzero

L . . served in x-ray scattering or by spectroscopic methods. In
(qs for th? t_npartl'Fe lattices dls_cussed ameehe phase that Raman spectroscopy, extra bands will appear in the spectra
will prevail in a given system is that for which the free en-

) . hich | lcul h h of distorted molecules due to the splitting of degenerate
ergy is a minimum, which can only be calculated when the ;e |ndeed, Raman spectra have already been shown to

exact pattern of energy levels and eigenstates is knowryg gengitive to phase transformations gf €olids subjected
Howeve_r, this c_ioes sho_w that a rich variety _of structuralt0 high-pressure and high-temperat(PHT) treatments?
phases is certainly possible in fcc fullerene solids. and there is evidence that not all thg,@roduced by these
treatments is polymerized. It should be noted that some
V. DISCUSSION solids, including the HPHT fullerit€ may contain domains
of different metastable phases. In these cases, it may be pos-
From our comparisons with the® e system, it does not sible to use an external magnetic field to convert the solid
seem likely that phase transitions from one distorted configuinto a single domain, which in turn may facilitate experimen-
ration to another can occur. However, the possibility cannotal measurements.
be entirely ruled out for other parameter ranges or in other If any non-negligible quadratic or other higher-order cou-
systems. In particular, it should be noted that the formalisnplings are present, then the pseudospins will tilt away from
used here applies to all crystal structures. Different latticeshe “ideal” directions predicted in this papésee Ref. 2, p.
(fce, bee eto. will have different relations between the cou- 109). The molecular-field approximation can still be made to
pling constantd<,, . This means that the straight lines rep- decouple the mean-field Hamiltonian for moleculérom
resenting the phases in the equivalent of Fig. 1 will be inthat for moleculg, as in Sec. Il A. However, the canonical
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transformation used above E(}) to remove the terms in

Qi \;, from the Hamiltonian does not preserve the form of
the higher-order coupling terms. This means that the problem
can not be written in terms of the Hamiltonian describing the
usual JT effect in an isolated center as it involves extra
terms. It may be possible to neglect the extra terms, as they
combine the higher-order coupling constant and the coopera-
tive interaction constants. In this case, the problem can be
solved as set out in this paper. However, terms which reduce
the rotational symmetry may be important when there is no
permanent splitting® If this is the case, then it is still pos-
sible to proceed using the formalism given in this paper but
by solving a different problem for the on-site JT effect.

It should be noted that several other factors may need to FIG. 6. A view of a face of a fcc crystal with icosahedra repre-
be taken into account before our idealized theoretical calcusenting G, molecules in their two standard orientations. Icosahedra
lations can be applied to realggCsystems. There is &;, (& and(b) are in the same orientation so have a Ida| symmetry
state only slightly higher in energy than tfi¢, ground state whereas(a) and(c) have different orientations and hence this pair
of the G}, systems. Therefore pseudo-JT effects coupling td'25C2, Symmetry. Also shown are theandz axes relevant to the
this level also may be significaft3®Also, there are several 2@ Can symmetry of the(@)—(b) pair. Thex axis is out of the
vibrational modes of each symmetry type, all of which will page.

be JT coupled, although in some circumstances, it is possiblée S qa . : : :

y ; C : 100y direction:” The orientations can be alternatively visu-
to formulate the problem in terms of ling t ingle} T . . . .
eoffe(();tivg %(e)de-e proble erms o coupling fo a sing eahzed in terms of two icosahedra, as shown schematically in

Fig. 6. From this, after analyzing the allowed symmetry op-

erations it can be seen that a pair of adjacent molecules in the
VI. APPLICATION TO fcc C 4 sameorientation have a local symmetry Gf,,, whereas a
pair of differentorientations have a loc&,, symmetry.

We will now illustrate how the general mathematics de-
A By reference to standard group theory tejetg)., Ref. 4],
veloped above can be used in situations that apply g9 CWe can find that in G, symmetry,x?, y2, 72, andxy all

molecules at fcc lattice sites. Thg;Cgy alkali-metal doped transform ag\.  whereas/z andzx transform .. where
fullerides are likely to be the most interesting examples herelh order to sa?i’sfy the cgrlwention that the two rgflections: are
although this geometry also include pristine solig) & high . o .

. in the xz andyz planes, they axis is taken to be the axis
temperatures, for example. THaCq fullerides are amongst ;i e two molecules, theaxis is perpendicular to this
the most widely studied fullerene compounds due to theié\lon gthe bodv diagonal c;f the cubic IF;ttiE):e and $HExis is
relatively high-temperature superconductivity. It is generally 9 dy diag . L

. . along a cubic axis. Thg andz axes are illustrated in Fig. 6.
accepted that coupling to intramoleculagy phonon modes ;
. . - .7 However, these axes are different to those used to label an
plays an important part in driving the superconductivity,

o . icosahedron. If we defin€, axes for the icosahedraisee
along with intermolecular coupling between Gnolecules. discussion in Sec. Il Band label ther{x 2,}, then
The superconducting transition temperature is approximately ' 2:¥2: 225
independent of the alkali-metal-atom mass, which indicates -
that coupling to the vibrational modes of the alkali-metal X2.y2. 2 ={(y=2/N2,(y+2)/V2.x3. (29)
atoms is not important. Th(_a strenlgth of thg intram.olecular.J'KNith this correspondencéQ,,Qe,Q4,Qs,Qg} transform as
coupling is believed to be in the intermediate regime, which
is the most difficult to treat theoretically. In particular, the 1 3
conventional Migdal-Eliashberg theory of electron-phonon (—(3x2—r2),—\/§yz, \ﬁ(xy+ ZX),
driven superconductivity is not valit®’*®and a JT theory in 2 2
the nonadiabatic regime that correctly introduces zero-point
energies is required to properly determine pair binding ener- \F V3 9 2
gies. Hence the theory presented here is likely to be of inter- E(xy-zx),T(y —Z)|.
est for these materials. In addition, the superconducting tran-
sition temperature of ¥Cso Shows a very large decrease with in terms of the axes used f@,, symmetry. ThuQ,, Q,
increasing pressurfé,which as mentioned above may be aand Q,=(Q,+Qs)/+2 transform asA;, while Q,=(Q,
signature of a cooperative JT effect. —Qs)//2 andQ, transform asBy. Itis therefore more con-

The A;Cgo materials form a fcc structure. Over a wide venient to express the matrix of interaction coefficients in
range of temperatures, the individuajs@nolecules take one terms of basis vector®={Q,,Q4,Q,,Qn.Q.} rather than
of two standard orientationévith a possible orientational the original{Q,,Q.,Q4,Qs,Q¢}. As the overall symmetry
phase transition at high temperatdfesThe G, molecules of each term allowed in the Hamiltonigh;;(K) must be
are each oriented with eight of their 20 hexagonal face#\,, the form of the matrix of interaction coefficients for two
along cubic(111) directions, but have two possible positions same-orientation g molecules in this new basis takes the
of the pentagonal faces related by a 90° rotation about thblock-diagonal form
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Kog Ko Kgp O 0 The second set of equations is decoupled by defining new
Ko Kes Kgp O 0 combinations oR;4, Q;s, andQ;, . The Fhree new coupling
constant ; are the roots of the equation
K=| Kgp Kgp Kpp O 0 |. (30)
0 0 0 Kpym Kem (Kgo—Kp) Koe Kop
0 0 0 K. K. Koe (Kes—Kp) Kep |=0. (35

Thus 25 independent coefficients have been reduced to 9. Kop Kep (Kpp=Kp)

The rglation betweer) th€,, coordin.at(.a system. and the If axes {xs,ys,zs} are defined for the icosahedron such
I, coordinate system with a twofoldlaxis is not unique, as that z; is a fivefold axis andys is a twofold axis(to be

there are many possiblé, axes in an icosahedron. For ex- oqivalent to the definitions used in Ref.)2Be mathemat-
ample, in Eq.(29), the directions of the axes could be re- joq is rather more complicated. The equivalence between
versed and/or, as, y, andz areall twofold axes, the labels 1 oca axes and the directiopsy,z} used forC,, andCa,

{x,y,z} cogld b(_a cyclically permuted. The choice made heresymmetry(which is again not uniquecan be defined to be
is that which gives the simplest results. It corresponds to a

particular orientation of the axis of each of the g mol-
ecules in an interacting pair. Choices with the labels per- X5, Ve, 2zt ={ ——— (¢ Ly + $%2) X,
muted will result in a Hamiltonian involving more compli- %s.¥s.25} V2(2+ ¢) (0 v
cated combinations of th&,’s, such as3Q,+ \/§/2Q€
rather than simplyQ,. This combination transforms as (¢p2y— b~ 12)
$(3x2—r?), so is equivalent to @-type distortion but along V2(2+ ¢) '
the x axis rather than the axis.

For two differently oriented molecules, a similar analysisWhere ¢=(1+5)/2 the golden mean. These relationships
can be carried out but fof,, symmetry. This shows that can be used to show that if we choose a basis
(again with a two-foldz-axis) Q4 and Qg transform asA,,
Q. asB,, Q, asA,, andQ, asB;. This leads to the same EQ n \/—§Q
matrix as Eq(30) above(and with the same basis f@) but 20" 2 <
with K g, =Kgp=Kn=0, i.e., there are only six independent

(36)

nonzero coefficients in this case. The fact that the matrix is i[\/gQg_Q +Qs]

so similar in both symmetries is consistent with the experi- J5 ¢

mental observation that both standard orientations are ob-

served, which implies that both must have similar energies. 0= [$2Q,+ ¢ 1Q¢]

With the coupling constants restricted as in Egp), the V2(2+ @)

coupled equations to be solved take the form of four coupled 1

equations, — b 0,4+ b2
m[ ¢ Q4 ¢ QG]

aae+ k;as"' | Kssabe+ Ksmabm] =0,

1
- _ _ 25 V3Q+Qc+4Qs]
Qamt Koamt Z[KnQpet KnmQbml =0 (31 2V5
(including the same witka andb interchangefand a set of ~then the form of the matrix of interaction coefficients in Eq.
six equations (30) will remain the same(The five components in the new
B B B B B basis transform a@ﬁ\_g Ag,Aq,Bg,Bgl in Cyp symmetry and
Qag+koag+ 2K 9Qus+ K 5pQop+ K 96Qp61=0, {A1,A1,A,,B{,B,} in Cy, symmetry) It should be noted

that, unlike{x,,y,,z,}, the labeldxs,ys,z5} cannot be per-
— — — — -~ muted as they are not equivalent to each other.
Qapt koapt2Z[KypQpot KppQpbpt KepQps] =0, A similar method to that discussed in this section can be
— _ _ _ _ applied to other systems with different symmetries. This will
Qast Koast 2 KpsQpot KepQppt KeeQus]=0. (32)  result in different restrictions on the coupling constants.

The first set of equations can be decoupled by defining
two combinationg3 of the Q;, andQ;,, (i=a or b) such that VII. CONCLUSIONS
o o o We have analyzed, from a general point of view, the pos-
Qip=[KmQict (K=K ) Qiml/ VKZ+ (Ks—K )2, sible cooperative JT effects that could be seen in solids con-
(33 taining negatively charged fullerene ions in which the form
of the interaction between fullerene molecules can be repre-
sented by a form quadratic in either the collective displace-
. 5 5 ments or pseudospin operators. This is a general form of
Kp=3[(Keet K = (Kee=Kmm)*+4KZ,]. (34 interaction that can be used phenomenologically to represent

where

064303-10



PHASE TRANSITIONS AND COOPERATIVE JAHN. .. PHYSICAL REVIEW B 69, 064303 (2004

a number of different physical interaction mechanigntis. tively charged fullerene ions couple to states derived from an
may be that there are some important effects in real fullerenelectronicH term. In theH®h system applicable to one
solids that cannot be represented by a Hamiltonian of thisiole, the lowest APES contains distinct wells rather than a
form. However, the results given here serve as a startingrough. Very little work has been carried out that is appli-
point for helping to understand possible cooperative effectgable to higher positive dopings, but the same is expected to
in such materials. be true for these systems as well. The effect of a strain in

The analysis presented shows that at high temperaturethese systems is not so straightforward. However, the prin-
although the G, molecules vibrate, they will not exhibit any ciples of the method are otherwise the same.
permanent distortion. As the temperature is lowered, the sol- In this paper, possible phases have been determined in
ids may undergo a phase transition in which local distortiongerms of coupling constants characterizing cooperative JT ef-
of the G, molecules become locked in place by a cooperafects between nearest-neighbogy,Gnolecules. We have
tive JT effect. It also suggests that cooperative JT effectshown that useful information on the allowed phases can be
may play a role in structural phase transitions, such as the faabtained without detailed knowledge of these coupling con-
to simple cubic phase transition observed in pure soljgl C stants or of the on-site JT effects experienced by isolatgd C
In addition, it predicts that it may be possible to create newmolecules. In the future, models giving the energy levels for
and interesting phases if it is possible to generate structurespecific systems will yield more detailed information on pos-
in which there is a permanent distortion. This could besible phases by allowing the free energy of different states to
achieved either through internally generated “strains” or bybe calculated, especially now that the energies of different
application of an external field. allowed configurational terms has been determftfeshich

The formalism developed in this paper applies to mol-is different to the usual Hund’s rule orderifgRecent de-
ecules or ions which are linearly coupled to icosahedralelopments in the JT theory of single centéreluding ad-
h-type vibrations. The details are given for systems couplediances in numerical computipngnd ready availability of
to states derived from @ electronic term. This covers the JT computer algebra systems means such calculations are now
effects experienced by all negatively charged fullerene ion$easible. If detailed knowledge of the coupling constants be-
when higher-order terms can be neglected. In all of theseomes available at a later date, then the results in this paper
cases, the lowest APES consists of a trough of minimumwill allow more quantitative information on possible phase
energy points, which gave the result that a strain in a givertransitions to be obtained, including the temperatures at
direction will result in a net distortion in that direction. Posi- which phase transitions will take place.
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