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Correlation lengths for vortex-liquid freezing in a model of layered
high-temperature superconductors
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~Received 5 August 2003; published 19 February 2004!

We present results from extensive numerical simulations on the Lawrence-Doniach model within the lowest
Landau-level approximation in the unconventional spherical geometry. We study the in-layer pancake vortex
density-density correlation function~intralayer structure factor! and the layer-to-layer order-parameter corre-
lation function along the direction perpendicular to the layers. Our results show strong evidence for the
existence of a single first-order phase transition at which both interlayer coupling and appearance of crystalline
order in the in-layer vortex correlations take place as temperature is lowered.
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The study of the phase diagram of layered supercond
ors in the presence of a magnetic field has attracted m
attention since the discovery of the high-temperature su
conducting cuprates.1 In particular, the most interesting e
fects are found in the mixed phase2 where the external mag
netic field penetrates the sample in the form of quantized
lines ~or vortices!. Within the mixed phase, originally de
scribed by Abrikosov3 as a vortex lattice, a high-temperatu
phase with finite resistivity has been found and called a v
tex liquid. While the vortex-liquid phase is quite narrow
conventional type-II superconductors, its width is known
become large in highly anisotropic cuprates4 ~e.g.,
Bi2Sr2CaCu2O8.! Assuming a specimen completely free
defects, the low-temperature phase is expected to be
Abrikosov vortex lattice, and the phase boundary separa
the vortex liquid and vortex lattice appears to be a line
first-order phase transitions usually called the melting li5

~which essentially coincides with the magnetic irreversibil
line6!. Results from experiments, analytic calculations, a
numerical simulations on several models of layered sup
conductors have shown that, in addition or simultaneou
melting, there is a transition associated with lay
decoupling.7–13 In another simulation, Wilkin and Jensen14

on a layered model find a first-order transition associa
with layer decoupling followed by melting but which show
no obvious thermodynamic signature. An alternative scen
was proposed by Kienappel and Moore.15 From Langevin-
dynamics simulations on the Lawrence-Doniach~LD! model
within the lowest Landau-level~LLL ! approximation and in
the same spherical~S! geometry that we consider here~we
shall call this the S-LD-LLL model! they find hysteretic ef-
fects on several quantities which disappear on increasing
interlayer coupling strength. They attribute this result to
line of first-order transitions ending at a critical point whic
separates phases of coupled and decoupled vortex liquid~ex-
pected to freeze only at zero temperature.!

In this paper we present an alternative view based
Monte Carlo ~MC! simulations in the same S-LD-LLL
model. From studies of in-layer vortex-density correlatio
as well as layer-to-layer order-parameter correlations we
strong evidence for vortex-liquid freezing~simultaneous to
interlayer coupling! at a finite temperature. As in Ref. 15, w
model this layered superconductor by a system ofM concen-
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tric spherical layers of thicknessd0!R, whereR is the av-
erage radius of the sample, and interlayer spacings>d0. The
reason for the choice of this geometry, instead of the us
array of plane layers, is that this geometry guarantees
rotational and translational invariance of the vortex syst
~which quasiperiodic boundary conditions in the planar g
ometry do not!. This allows for the in-layer free movemen
of vortices without any boundary constraint, which is e
pected to better describe a real superconducting sample.
has been previously discussed in detail for the single-la
case by Dodgson and Moore.16 An external magnetic field
H(r )5(H0R2/r 2) r̂ ~with H0 a constant field!, orthogonal to
all layers in every point, is generated by an infinitely lon
and thin solenoid ending at the center of the concen
spheres. We neglect the fluctuations in the magnetic ind
tion inside the sample so that it has the mean valueB
5m0H(R) across all superconducting layers. Flux quantiz
tion requires that the magnetic induction penetrating
sample be such that 4pR2B5NF0, whereF05h/2ueu is the
flux quantum andN the number of flux lines or vortices. Ou
choice of gauge that satisfiesB5“3A is A
5(m0H0R2/r )tan(u/2)f̂. We assume that the system with
out impurities accepts a description in terms of the L
Hamiltonian functional17 which, under the previous assump
tions, can be written as

H@cn~r !#5 (
n51

M

d0E d2r Fa~T!ucnu21
b

2
ucnu4

1
1

2m'

uD'cnu21
\2

2mis
2

ucn112cnu2G . ~1!

Here cn(r ) is the two-dimensional Ginzburg-Landa
~GL! order parameter in layern andD'52 i\“'22eA the
gauge covariant derivative operator~acting on the surface o
the sphere!. a(T) and b are the usual parameters from th
GL theory.18 m' andmi are the effective Cooper-pair mass
in the perpendicular and parallel directions relative to
radial magnetic field. The LLL approximation consis
in expanding the GL order parameter in each layer a
linear combination of the degenerate eigenfunctions
©2004 The American Physical Society06-1
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D'
2 5D'•D' corresponding to the lowest eigenvalu

2ueu\m0H. An orthonormal set of functions for the LLL on
the surface of the sphere is19

wq,N~u,f!5Nq,Neiqf sinq~u/2!cosN2q~u/2!, ~2!

whereq50,1, . . . ,N labels the degeneracy of the LLL. Th
normalization factor isNr ,s5@(s11)Cs

r /4pR2#1/2, with Cs
r

5s!/ r !(s2r )! the binomial coefficient. We expand the s
perconducting order parameter in layern as cn(r )
5Q(q50

N vn,qwq,N(u,f) with Q5(F0kBT/bd0B)1/4 and
measure lengths in units of the magnetic lengthl m
5(F0/2pB)1/2. In these unitsR5(N/2)1/2l m .

Within the LLL approximation, the Hamiltonian func
tional in Eq. ~1! becomes a function of the complex coef
cients$vn,q%[v given by

H~v!/kBT5 (
n51

M FaT(
q50

N

uvn,qu21
1

2N (
p50

2N

uUn,pu2

1huaTu (
q50

N

uvn11,q2vn,qu2G , ~3!

where the effective temperature-field parameter is20

aT5
d0Q2

kBT S a~T!1
ueu\m0H

m'
D . ~4!

@Note thataT50 corresponds to the mean-fieldHc2(T) line
andaT52` corresponds toT50.# The parameter that de
termines the coupling strength between adjacent layer
then just h5\2/(2g2s2ueB\1m'a(T)u), where g
5(mi /m')1/2 is the anisotropy parameter. In the second te
of Eq. ~3! we have used

Un,p5~p1/2N/RNp,2N! (
q50

N

Nq,NNp2q,Nvn,qvn,p2q

3Q~p2q!Q~N2p1q!, ~5!

with Q(x) the Heaviside step function, equal to zero forx
,0 and one forx>0. The Hamiltonian describing ou
model of a layered superconductor within the LLL appro
mation is that in Eq.~3!. Note thatH is a function of the
complex variables$vn,q% and depends on the temperatureaT
and layer-coupling,h, parameters.

The equilibrium properties of this system are determin
by its partition function

Z~T,H !5E )
n

DcnDcn* DAexp~2H@cn ,A#/kBT!,

~6!

whose value is basically controlled by the order-parame
configurations that minimize the Hamiltonian functionalH.
In the LLL approximation, which neglects fluctuations in th
magnetic induction and restricts the order parameter~in each
layer! to the set of functions spanning the LLL, the partitio
function can be written as
05450
is

d

r

Z~T,H !5E )
n,q

dvn,qdvn,q* exp@2H~v!/kBT#. ~7!

Thermal averages of the quantities of interestX(T,H),

^X~T,H !&5
1

Z~T,H !
E )

n,q
dvn,qdvn,q* X~v!

3exp@2H~v!/kBT#, ~8!

are calculated by means of MC simulations using the st
dard Metropolis algorithm.21 We calculate thermal average
by the importance sampling method.22

The physical quantities that we have focused on to exa
ine in-layer vortex correlations are the structure factor~in
each layer! defined as23

S~k!5
1

N K (
i , j 51

N

e2 ik•(xi2xj )L , ~9!

where $xl% are the positions of theN pancake vortices~on
that layer! and we have chosen to parametrize the wave v
tor in polar coordinates ask5(kx ,ky)5(k cosf,ksinf), and
the rotationally averaged structure function~also in each
layer! given by

D~k!5
1

2pE0

2p

dfS~k!. ~10!

A Lorentzian fit to the first peak of this function is in agre
ment with an exponential decay of vortex density corre
tions in real space.16 The length scale governing that deca
jD , is proportional to the inverse width at half peak,d21, of
the Lorentzian.

Numerical measurements of these quantities have b
made for runs up to 1.923106 MC steps24 with systems as
big as 18 layers containing 72 vortices per layer. We ha
studied the range of effective temperatures213<aT<2
~while cooling! for interlayer couplings h
50.14,0.5,1,2,10,100. One of the most notable features
freezing transition, which is the appearance of Bragg pe
in the structure factorS(k), is observed at an effective tem
peratureaT.24 ~for h50.14) and at higher temperature
for h>0.5. Figure 1 shows this structure factor as tempe
ture is lowered~see caption!. Figure 1~b! corresponds to the
temperatureaT524 at which the vortex system is esse
tially crystallized. We notice that at and belowaT525
@Figs. 1~c!–1~f!# the Bragg peaks appear exactly at the sa
positions. This is consistent with a legitimate crystalline v
tex phase for these low temperatures. Another signatur
the vortex-liquid freezing is seen in the rapid growth
vortex-density correlations,jD , below aT523 ~for the
same couplingh50.14). This is shown in Fig. 2, where th
scaled density correlation lengthjD /R is plotted. Figure 2~a!
shows the abrupt increase of this length scale as a functio
our temperature parameteraT for all system sizes studied
Figure 2~b! shows the same characteristic length sca
jD /R, plotted~in log-linear scale! againstuaTu2. We observe
that an exponential fit~straight line there! to the data is ap-
propriate at high temperatures~i.e., at low values ofuaTu2),
6-2
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but breaks down in the low-temperature regime where co
lations grow even faster than that. The exponential behav
jD;exp(constuaTu2), has been predicted by Moore25 in con-
nection with bulk anisotropic superconductors in the co
tinuum limit at their lower critical dimension. In that inves
tigation, however, this rapid growth of correlations is n
attributed to a thermodynamic phase transition but just t
crossover. Returning to Fig. 2~b!, we remark that the very
last points mark the onset of in-layer vortex correlatio
growing even faster thanjD;exp(constuaTu2) @compare
with Fig. 2~a! for lower temperatures#. We believe this can
occur because a thermodynamic first-order transition ta

FIG. 1. Structure factorS(k) at layerM /2 of the clean layered
superconductor with interlayer couplingh50.14 for (N,M )
5(72,18) as the temperature is lowered:aT523,24,25,26,
27,28 @~a!, ~b!, ~c!, ~d!, ~e!, ~f!, respectively#. The central maxi-
mum atk50 has been removed for clarity. Note the appearance
Bragg peaks at a temperature betweenaT523 and24.

FIG. 2. In-layer density correlations at layerM /2 of the clean
layered high-temperature superconductor~HTSC! as the tempera-
ture is lowered.~a! Scaled vortex-density correlation lengthjD /R
for different system sizes ath50.14. The dashed curve is just
guide to the eye.~b! The same characteristic length scalejD /R, as
a function of uaTu2 in log-linear scale for the system (N,M )
5(72,18) with exponential fit~solid line!. ~The arrow marks the
transition temperature forh50.14, aT,m523.25.!
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place at the temperatureaT,m where jD departs from the
straight line in Fig. 2~b!. This takes place ataT,m523.25 for
h50.14. In fact, comparison with the work of Hu an
MacDonald12 gives excellent agreement for the meltin
~freezing! transition at these values.

To study pancake-vortex correlations along the axis p
pendicular to the layers~thec-axis!, we measure numerically
the two-point correlation function

CP~m!5
4pR2

Q2 K 1

M (
n51

M

cn* ~r !cn1m~r !L . ~11!

Here the overline denotes a spatial average over the sur
of the sphere of radiusR and the prefactor is just a ‘‘normal
ization’’ factor. We impose periodic boundary conditions o
the order parameter:cM1p5cp , p51,2, . . . ,M . Appear-
ance of long-range interlayer correlations can be obser
directly from plots of the vortex positions in all layers as t
temperature is lowered below the effective temperatureaT,m
~see Fig. 3! and are confirmed by the change from expone
tial to algebraic decay of the phase correlation funct
Re@CP(m)# in Fig. 4~a!. In the high-temperature regime
where the phase correlation function decays exponentiall
Re@CP(m)#;exp(2m/jP), we extract the phase correlatio
lengthjP and plot it~scaled byM ) againstuaTu2 @Fig. 4~b!#.
We remark that analogously tojD Ref. 25 also predicts the
behaviorjP;exp(constuaTu2). This form gives a consisten
fit to the data just aboveaT,m @solid line in Fig. 4~b!#, but for
aT<aT,m the length scalejP grows faster than this exponen
tial. We attribute the even more-rapid increase ofjP for aT

f

FIG. 3. Angular vortex positions in all layers of the pure layer
superconductor with interlayer couplingh50.14 for (N,M )
5(72,18) as the temperature is lowered:aT523,24,25,26,
27,28 @~a!, ~b!, ~c!, ~d!, ~e!, ~f!, respectively#. Equal gray-tone
represents the same layer. The appearance of pancake-vorte
mains signals the beginning of the coupled phase~which also ap-
pears at a temperature betweenaT523 and24!.
6-3
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<aT,m to an interlayer coupling transition which takes pla
also ataT,m . This criterion gives us good agreement al
with numerical values of Ref. 15 where the estimat
coupling-transition temperature is aboutaT,m523.5 for h
50.14. In that investigation, however, no freezing transit
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is observed. This is the fundamental difference argued in
paper.

To summarize, we have investigated correlation functio
for in-layer structure of the pancake-vortex system and
the coupling of the order parameter in different layers in
S-LD-LLL model. Results from MC simulations, measurin
the structure factor in every layer, suggest that there is
effective temperatureaT,m below which the pancake-vorte
system freezes to a crystalline phase but above which
system behaves as a liquid. This is signaled both by app
ance of Bragg peaks in the vortex structure factorS(k) and
the rapid increase of the in-layer vortex-density correlat
lengthjD . Simultaneous to this freezing transition there a
pears a coupling of the order parameter in the different lay
which is shown directly from measurements of the vort
positions in every layer and is confirmed by the existence
long-ranged correlations in the order parameter of the dis
layers. Explicitly, the exponential decay in correlations alo
the c axis above the transition temperatureaT,m changes to
algebraic decrease in the low-temperature regime,aT
,aT,m . The transition is of first order andaT,m depends on
the interlayer coupling parameterh. The LD-LLL model has
shown12,15 consistency with the experimental melting cur
in YBCO ~yttrium barium copper oxide!.
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