
PHYSICAL REVIEW B 69, 054423 ~2004!
Field- and pressure-induced magnetic quantum phase transitions in TlCuCl3
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Thallium copper chloride is a quantum spin liquid ofS51/2 Cu21 dimers. Interdimer superexchange
interactions give a three-dimensional magnon dispersion and a spin gap significantly smaller than the dimer
coupling. This gap is closed by an applied hydrostatic pressure of approximately 2 kbar or by a magnetic field
of 5.6 T, offering a unique opportunity to explore both types of quantum phase transition and their associated
critical phenomena. We use a bond-operator formulation to obtain a continuous description of all disordered
and ordered phases, and thus of the transitions separating these. Both pressure- and field-induced transitions
may be considered as the Bose–Einstein condensation of triplet magnon excitations, and the respective phases
of staggered magnetic order as linear combinations of dimer-singlet and dimer-triplet modes. We focus on the
evolution with applied pressure and field of the magnetic excitations in each phase, and in particular on the
gapless~Goldstone! modes in the ordered regimes which correspond to phase fluctuations of the ordered
moment. The bond-operator description yields a good account of the magnetization curves and of magnon
dispersion relations observed by inelastic neutron scattering under applied fields, and a variety of experimental
predictions for pressure-dependent measurements.

DOI: 10.1103/PhysRevB.69.054423 PACS number~s!: 75.10.Jm, 75.40.Cx, 75.40.Gb
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I. INTRODUCTION

Thallium copper chloride1–3 presents an insulating, quan
tum magnetic system of dimerizedS51/2 Cu21 ions. Inelas-
tic neutron scattering~INS! measurements of the elementa
magnon excitations4,5 reveal a strong dispersion in all thre
spatial dimensions indicative of significant interdimer inte
actions. The dispersion minimum gives a spin gapD0
50.7 meV, which is significantly smaller than the antiferr
magnetic~AF! dimer superexchange parameterJ'5 meV.
The corresponding critical field,Hc55.6 T, makes TlCuCl3
one of the few known inorganic systems in which the g
may be closed by application of laboratory magnetic field2

Neutron-diffraction measurements at fieldsH.Hc revealed
that a field-induced AF order in the plane normal to the
plied field appears simultaneously with the unifor
moment.6 Recent INS measurements of the magnon spe
in finite fields,7 including those exceedingHc ,8 have pro-
vided dynamical information concerning the elementary
citations, in particular the linear Goldstone mode,9 in the
phase of field-induced magnetic order.

TlCuCl3 ~Fig. 1! is one member of a group of relate
compounds. The potassium analog KCuCl3 ~Refs. 1,2,10–
13,7! is similarly dimerized, but has significantly weaker i
terdimer couplings,14 resulting in a large spin gap of 2.
meV. A further material in the same class, NH4CuCl3, has no
spin gap and exhibits magnetic order with a very small m
ment, but also shows a complicated low-temperature st
ture which gives rise to magnetization plateaus only at
and 3/4 of the saturation value.15 While the apparent increas
of interdimer couplings with anion size may suggest a c
tribution of the anion to superexchange processes, it sh
be noted that the physical origin of the properties
NH4CuCl3 may be rather different from the othe
members.16 Turning from chemical to physical pressur
0163-1829/2004/69~5!/054423~20!/$22.50 69 0544
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Tanakaet al.17 found by magnetization measurements und
hydrostatic pressure that TlCuCl3 has a pressure-induce
magnetically ordered phase, with a very small critical pr
sure for the onset of magnetic order,Pc;2 kbar. Oosawa
et al.18 have shown very recently by elastic neutro
scattering measurements under a pressure of 1.48 GPa
the pressure-induced ordered phase has a strong stag
moment~60% of the saturation value!, again reflecting the
low value of Pc . The magnetic Bragg reflections are foun
at reciprocal-lattice pointsQ5(0,0,2p) ~following the nota-
tion of Ref. 4!, as in the field-induced ordered phase
TlCuCl3. The aim of the present work is to compare a
contrast the field- and pressure-induced ordered phases o
system, and to provide a complete description of the st
magnetization and dynamical excitations at all fields a
pressures.

FIG. 1. Structure of TlCuCl3: small circles represent Cl2 ions,
medium-sized circles Cu21 ions, and large circles Tl1 ions.
©2004 The American Physical Society23-1
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The issue of coupled spin liquids and closing of the s
gap due to higher-dimensional superexchange interact
has been investigated in a wide variety of systems, man
which were found to be rather close to the quantum ph
transition ~QPT! to an ordered state. The Haldane cha
CsNiCl3 and RbNiCl3 ~Ref. 19! presented an early examp
where both static and dynamic properties could be measu
The coupled, two-leg ladder system LaCuO2.5 ~Ref. 20! was
found to have sufficiently strong interladder coupling so t
magnetic order could set in, whereas the coupled plaqu
compound CaV4O9 ~Ref. 21! retains a robust spin gap. Whil
numerical simulations of appropriate models have compa
the thermodynamic properties of the phases on both side
the transition,22 theoretical studies of these systems ha
concentrated in particular23–29 on the identification of a low
lying but massive longitudinal mode on the ordered side
the transition which corresponds to an amplitude fluctuat
of the ordered moment. Experimental work continues to
fine the observations of this type of excitation.30

The first system to be studied in which the spin gap co
be closed by application of a magnetic field w
(CuNO3)2•2.5H 2O, whose susceptibility shows finite step
at H52.7 T and 4.2 T which correspond, respectively, to
critical field and the saturation field.31,32 Interest in this type
of QPT was revived more recently by the discovery of t
organometallic compound (C5H12N2)2Cu2Cl4.33 This mate-
rial, originally believed to have a two-leg ladder geomet
undergoes a QPT atHc56.6 T, and has been investigate
quite extensively34–36 to characterize the thermodynam
properties in the quantum critical regime. The magnetic
teractions within this system are now thoug
to have a significantly more complex structure,37 whose
three-dimensional~3D! nature mandates a reinterpretati
of earlier observations. A further recent discove
(C5H12N2)2CuBr4,38 is currently believed to be a quasi-1
ladder system, and also shows an almost identical lo
critical field, Hc56.6 T. A considerable body of theoretic
work39–44 has analyzed the properties of this system b
variety of techniques. A particular focus of recent studies
this direction, the majority motivated by experiments
TlCuCl3, has been the possibility of describing the order
phase as a field- or pressure-driven Bose-Einstein conde
tion ~BEC! of the triplet magnon excitations of the sp
liquid,45–48 which become massless at the QPT. In this f
mulation the critical exponents of thermodynamic propert
such as the magnetization in the ordered phase are spe
as a function of dimensionality and magnon dispersion,
allow in addition a characterization of the quantum critic
regime at finite temperature. However, questions remain c
cerning the appropriateness and universality of this desc
tion and we will address these below.

Here we work exclusively at zero temperature to consi
the field- and pressure-induced QPTs in TlCuCl3 using the
bond-operator technique.49 This approach is naturally suite
to the spin-liquid regime of dimerized systems50 and has pre-
viously been developed both for coupled ladders51 and for
describing the neighboring magnetically order
phases28,52,53on an equivalent footing. This analytical fram
work is thus uniquely applicable for a consistent discuss
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of static properties, and in particular of dynamical exci
tions, on both sides of a QPT. In Sec. II we consider
structure of TlCuCl3 and deduce the parameters of the effe
tive model for the elementary magnon excitations in ze
field. Section III contains the bond-operator description
the quantum phases and phase transitions in the TlCu3
system as a function of the field, and as such constitutes
extended version of our previous results for magnetizati
and magnon excitations.54 In Sec. IV we apply the bond-
operator formulation to the pressure-induced QPT, extend
the treatment of Refs. 28 and 53 to discuss in detail the ph
and amplitude modes in TlCuCl3, the effects of simultaneou
pressure and field, and finally the magnetization at fin
pressure. Section V presents a summary and conclusion

II. MAGNETIC BAND STRUCTURE

TlCuCl3 and KCuCl3 appear to have the structure of
quasi-1D system of coupled spin chains. However, INS
periments on both systems at zero field reveal an elemen
triplet excitation with a spin gap and strong dispersion in
three reciprocal-space directions. In this section we us
model of coupled dimers to provide a qualitative justificati
for the observed results in terms of superexchange inte
tions within the crystal structure. Although the dimer mod
is different from those of Refs. 4, 5, and 12, the results
perforce in close agreement.

A. Exchange pathways

The magnetic couplings between the spins, which are
to unpaired electrons in the Cudx22y2 orbitals, are mediated
by superexchange through thep orbitals of the Cl2 ions.
Quantitative calculations of superexchange interactions,
ticularly for extended pathways, remain unfortunately b
yond the scope of current understanding and comp
power. Here we employ qualitative considerations of geo
etry and orbital overlap to provide plausibility arguments f
the relevant model parameters.

Each Cu ion can be considered to be octahedrally coo
nated by Cl~Fig. 1!. The Cudx22y2 orbitals lie in the basal
planes of the octahedra, and the most important supe
change interactionJ is that between ions in two edge-sharin
octahedra. Such a pathway requires exchange through q
orthogonal orbitals on Cl, and if the environment is tru
cubic Hund’s rule dictates that the coupling is weakly ferr
magnetic~FM!. However, for a structure distorted away fro
this high symmetry, as in TlCuCl3, AF exchange terms are
expected to be stronger, although the edge-sharing con
ration remains a weak superexchange path on the scale o
linear bonds in cuprates. Further superexchange terms in
chains~left side of Fig. 1! will of necessity involve pathways
coupling to the Cud3z22r 2 orbitals, and thus will be consid
erably weaker thanJ, while interchain pathways, which hav
the form Cu-Cl-~Tl!-Cl-Cu ~Fig. 1!, should also be small
From this consideration one expects a system compose
dimers, provided by the edge-sharing octahedra, with w
interdimer coupling in all directions.

Nearest-neighbor couplings in the chainlike stack
dimer units~oriented alongâ) are also of the edge-sharin
3-2



la
ha
d

b

u
n
g
t
th

is

is
el
t
n

e
e

er
h

h
or

two

e

r
ve
on-
ach
di-

se-
we

ion.
al
rs

di-

ou

FIELD- AND PRESSURE-INDUCED MAGNETIC . . . PHYSICAL REVIEW B 69, 054423 ~2004!
type between octahedra, where the edge is from basal p
to apex. Again the possibility arises from the geometry t
these weak bonds may be FM. Viewing the dimers as lad
rungs, the effective ladder-leg coupling is denoted byJ1, and
the asymmetrical cross coupling byJ18 @Fig. 2~a!#. Finally,
the structure of the ladder legs is such that a next-neigh
Cu-Cl-Cl-Cu coupling, similar to that proposed in CuGeO3,
may not be excluded, and this is denoted asJ19 . A significant
interchain coupling is expected only where the Cu-Cl-Cl-C
pathway is rather direct, with bond angles not deviati
widely from 180°. The dimers are oriented primarily alon
the c axis ~Fig. 1!, where by inspection any overlap is no
especially direct and may involve parallel paths. Because
dimers are also tilted significantly alongâ, it is possible that
dimers with a separation of one or two unit cells in th
direction are coupled; letJ2 denote a dimer coupling alongĉ
only, J28 a coupling alongâ1 ĉ, and J29 a coupling along

2â1 ĉ @Fig. 2~a!#. Finally, the shortest interchain distance
that between the two inequivalent chains in the unit c
namely, 1

2 b̂1 1
2 ĉ ~Fig. 1!. Here the directionality is eviden

from the fact that the pathway goes through the Cl io
pointing maximally up or down~relative to thea axis! from
the dimers, indicating that this couplingJ3 should corre-
spond to the interdimer separationshâ1 1

2 b̂1 1
2 h ĉ, where

h561. The possibility remains that the couplings of th
spin on one dimer to either of those on a neighboring dim
are finite, requiring a final superexchange parameterJ38 @Fig.
2~b!#; inspection of bond lengths and angles~Fig. 1! suggests
that J38,J3.

B. Model

Having argued that the properties of the system in z
field, including the spin gap, are determined largely by t
dominant dimer couplingJ, one may construct a model with
this ground state using the bond-operator technique.49 In this
representation theS51/2 spin degrees of freedom on eac
dimer, or ladder rung, are expressed by the bond operat

us&5s†u0&5
1

A2
~ u↑↓&2u↓↑&),

FIG. 2. Schematic representation of relevant interdimer c
plings in XCuCl3: ~a! a-c plane and~b! b-c plane.
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utx&5tx
†u0&52

1

A2
~ u↑↑&2u↓↓&),

uty&5ty
†u0&5

i

A2
~ u↑↑&1u↓↓&),

utz&5tz
†u0&5

1

A2
~ u↑↓&1u↓↑&), ~1!

where the arrows in each state denote the direction of the
spins, and all the states created in Eq.~1! have total~dimer!
Sz50. From the action of the spin operatorsSl andSr ~de-
noting left and right sites of the dimer! on these states on
may deduce45 the correspondence

Sl ,r
a 56

1

2
~s†ta1ta

†s!2 i eabgtb
† tg , ~2!

where a,b,g[x,y,z. The spin commutation relations fo
Sl ,r are recovered if the singlet and triplet operators ha
bosonic statistics. However, the bond operators are c
strained by the number of physical states available on e
dimer, one singlet or one of three triplets, to obey the con
tion

si
†si1 (

a5x,y,z
t i ,a
† t i ,a51, ~3!

which specifies a hard-core bosonic nature.
With a view to the analysis to be presented in the sub

quent sections of the system under a finite magnetic field,
introduce here the appropriate bond-operator descript
The operators in Eq.~1! are not the eigenstates of an extern
magnetic field, and so we transform these to the operato52

tx5
1

A2
~ t11t2!,

ty5
21

A2
i ~2t11t2!,

tz5t0 , ~4!

which create the triplet states

t1
† u0&52u↑↑&,

t0
†u0&5

1

A2
~ u↑↓&1u↑↓&),

t2
† u0&5u↓↓&. ~5!

In this basis the magnetic-field term for a dimer has the
agonal representation

2h•~S11S2!5 ihz~ tx
†ty2ty

†tx!5h~ t1
† t12t2

† t2!, ~6!

-

3-3
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in which h5gmBH, ensuring that the operatorst0,61
† repro-

duce the energy levels of the field eigenstatesSz50,61.
Further, the transformation conserves particle number,
the local constraint~3! retains the form

si
†si1 (

a51,0,2
t ia
† t ia51. ~7!

Following Ref. 50, transformation to the bond-operator re
resentation yields

H5H01H11H181H191H21H281H291H31H38 , ~8!

where

H05(
i

Fe issi
†si1 (

a51,0,2
e iat ia

† t ia1m i G ,
H15

1

2
J1(

i
@Hst~ i ,i 1â1!1Htt~ i ,i 1â1!#,

H185
1

4
J18(

i
@2Hst~ i ,i 1â1!1Htt~ i ,i 1â1!#,

H195
1

2
J19(

i
@Hst~ i ,i 1â19!1Htt~ i ,i 1â19!#,

H25
1

4
J2(

i
@2Hst~ i ,i 1â2!1Htt~ i ,i 1â2!#,

H285
1

4
J28(

i
@2Hst~ i ,i 1â28!1Htt~ i ,i 1â28!#,

H295
1

4
J29(

i
@2Hst~ i ,i 1â29!1Htt~ i ,i 1â29!#,

H35
1

4
J3(

i ,6
@Hst~ i ,i 1â36!1Htt~ i ,i 1â36!#,

H385
1

4
J38(

i ,6
@2Hst~ i ,i 1â36!1Htt~ i ,i 1â36!#.

In H0 , e is ande ia denote the singlet and triplet energies
the presence of an external magnetic field directed along
z axis, andm i is a chemical potential emerging from th
Lagrange multiplier introduced to enforce the constraint~7!
on each dimer. The bond HamiltonianHst( i , j ) is specified
by

Hst~ i , j !5(
a

~ t ia
† t j asj

†si1t ia
† t j ā

†
sisj1H.c.!, ~9!

where a51,0,2 and ā52,0,1, and describes singlet
triplet interaction processes. The first two terms in Eq.~9!
correspond, respectively, to triplet propagation and trip
pair creation. The triplet-triplet interaction term is given b
05442
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Htt~ i , j !5@ t j 0
† t i0~ t i 1

† t j 11t i 2
† t j 2!1H.c.#

2@ t i0t j 0~ t i 1
† t j 2

† 1t i 2
† t j 1

† !1H.c.#

1~ t i 1
† t i 12t i 2

† t i 2!~ t j 1
† t j 12t j 2

† t j 2!, ~10!

and encodes the possible triplet scattering processes. A
previous analyses50,28we have chosen to neglect terms of t
form t ia

† t j b
† t j gsi . These three-triplet interactions vanish ide

tically for a centrosymmetric system,49,50 as is the case for
TlCuCl3 in the disordered phase, and in the ordered ph
their contributions may be assumed to be small. Finally,âi
specifies the bond vectors

â15â,

â1952â,

â25 ĉ,

â285â1 ĉ,

â2952â1 ĉ,

â3656â1
1

2
b̂6

1

2
ĉ, ~11!

for the superexchange interactions of Fig. 2, whereâ, b̂, and
ĉ are unit vectors for the crystal axes. The prefactor of e
term in Eq. ~8! is determined by the number of bonds b
tween dimers, and the sign ofHst by whether the bond is
between like (l l , rr ) or unlike spins (lr ).

C. Conventional bond-operator formulation

At zero field, as for all magnetic fields below the critic
field Hc , the system is in the quantum disordered regi
with a spin gap between the singlet and triplet states on e
dimer. This situation, for which the bond-operator techniq
is most directly applicable, is represented by neglecting
dynamics of the singlet operator and replacingsi everywhere
by a c-numbers̄i , corresponding to a condensate of dim
singlets. Two approaches for the treatment of the local c
straint ~7! in the disordered phase exist in the literature, a
we begin with a brief discussion of the conventional bon
operator theory,49 in which the chemical potential is retaine
explicitly. Proceeding within a mean-field approximation, t
operatorssi and the site-dependent chemical potentialsm i

are replaced by uniform, global average values^si&5 s̄ and
m i5m. These parameters are then determined s
consistently from a minimization of the total energy at fix
total boson number. The dimer energiese is and e ia in H0
take the values

e is52
3

4
J2m,
3-4
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e ia5
1

4
J2ah2m, ~12!

and the self-consistent solution follows exactly the treatm
of Refs. 51 and 28, which also present the situation fo
system with two dimers per unit cell.

Quantum fluctuations about this dimer-singlet grou
state are contained in the triplet operatorst ia

† in Eqs.~8! and
~9!, and in reciprocal space are given to quadratic order
the Hamiltonian

H5NS 2
3

4
Js̄22m s̄21m D1(

k
H (

a51,0,2
ekatka

† tka

1
1

2
~Lktk0t2k01H.c.!1

1

2
Lk~ tk1t2k21tk2t2k1

1H.c.!J , ~13!

whereN is the number of dimers in the system. The disp
sive part of the magnon energies for the TlCuCl3 system is
contained in the expressions

eka5
1

4
J2m1Lk2ah, ~14!

Lk5 s̄2$~J12 1
2 J18!coskx1J19cos2kx2 1

2 @J2coskz

1J28cos~kx1kz!1J29cos~2kx1kz!#

1~J32J38!cos~kx1 1
2 kz!cos1

2 ky%, ~15!

wherekz takes values in the interval22p,kz<2p in order
to describe the two dispersion branches corresponding to
two-sublattice system. The Brillouin zone lies between2p
andp ~in units of the inverse lattice spacing! in the other two
directions. Diagonalization of the Hamiltonian~13! by Bo-
goliubov transformation gives three modes with dispers
relationsEk1h, Ek , andEk2h, where

Ek5AS 1

4
J2m1LkD 2

2Lk
2 ~16!

is the dispersion relation for the field-free system. In t
disordered regime the triplet modes do not change the f
of their dispersion, and are merely split by the magnetic fi
due to the Zeeman interaction.

D. Holstein-Primakoff expansion

The alternative means of treating the global constrain
to replace the singlet operator by using the constraint its

si5si
†5A12

1

N (
i ,a51,0,2

t ia
† t ia, ~17!

which leads to the simultaneous elimination of the varia
m. Substitution of Eq.~17! into the Hamiltonian, followed by
truncation at quadratic order after the expansion of
square root, is equivalent to takings̄51 andm52 3

4 J in the
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formulation of the preceding subsection, and at higher fie
~beyondHc) to specifying that the condensate amplitude
mains unity. With these values ofs̄ andm the results of this
approximation have exactly the form of Eqs.~13!–~16!.

The Holstein-Primakoff approximation thus neglec
quantum fluctuations to triplet dimers within the singlet co
densate, and as such constitutes a stronger approxim
than the approach of the preceding subsection, in wh
these fluctuations are included in the self-consistent dete
nation of s̄. The values ofs̄ obtained for the disordered
phase in TlCuCl3 and KCuCl3 are shown in Table I, and
demonstrate that the triplet fluctuations are always sm
The maximal error incurred is of order 3% in this regim
while at saturation, where quantum fluctuations are co
pletely suppressed, the condensate amplitude is in any
forced to unity. In the light of this observation, truncation
quadratic order, which is equivalent to the neglect
magnon-magnon interactions in both disordered and orde
phases, is also not a source of significant error. The supe
change parameters fitted within each of the two approac
~Table I! allow a further comparison, and are also in rath
close agreement, as discussed in detail in the following s
section. Thus the Holstein-Primakoff treatment yields se
quantitative accuracy for 3D systems such as TlCuCl3 and
KCuCl3 at low temperatures, and we will use this level
approximation in all of the analyses to follow.

E. Superexchange parameters

The zero-field dispersion relations~16! deduced from the
model in Fig. 2 may be compared directly with the expe
mental results for TlCuCl3 and KCuCl3, which we take, re-
spectively, from Refs. 4 and 12. The most characteristic f
tures of the dispersion data for both systems are that lo
minima appear at both the 0 andp points in bothkx andkz

directions, and that the relative depths of these minima ink̂x

( k̂z) are exchanged between 0 andp in k̂z ( k̂x). Without
attempting a systematic optimization procedure it is poss

TABLE I. Dimer superexchange parameterJ, interdimer super-

exchange parametersJi , gapD0, singlet condensation parameters̄,
and chemical potentialm, determined from the bond-operato
analysis of TlCuCl3 and KCuCl3. Values to the left in each column
are obtained from the Holstein-Primakoff formulation of Sec. II
while values in parentheses are obtained from the conventi

bond-operator theory of Sec. II C.J̃1 denotes the combination 2J1

2J18 and J̃3 the combinationJ32J38 .

TlCuCl3 KCuCl3

J/meV 5.50~4.87! 4.22 ~4.16!

J̃1 /meV 20.43 (20.41) 20.42 (20.48)

J29/meV 3.16 ~3.31! 0.79 ~0.75!

J̃3 /meV 0.91 ~1.00! 0.70 ~0.68!

D0 /meV 0.70~0.71! 2.60 ~2.65!

s̄ 1.00 ~0.97! 1.00 ~1.00!

2m/J 0.75 ~0.86! 0.75 ~0.77!
3-5
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to find parameters~Table I! giving a very good account o
the data. Figure 3~a! shows the calculated magnon dispersi
for TlCuCl3 with the data of Ref. 4 and Fig. 3~b! the disper-
sion for KCuCl3 with the data of Ref. 12.

Under the assumption that the6â1 1
2 b̂6 1

2 ĉ coupling is
indeed dominated byJ3, the signs of the superexchange i
teractions are consistent with the expectation that all inter
parameters$J% in Fig. 2 are AF. The values for KCuCl3 are
consistent with the results of Refs. 10, 12, and 13, with d
crepancies arising from the exact formulation of the dim
description. The leading difference between TlCuCl3 and
KCuCl3 lies in the value of the interladder couplingJ29 ,
which is larger for TlCuCl3, and is responsible for the con
trast between wide-band, small-gap and narrow-band, la
gap magnon dispersions exemplified by the two systems.
now discuss the dispersion relations and superexchange
rameters in further detail.

The dominant contribution to the overall dispersi

curves comes fromJ̃3, specifically its coskxcos1
2kz form. Al-

though the magnitude of this coupling is not large, its geo
etry enhances its importance. Separating thekx- and
kz-dependence arising from the termsJ̃1[2J12J18 , J19 , J2 ,
J28 , andJ29 is in principle a complex task, and tuning of the
parameters would permit a very accurate fit to the measu
dispersion. For the purposes of the current, unrefined fit
make use of the remarkable observation that the mag

FIG. 3. ~a! Magnon dispersionEk for TlCuCl3. The points rep-
resent experimental results measured atT51.5 K, taken from Ref.
4, and the solid lines the fit using the parameters obtained within
Holstein-Primakoff formulation listed in Table I.~b! Magnon dis-
persion for KCuCl3. Experimental data, measured at 5 K, are tak
from Ref. 12, and the theoretical fit from the Holstein-Primak
parameters of Table I. Following Ref. 4, points in reciprocal sp
are denoted byB5(0,2p,2p), C5(0,0,2p), D5(0,0,0), A
5(p,0,0), andF5(p,0,2p).
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energy in direction@1,0,22# ~line AC in Fig. 3 for TlCuCl3;
a similar observation was made for KCuCl3) is small and
disperses only weakly and monotonically. In a tight-bindi
model this may be achieved only if the (kx ,kz) dispersion is
largely determined by the termJ29 . As in Refs. 4 and 12, we
find that a good fit to all of the dispersion features can

achieved using only the parametersJ̃1 , J29 , and J̃3, with
contributions from the other parameters being negligib
From this procedure it is not possible to distinguish betwe

the J1 and J18 contributions toJ̃1, but the result that this is
negative is robust. This implies that theJ1 exchange path is
closer to the FM coupling regime achieved near Cu-Cl-
bond angles of 90° than is theJ18 path @Fig. 1~a!#. Although
it is likely that in this case both values are individually rath
small, the bond-operator framework provides a simple ori
for the near cancellation of two AF interactions to give
small net coupling despite the short bond lengths.

In such a scheme, the exceptionally largeJ29 required to fit
the dispersion of TlCuCl3 ~Table I! has no immediate justi-
fication from qualitative arguments based on superexcha
paths. However, it is also by no means implausible given
tilted dimer orientation within the unit cell~Fig. 2!, which
results in all of the bonds on this path being rather straig
However, because this coupling provides the only coskx
modulation, and the only coskz modulation, its value is de-
termined very accurately by its contribution to the dips aw
from the dispersion maxima towards the zone boundarie
both kx andkz directions, primarily in competition withJ̃3.
For the strongly dimerized, 3D systems represented by b
sets of parameters in Table I, these effects may only be
to competition between interactions of different periodicitie
and there is no possibility of such dispersion forms be
provided purely by many-body effects of the type expec
in weakly coupled spin chains.55 Such competition is ensure
for the assumed dimer coupling geometry by the presenc
the pathways withinJ̃3.

As with J̃1, the zero-field data alone does not permit t
possibility of fitting both contributionsJ3 and J38 to the ef-

fective couplingJ̃3. However, because the minimum of th
magnon bands is located at (0,0,2p) in reciprocal space, one
may expect~on the assumption that all couplings are A!
that J18.2J1, whence the negative signs for the effecti

parametersJ̃1 in Table I, and thatJ3.J38 . One attempt has
been made5 to extract these parameters for TlCuCl3 using
a cluster expansion theory,56 which returns the intersite
couplings ~valid for a formulation different from that of
Sec. II! J150.34 meV,J1851.70 meV,J350.91 meV, and
J38520.57 meV. However, for the present purpose
namely, a focus on the ordered phases of the system u
applied field and pressure, we choose to avoid the large
certainties inherent in these estimates and proceed sim
with the effective quantitiesJ̃1 and J̃3, determined at zero
field, in place of1

2 J1 andJ3 in Eq. ~8!, with H1 andH38 set
to zero. This approximation is in fact insufficient for a fu
treatment of the ordered phase, where the coefficients of
termsHtt have the same sign, and should no longer be n
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e
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essary when reliable high-field measurements become a
able. The resulting small deviations from quantitative ac
racy which are found in reproducing the high-fie
magnetization~Sec. III B! imply that J18 andJ3 are, respec-
tively, significantly larger thanJ1 andJ38 . We have thus ex-
tracted only four exchange constants~Table I! as the minimal
model required to describe TlCuCl3 and KCuCl3, and have
shown in Fig. 3 that this set provides a remarkably go
account of the magnon dispersion relations in both syste
In the following sections we therefore employ this mod
with the parameters (J,J̃1 ,J29 ,J̃3), and within the Holstein-
Primakoff approximation~Sec. II D!, to study field- and
pressure-induced magnetic ordering in TlCuCl3 and KCuCl3.

We comment here that theXCuCl3 structure is not mag-
netically frustrated; when following the dominant intera
tions no triangles of spins are found. The modulation of
dispersion relations arises rather from the simple fact
components of different periodicities may contribute as
consequence of the complex unit cell and coupling geome
The lack of frustration is a very important feature for bo
the appearance of staggered magnetic order in an ap
field and the success of the bond-operator description.

With regard to a comparison of the parameters in Tab
with the results of other approaches, these are indeed ra
similar to the values given in Refs. 4@differences are due to
the fact that the experimental fitting formula is linea
whereas Eq.~16! has a square-root form# and 5. The bond-
operator formulation has the advantage of providing a dir
justification for AF interdimer bondsJ29 andJ̃3. The opposite
sign of the J29 term found by the alternative technique
rather harder to justify on the grounds of magnitude a
orbital overlap geometry. The differences between the res
of Table I and those shown in Table I of Ref. 54 are d
solely to the conventions chosen for the bond-operator an
sis. That the magnon excitations are so well described
such a simple model indicatesa posteriori that the qualita-
tive assumptions made in Sec. II A concerning the relev
exchange paths are appropriate. The increase in interd
coupling strengths observed from KCuCl3 to TlCuCl3, as the
anion size increases, may suggest that the role of the anio
determining the superexchange parameters may depend
on its charge distribution~active participation in superex
change! than merely on its spacing effect.

In summary, TlCuCl3 and KCuCl3 are well described by
simple models of dimerized Cu spins coupled by relativ
weak superexchange interactions in all three spatial dim
sions. This model may be used not only for magnon disp
sion relations measured by INS, but also for the intensitie
the elementary excitations, which are dominated by
dimer form factor. With these zero-field results we turn no
to a treatment of the excitations in magnetic fieldsH.Hc
sufficient to close the spin gap in TlCuCl3. In Sec. IV we
will return to these considerations to justify our treatment
the superexchange integrals under applied hydrostatic p
sure.

III. FIELD-INDUCED ORDER

In the preceeding section we have established a mini
model within the bond-operator framework which describ
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the ground-state and magnetic excitations of TlCuCl3 and
KCuCl3 at zero magnetic field. In this section we will app
the same formalism to consider the evolution of the syst
under an applied field, with particular focus on the exci
tions of TlCuCl3 in the experimentally accessibl
intermediate-field regimeH.Hc , where the lowest-lying
magnon mode is gapless.

The bond-operator formulation for ground and excit
states in magnetically ordered phases was first explored
systems where the order arises as a result of increasing
superexchange interactions between low-dimensional s
systems with a spin gap.28 In this case, all three magno
modes in the disordered phase remain degenerate as the
pling rises and the spin gap is closed, until at the quant
critical point ~QCP! the three magnons become massless
the band minimum~magnetic Bragg point!. On further in-
crease of the coupling into the ordered phase, two of
magnons remain massless, corresponding to spin wa
while the third acquires a mass which increases on mov
away from the QCP. This last excitation has the interpre
tion of a longitudinal mode, and corresponds to fluctuatio
in the amplitude of the order parameter, which are soft cl
to the QCP. This situation will be discussed further in Sec.
in the context of the pressure-induced QPT in TlCuCl3.

The situation in a magnetic field is rather different, a
has been considered using bond operators for the isol
spin ladder,52 for a pair of coupled planes,53 and for TlCuCl3
in Ref. 50. A simple understanding may be obtained by c
sidering a single, isolated dimer with AF couplingJ: at zero
field the ground state is a singlet, and the threefold dege
ate triplet excitations at energyD5J separate in an applied
field due to the Zeeman interaction, as shown schematic
in Fig. 4~a!. At a critical field, given byhc[D, the energy of
the lowest triplet is reduced to zero, and the crossing
levels changes the ground state from singlet to triplet. Abo

FIG. 4. Representation of field-induced order for~a! an isolated
dimer and~b! interacting dimers with interdimer couplingJinter .
3-7
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Hc , the ground state is of pure triplet nature and the lowe
lying excitation is a singlet. For a set of dimers with mutu
AF interactions@Fig. 4~b!#, the zero-field triplet excitation
modes are dispersive in reciprocal space, and the critical
Hc is defined by the value required to close the zero-fi
gap, at which point a single mode becomes massless.

The ground state of the ordered phase has the two es
tial properties that it possesses a field-induced staggered
ment and has a massless excitation corresponding to
transverse fluctuations of this moment. The appropriate
scription of this phase is a linear combination with the s
glet of the lowest- and highest-lying triplet states,54 which
corresponds to the choice of a mean field for the stagge
moment, whence the transformation in Holstein-Primak
formulation returns the excitations of the ordered phase.
note here that the conventional bond-operator treatment~Sec.
II C! may lose consistency in the description of these exc
tions because higher-order interactions between triplets
contained in an uncontrolled manner. The coefficients of
ground-state singlet-triplet admixture change continuou
with the applied field until the upper critical fieldHs , where
all spins are aligned. BeyondHs , the ground state has pur
triplet character~Fig. 4! and three excited modes of th
strong-field regime are all massive, as expected for a fi
aligned antiferromagnet.

A. Disordered phase

Henceforth we adopt the notationJ1 for J̃1 , J2 for J29 ,

andJ3 for J̃3. As in Sec. II C, the dispersion relations for th
triplet magnons of the disordered phase are given by

Eka5AJ212Jek2ah, ~18!

ek52
1

2
J1coskx2

1

2
J2cos~2kx1kz!

1J3cos~kx1 1
2 kz!cos

1

2
ky , ~19!

and are shown in Fig. 5 for the critical fieldhc , although a
qualitatively identical picture is obtained for all fieldsh
<hc . We emphasize that the lowest mode retains its q
dratic shape at the band minimum~cf. Sec. IV! even athc ,
while beyond this, as we will demonstrate below, an ad
tional linear component arises.

FIG. 5. Magnon dispersion for TlCuCl3 at H5Hc ~55.6 T!,
usingg52.16 for theg factor of TlCuCl3.
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The nature of the three magnon modes in the disorde
phase may be understood as follows. The wave function
the lowest triplet mode,Ek1 , can be approximated by
linear combination of singlets and triplets on each dim
bond,

c i;
1

A2
u~ u↑↓&2u↑↓&)2vei (k•ri2Ek1t)u↑↑&, ~20!

whereu is a coefficient of order unity andv is small and real.
The expectation values of the spin operator components
given dimeri in the state~20! are

^Sl ,x& i52^Sr ,x& i;
1

2
uvcos~k•r i2Ek1t !,

^Sl ,y& i52^Sr ,y& i;2
1

2
uvsin~k•r i2Ek1t !,

^Sl ,z& i5^Sr ,z& i;
1

2
v2, ~21!

from which it is evident that the mode possesses a v
small, uniform, static magnetic moment parallel to the fie
and thus gains Zeeman energy. Perpendicular to the
there is also a finite magnetic moment, which fluctuates
both space and time with characteristic wave vectork and
energy Ek1 , and is staggered~spins l and r oppositely
aligned! because of the AF intradimer couplingJ. Similar
considerations for the modeEk2 reveal that the uniform
magnetic moment is directed antiparallel to the field, lead
to a higher Zeeman energy. Finally, theEk0 mode has no
magnetization perpendicular to the field, although it do
possess a moment parallel to the field with modulation w
vector k, and so its energy does not change with field. F
H,Hc , the energies of these modes are positive, mean
that the spin structure associated with the magnons is v
weak and fluctuating. We stress that the sum of the mag
tization components remains zero in the disordered pha
which can be considered as a consequence of quantum
tuations which act to restore the O~3! symmetry of the field-
free system.

We note again that an increase in the applied field lead
a shift in mode energies without changing the shape of th
zero-field dispersion, until the lowest mode (a51) be-
comes soft atQ5(0,0,2p). This determines both the critica
field,

hc5gmBHc5AJ22J~J11J212J3!, ~22!

and the spin structure of the lowest-lying mode, given byk
5Q, which corresponds to the static spin configuration in
field-induced ordered phase. One may conclude tha
TlCuCl3 system of classical spins would favor AF order
minimize simultaneously all intersite interaction terms. B
contrast, for the quantum system the strong AF intradim
interactionJ favors dimer-singlet formation, and the AF sp
structure cannot be the ground state forH,Hc . However,
the incipient, long-ranged AF spin order is reflected in t
3-8
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structure of the lowest-lying magnon excitation, which
minimal at k5Q. As the magnetic field is increased, th
lowest mode is lowered progressively untilHc , where
dimer-singlet formation is no longer sufficient to cause
ordered phase, the symmetry of the system is lowered
O~2!, and the onset of real uniform and staggered magn
zation components is observed. For the magnon excitat
in the ordered regime, the instability is signaled by the lo
est mode becoming negative within the formulation of t
subsection. We turn now to a consistent description of al
these phenomena in the ordered phase (H.Hc).

B. Ordered phase„H cÏHÏH s…

1. Magnon excitations

In the intermediate-field regime, the ground state of e
dimer can be considered as a partially polarized FM confi
ration. It is important to note that there is no explicit A
component in the dimer ground state, and that the orde
emerges only from closing of the gap to the lowest magn
branch atk5Q. In the bond-operator formulation, this o
dered ground state is represented53,54 in the basis of Eq.~4!

by finite expectation valuess̄, t̄ 1 , and t̄ 2 of these singlet
and triplet operators. The component of the highest-ly
triplet mode in the ground-state condensate may app
counterintuitive, and was neglected in a number of appro
mate treatments.41,52 However, the presence of terms of th
form t i 1

† t j 2
† sjsi in the transformed Hamiltonian of Eq.~9!

makes clear that a finite component of this state is require
the consistent condensate.

Following the treatment of the preceding sections, the
ear combination of operators appropriate for the ground-s
mode is taken as the condensate, and the orthogonal m
containing a singlet component describes its gapless p
fluctuations. For a full description of the ordered regime
perform the transformation53

ai5usi1v~ f eiQ•ri t i 11geiQ•ri t i 2!,

bi 15u~ f t i 11gti 2!2veiQ•risi ,

bi05t i0 ,

bi 25 f t i 22gti 1 , ~23!

in which thek-independent coefficientsu, v, f, andg arise
from successive unitary transformations. The conditionsu2

1v251 and f 21g251 dictate thatu5cosu, v5sinu, f
5cosf, and g5sinf, with u and f the two independen
variables required to specify the condensate.

As above, the operatorai is treated as a uniformly con
densed mean-field parameter,

ai→ā. ~24!

Because the two unitary transformations conserve par
number, the global constraint may be reduced in
Holstein-Primakoff representation to
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N (
k,a51,0,2

bka
† bka. ~25!

We emphasize again the participation of the highest trip
mode (t2) in the condensate, as a consequence of the tri
pair-creation processes inHst, Eq. ~9!. The linear combina-
tion of singlet and triplets in the condensateā yields a stag-
gered magnetization perpendicular to the field, whose or
is given by the wave vectorQ.

Using the transformed operators~23!, and with replace-
ment of the condensate parameter using the global const
of Eq. ~25!, the Hamiltonian~8! is reexpressed to quadrat
order in theb operators in the form

H5O~b0!1O~b1!1O~b2!, ~26!

in which the classical part at zeroth order is given by

O~b0!5N$~e1 f 21e2g2!v22eQ@2u2v2~112 f g!

1 1
2 v4~ f 22g2!2#%, ~27!

where

ea5J2ah ~a56 !, ~28!

eQ52~ 1
2 J11 1

2 J21J3!. ~29!

The terms at linear order may be written as

O~b1!5uv~a0
†bQ11H.c.!$e1 f 21e2g2

1eQ@~u22v2!~112 f g!2v2~ f 22g2!2#%

1uv~a0
†bQ21H.c.!@~2e11e2! f g

1eQ~u212 f gv2!~ f 22g2!#, ~30!

and the requirement that this sum be zero fixes the param
choice (u,f), which also minimizesO(b0). The equations
determining the two unitary transformations are then giv
by

e1 f 21e2g252eQ@~u22v2!~112 f g!2v2~ f 22g2!2#,

~2e11e2! f g52eQ~u212 f gv2!~ f 22g2!. ~31!

The field dependence of the coefficientsu2, v2, f 2, andg2 is
shown in Fig. 6 for the parameters of both KCuCl3 and
TlCuCl3. Below the critical field (H,Hc), the ground state
is a pure singlet condensate specified byu51, v50, f
51, andg50, i.e., by the angles (u,f)5(0,0). Precisely at
the critical field, whereu51 andv50 (u50), g takes on a
finite value while f ,1. In the intermediate regime,u then
changes continuously from 0 top/2. Except for the param-
eters of TlCuCl3 and for fields close toHc , f remains small,
reflecting the fact that mixing of the upper and lower trip
modes is not generally strong. Finally, above the satura
field (H>Hs), the ground state becomes a pure condens
of the lowest triplet, which is described byu50, v51, f
51, andg50, or by (u,f)5(p/2,0). The critical field is
determined exactly as
3-9
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hc5gmBHc5AJ22J~J11J212J3!, ~32!

which coincides with the soft-mode condition~22! in the
low-field regime. For TlCuCl3 (KCuCl3), the parameters o
Table I give a critical fieldHc55.6 T ~19.6 T!, consistent
with the measured value.2 The saturation field is determine
by the condition

hs5gmBHs5J1J11J212J3 ~33!

required to overcome all of the AF bonds to a single spin
The spin excitations in the ordered phase are describe

the quadratic term in Eq.~26!,

O~b2!5H01H6 , ~34!

where

H05(
k

Fek0bk0
† bk01

1

2
~Dk0

† bk0b2k01H.c.!G ~35!

and

FIG. 6. Magnetic-field dependence of the coefficientsu2, v2,
f 2, andg2 for ~a! KCuCl3 and ~b! TlCuCl3.
05442
by

H65(
k

Fek1bk1
† bk11ek2bk2

† bk21~ek6bk1
† bk21H.c.!

1
1

2
~Dk1

† bk1b2k11H.c.!1
1

2
~Dk2

† bk2b2k21H.c.!

1~Dk6
† bk1b2k21H.c.!G . ~36!

For continuity of presentation, the expressions foreki and
Dki are given in the Appendix@Eqs.~A1! and~A3!#. We note
that on setting (u,f)5(0,0) the Hamiltonian@Eqs.~27! and
~34!# reduces to that of the disordered phase given in
~13! with s̄51 andm52 3

4 J.
The O(b2) terms in Eq.~34! are diagonalized by two

separate Bogoliubov transformations which yield the en
gies of the collective modes of the condensate. Because
triplet bk0 does not mix with the other two modes,H0 is
diagonalized easily to give

Ek05Aek0
2 2Dk0

2 , ~37!

which describes the middle magnon branch in the orde
phase.H6 is diagonalized by the transformation

ak
m5uk1

m bk11uk2
m bk21vk1

m b2k1
† 1vk2

m b2k2
† , ~38!

wherem51,2 denotes the two modes corresponding to e
value ofk, whence

H65(
km

Ek
mak

m†ak
m . ~39!

Ek
m and ak

m are then the eigenvalue and eigenvector for
mode of branchm, and are related by the equation

S ek1 2Dk1 ek6 2Dk6

Dk1 2ek1 Dk6 2ek6

ek6 2Dk6 ek2 2Dk2

Dk6 2ek6 Dk2 2ek2

D S uk1
m

vk1
m

uk2
m

vk2
m

D 5Ek
mS uk1

m

vk1
m

uk2
m

vk2
m

D .

~40!

This equation has four eigenvalues, of which two are po
tive, and we define the smaller of these asEk

1 , the dispersion
relation of the lowest magnon mode, while the larger is d
fined asEk

2 for the highest mode. By the nature of the pro
lem, the other two eigenvalues are2Ek

1 and 2Ek
2 . In the

disordered phase,ek6505Dk15Dk2 , and Eq.~40! reduces
to a 232 matrix form.

In the ordered phase aboveHc , the modeEk1 is always
massless at the band minimum,Q, and develops a linea
dependence onk ~in all three directions in reciprocal space!
in the vicinity of this point@Fig. 7~a!#. This branch is the
Goldstone mode, which arises from the fact that rotation
the staggered moment about the axis of broken symm
~the field axis! does not change the energy of the system. I
the staggered magnetic order induced perpendicular to
applied magnetic field which breaks rotational symme
around the field axis. Mathematically, rotations of the
3-10
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FIELD- AND PRESSURE-INDUCED MAGNETIC . . . PHYSICAL REVIEW B 69, 054423 ~2004!
duced moment are realized by changing the phase off andg
in Eq. ~23! ( f→e2 ix f , g→eixg, where x is the rotation
angle!, and the invariance of the expressions under this tra
formation determines the gapless nature of the Goldst
mode. The remaining modes in Fig. 7~a! show that for fields
close toHc the overall shape of the dispersion relations is
strongly affected by the presence of the field while the fi
remains small on the scale of the mode energiesEk .

The field-dependence of magnon dispersion relations m
be characterized up to high fields using the expressions
tained forEk1 , Ek0, andEk2 with the zero-field parameter
of Table I. Only in the disordered phase (H<Hc) does the
magnon dispersion not change its shape, with a simple lin
splitting of the three branches developing due the Zeem
interaction until the energy gap of the lowest mode is
duced to zero atH5Hc . Above the critical field, the gap fo
Ek1 , the Goldstone mode of the ordered phase, rem
zero, as a consequence of which the gaps of the hig
modes,Eg0 andEg2 , show an abrupt increase in slope atHc
@Fig. 8~a!, cf. Fig. 4#. The results of the bond-operator theo
~solid lines! show quantitative agreement with the expe
mental measurements obtained by INS.8

Figure 8~b! shows the predicted field dependence of
gaps for high fields: whileEg2 has monotonically increasin
behavior all the way to and beyondHs , the gapEg0 of the
middle branch first increases with field, but then decrea
until Hs . This behavior is related to the position in the Br
louin zone of dispersion minimum, which is determin
largely by theek0 term in the Appendix. As the magneti
field is raised, the sign of the dispersive componentek
changes on passing through the field at whichu25v2, which
for the parameters of TlCuCl3 corresponds to 55 T@Fig.
6~b!#. Below this value, whereu2.v2, the minimum is atQ,
while for fields close to 55 T (u2.v2) the dispersion be-

FIG. 7. Dispersion of the three magnon modes in TlCuCl3 at ~a!
H514 T.Hc ~cf. Ref. 9! and ~b! the saturation fieldH5Hs .
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comes flat. Above this field (u2,v2) the minimum moves
from Q to a point in the middle of the zone, as shown for t
branchEk0 in Fig. 7~b!, and Eg0 then decreases with field
until saturation. Finally, atH5Hs , thek dependence of the
lowest mode,Ek1 , becomes quadratic again in the vicini
of Q @Fig. 7~b!# as a gap opens to the lowest mode of t
fully saturated ferromagnet@Fig. 8~b!#. For H.Hs ~see be-
low!, the magnon modes decouple, the condensate has
triplet character and the lowest excitation mode is a p
singlet whose gap grows linearly with the field, as doEg0
and~with a slope greater by a factor of two! Eg2 . The evo-
lution with field of the shape of the dispersion relatio
through the ordered phase is illustrated by Fig. 7, where
clear that the lower branch changes rather little, the up
branch becomes progressively narrower until it is complet
nondispersive atHs , and the middle branch is inverted a
discussed above.

2. Magnetization

The theoretical framework also gives direct access to
average magnetization of the dimers in the ordered-ph
condensate. We denote byMz the magnetization parallel to
the field, whose normalized value is

Mz5
1

N (
i

^t i 1
† t i 12t i 2

† t i 2&, ~41!

and byMxy the perpendicular~staggered! magnetization,

FIG. 8. Field dependence of the energy gaps for the three m
non modes in TlCuCl3. ~a! Points are data from the INS experime
of Ref. 8, solid lines are the theoretical fit using the zero-field
rameters of Table I.~b! Field-dependence at high fields, usingg
52.16 as theg factor of TlCuCl3 ~Ref. 8!.
3-11
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Mxy5
1

N (
i

eiQ•ri^Silx2Sirx&

5
1

N (
i

eiQ•ri^si
†~ t i 11t i 2!1H.c.&, ~42!

wherei labels the dimers and̂•••& signifies an expectation
value calculated using the operatorsak

m in Eq. ~38!. The
mean-field magnetizations, normalized to their values
saturation are given by

Mz5v2~ f 22g2!, ~43!

Mxy5A2uv~ f 1g!. ~44!

These expressions correspond toā2 contributions, and are
supplemented by terms of the formakak

† , which correspond
to quantum corrections due to magnon excitations. Both c
tributions are shown in Figs. 9~a! and 9~b!, but the quantum
corrections are found to be small, presumably as a resu
the three-dimensionality of the KCuCl3 and TlCuCl3 sys-
tems. In both cases the square of the staggered mom

FIG. 9. ~a! Normalized magnetization curves for KCuCl3. Open
circles are experimental data forMz measured atT51.3 K ~Ref.
10!. The theoretical fits are made usingg52.29 as theg factor for
KCuCl3 ~Ref. 10!. ~b! Normalized magnetization curves fo
TlCuCl3. Open circles are experimental data forMz measured at
T51.3 K ~Ref. 57!, and closed circles are data forMxy measured at
T50.2 K ~Ref. 6!. The theoretical fits are made using the samg
factor for TlCuCl3 as in Fig. 8.
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(Mxy
2 ) shows a linear field dependence close toHc and to

Hs , indicating thatMxy;AH2Hc as expected from a mean
field description.

For KCuCl3, the magnetization parallel to the field (Mz)
is almost perfectly linear inH @Fig. 9~a!#, in good agreemen
with experiment.10 If one neglects the upper triplet mod
(t2) in the condensate specified by Eq.~23!, Mz would be
completely linear inH, and because all interdimer intera
tions are small~Table I!, KCuCl3 is close to this limit. By
contrast, the interladder interactionJ2 is considerably larger
for TlCuCl3, where mixing into the condensate of thet2

mode, mediated primarily by interactions of the typet1
† t2

† ss,
is significant. This point can be seen clearly by compar
Figs. 6~a! and 6~b!, where the value ofg2 is considerably
larger for TlCuCl3 than for KCuCl3 in the vicinity of Hc .
Physically, the presence of the highest triplet in the cond
sate costs Zeeman energy, which leads to a suppressionv,
and consequentlyMz is reduced nearHc for TlCuCl3. This
causes a significant deviation~due in fact to higher powers in
H2Hc) from purely linear field dependence, as illustrated
Fig. 9~b!, which is again in very good agreement with th
observed form.2 This result emphasizes the importance
including the t2 triplet in a consistent description of th
ground state, which is required to account for the differen
between the magnetization curves of TlCuCl3 and KCuCl3.

C. Saturated phase„HÐH s…

In the high-field regime the spins are fully polarized.
the notation of Sec. III B, the saturated phase is described
(u,f)5(p/2,0) in the Hamiltonian of Eq.~26!, which speci-
fies that the ground state becomes a pure condensate o
lowest triplet (t1 in the notation of Sec. III A!. This phase is
characterized by a complete decoupling of the triplet mod
by a finite energy gap to the lowest mode, which correspo
to an excitation from the triplet ground state to a singlet, a
by the fact that the highest triplet mode becomes dispers
less @Fig. 7~b!#. In this regime the interaction termHtt be-
tween the lowest and highest triplet branches in Eq.~10!
becomes an on-site potential term fort2 magnons, and doe
not assist their propagation, so there is no first-order hopp
process for this branch. A possible second-order process
ists for propagation of the upper triplet by creation of tw
singlets in a virtual process due to the termsi

†sj
†t j 1t i 2 in

Hst. The quantitative effect of this term on the dispersi
Ek2 is expected to be very small, but the process may a
have a qualitative role in mediating the decay oft2 magnons
into two singlet modes~bearing in mind the triplet nature o
the condensate!. With energy and momentum conservatio
specified according to

Ek25(
q

~Ek1q11Ek2q1!, ~45!

this may lead to a finite lifetime for the highest triplet exc
tations. We note also that this process is possible for fie
Hc<H<Hs , and provides one reason for which the upp
magnon mode may become broad at high magnetic field
3-12
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IV. PRESSURE-INDUCED ORDER

In Sec. III we have discussed field-induced magnetic
der in a quantum spin system, which can be underst
qualitatively as the consequence of the lowering of one
the triplet modes by the applied magnetic field to the po
where it becomes soft, and the ordered phases is favo
Another way in which the magnon modes may soften, ca
ing the onset of magnetic order, is by increasing the in
dimer interactions, broadening the magnon band. The ap
cation of pressure is expected to have just this effect, and
the small-gap system TlCuCl3 this type of pressure-induce
AF order was found recently by Oosawaet al.18 in neutron-
diffraction experiments conducted under a fixed hydrost
pressureP51.48 GPa.

As noted in Sec. III, this type of ‘‘pressure-induced’’ ma
netic QPT provided the first application of the bond-opera
formulation to ordered phases.28 In the disordered phase th
three magnon modes are degenerate atH50 for all cou-
plings, including at the QCP where they are gapless at
wave vectorQ characterizing the incipient magnetic orde
The excitations of the ordered AF consist of two spin wav
which are the conventional phase modes~Goldstone modes!
of the ordered moment, and a third which corresponds to
amplitude fluctuations and is generally not relevant for
low-energy dynamics, but may become low-lying close
the QCP.28 The ordered phase is described in the bo
operator approach by a condensation of one of the tri
operators, conventionally taken astz

† in Eq. ~1!, and in Ref.
28 this was treated as a separate condensate in order t
tain an effective description of the ordered phase close to
QCP.

A complete account of the changes to the superexcha
interactions caused by the application of a hydrostatic p
sure would require a detailed structural investigation of
alterations to bond lengths and angles. Such a study lies
yond the scope of the current analysis, the aim of which is
characterize the changes in physical properties through
QPT. We thus employ qualitative arguments based on
considerations of Sec. II for the probable evolution of t
coupling constants in theXCuCl3 structure, and use this a
the foundation for a plausible model.

The structural unit composed of CuCl6 octahedra is not
expected to undergo significant changes except at rather
pressures, and so we assume here that the dimer couplinJ is
unaltered. The leading effects of hydrostatic pressure are
pected to be a small longitudinal compression of the lad
units, and, due to the absence of strong covalent bonds in
transverse directions, a somewhat larger reduction in t
separation. These changes generally involve small reduct
in bond lengths and more significant distortions of the bo
angles. Considering next the effective interdimer coupl
J̃152J12J18 ~in the notation of Sec. II!, any small increase
in ladder-leg couplingJ1 is likely to be offset to a consider
able extent by similar changes in the diagonal couplingJ18 ,
so we will also neglect the pressure-induced alteration of
parameter in the following simplified treatment. The leadi
pressure effects are thus expected to involve the alteratio
the parametersJ28 andJ3, both of which are determined b
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Cu-Cl-Cl-Cu pathways, although the latter may also ha
contributions from theX1 ion. We assume~based on the
experimental observation of the QPT! thatJ2 andJ3 increase
with the pressureP. For the functional form of this increase
the exact dependence of superexchange interactions on
lengths and angles remains a topic active research, and i
absence of structural data under pressure we will attemp
fit this form with minimal assumptions. We take the interla
der interactions to change with applied pressure accordin

J2~P!5p~P!J2 ,

J3~P!5p~P!J3 , ~46!

wherep(P) is a dimensionless function of the real pressu
P and the values ofJ2 (J29) andJ3 ( J̃3) at p51 are listed in
Table I. We begin by analyzing the situation where the int
ladder interactions are simply increased by a factorp, and
then discuss the experimental determination of the func
p(P).

A. No magnetic field

With a view to the simultaneous application of field an
pressure~below!, we discuss the pressure-induced QPT us
the triplet operatorst1 , t0, and t2 , Eqs. ~4!, which were
introduced for the field-induced QPT, rather than in t
‘‘natural’’ basis of operatorstx , ty , and tz, Eqs.~1!. In the
absence of a magnetic field, the magnon dispersion in
disordered phase is given by Eq.~16! with h50, and the
single branch is triply degenerate. The dispersion, show
atmospheric pressure by the dashed line in Fig. 10~cf. Fig.
3!, is given by

Ek5AJ212Jek, ~47!

whereek is defined in Eq.~19! but with J2 andJ3 now given
by Eq. ~46!. As pressure is increased, the maximal posit
and negative values ofek are enhanced, the bandwidth in
creases and the dispersion minimum~spin gap! decreases. It
is clear from Fig. 10 that the low-energy part of the magn
spectrum is particularly sensitive to the pressure, whereas
higher-energy parts are scarcely affected. This result i
simple consequence of the square-root form of Eq.~47!,

FIG. 10. Threefold degenerate triplet magnon dispersion at z
field. Dashed and solid lines correspond, respectively, to at
spheric (p51) and critical (p5pc.1.018) pressures.
3-13
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which amplifies the changes inEk where the two terms are
close to mutual cancellation, i.e., in the vicinity of the ba
minimum Q.

The magnon modes become soft,EQ50, at a critical
pressure,pc , where the enhanced interladder interactions
vor a long-ranged AF spin order over a gapped dimer ph
The dimensionless pressurep(P) at the critical pressure fo
the parameters of TlCuCl3 is

pc5
J2J1

J212J3
.1.018, ~48!

from which one notes immediately that the critical press
represents only a very small fractional increase inp.

Expansion of ek in Eq. ~47! around Q, eQ1dk.eQ
1dek , yields a dispersion

EQ1dk.AEQ
2 12Jdek. ~49!

Becauseek contains cosine terms ink which are minimal at
Q, dek is quadratic indk, and at the critical pressureEk has
a linear k-dependence aroundQ @Fig. 10#. This stands in
explicit contrast to the case of field-induced order, where
single low-lying magnon retains a quadratic dependence ok
at the critical field where it softens.

Increasing the pressure beyondpc induces the AF ordered
phase, which may be described by the same operator tr
formation as in Sec. III. In the absence of an applied m
netic field, the coupled tripletst1 and t2 are equivalent and
f 5g51/A2 (f5p/4) in Eq. ~23!. We note here that this
combination in fact restores the eigenvectorstx andty in Eq.
~1!, referred to above as the ‘‘natural basis’’ for the field-fr
problem. Using theb operators defined in Eq.~23!, the
Hamiltonian at quadratic order takes the symmetrical for

H01H65 (
a51,0,2

Ha ~50!

with

Ha5(
k

@ekabka
† bka1 1

2 ~Dka
† bkab2ka1H.c.!#. ~51!

The matrix elements are given by

ek15J~u22v2!28eQu2v21~u22v2!2ek ,

ek05ek25Ju224eQu2v21~u22v2!ek ,

Dk15~u22v2!2ek ,

Dk052Dk25ek , ~52!

where

u25
1

2
1

J

~24eQ!
, v25

1

2
2

J

~24eQ!
~53!

and

eQ52
1

2
@J11p~J212J3!#. ~54!
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The magnon mode dispersion relations are then given b

Eka5Aeka
2 2Dka

2 , ~55!

and are illustrated in Fig. 11. With this choice of coordina
the staggered magnetic moment is developed along thex̂ axis
in spin space, as the transformed magnon operatorbk1 is
preciselytx of Eq. ~1!. It is clear that the other two mode
remain degenerate, and thatEk0 and Ek2 are gapless atQ
with linear dispersion around this point. These are the s
waves of the ordered magnet, or Goldstone modes; t
magnetic moment fluctuates in the plane perpendicular to
induced moment, demonstrating their role as the transv
phase modes. The remaining modeEk1 has a finite gap and
corresponds to fluctuations in the direction of the induc
moment, confirming that this is the longitudinal, or amp
tude, mode of the pressure-induced AF phase. This is
splitting of the threefold degenerate triplet modes expec
from previous studies of coupling-induced AF order
gapped spin systems.23,24,28The excitation gap of the ampli
tude mode may be written as

EQ152uvA21u2v2

52AF1

4
2S J

4eQ
D 2GF21

1

4
2S J

4eQ
D 2G , ~56!

and its evolution with applied pressure is shown in Fig. 1
We turn next to a discussion of the pressure depende

of the interladder superexchange parameters, i.e., to a d

FIG. 11. Magnon dispersion relations in pressure-induced
phase at zero field, showing two degenerate phase modes~solid
line! and one amplitude mode~dashed line!.

FIG. 12. Pressure-dependence of spin gaps for phase and a
tude modes.
3-14
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FIELD- AND PRESSURE-INDUCED MAGNETIC . . . PHYSICAL REVIEW B 69, 054423 ~2004!
mination of p(P). The staggered moment grows with in
creasing pressure in the ordered phase as shown in Fig
and close to the critical pressure it has the mean-field ex
nent Mxy}(p2pc)

1/2. Unlike the field-induced order, ther
is no uniform magnetization at zero field, which is reflect
in the theoretical description by the relationf 5g. The criti-
cal pressure has been found to be approximatelyPc
52 kbar.17 By expanding the function at the critical pre
sure, a crude determination ofp(P) may be made by assum
ing the form

p~P!2pc5b1~P2Pc!1b2~P2Pc!
2, ~57!

whereb1 andb2 are constants to be determined from

p02pc5b1~P02Pc!1b2~P02Pc!
2, ~58!

p12pc5b1~P12Pc!1b2~P12Pc!
2. ~59!

The three known data points are~i! atmospheric pressureP
5P0, where p051; ~ii ! the critical pressureP5Pc
52 kbar, wherep5pc51.018; and~iii ! P5P151.48 GPa
~14.8 kbar!, where the staggered magnetizationMxy has at-
tained 60% of its saturation value,18 which corresponds to
p151.4 ~Fig. 13!. With these values the prefactors of th
lowest orders in the expansion areb150.012 kbar21 and
b250.0014 kbar22. The relative decrease in magnitude
these coefficients suggests that higher orders may not be
nificant, although a detailed experimental determination
awaited. In the vicinity of the critical pressure, the fini
linear term in the pressure dependence ofp(P) leads to an
exponentMxy}(P2Pc)

1/2. The most important qualitative
observation arising from these considerations is that obt
ing a critical pressure ofPc52 kbar is straightforward in the
laboratory, which in practice implies that experiments pro
ing the properties of the TlCuCl3 system on both sides of th
pressure-induced QPT could be performed on sample
considerable volume.

The pressure-dependence of the spin gap of the ampli
mode~56!, shown in Fig. 12, is similar to that of the induce
staggered moment~Fig. 13!, as both depend in a simila
manner on the singlet-triplet mixing coefficientu. Under a
pressure of 1.48 GPa, where the neutron-diffraction exp
ment revealing magnetic order was performed, we estim
the gap of the amplitude mode to be 5 meV. This is w

FIG. 13. Pressure-dependence of induced staggered mo
Mxy in TlCuCl3 at zero field. The normalization is to a saturat
moment of 1.
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above the value required to distinguish the amplitude m
from the spin waves and magnetic Bragg peaks in INS
periments, which may thus be performed at lower pressu
and with larger samples. TlCuCl3 therefore offers an idea
system for observation of the amplitude mode, and for
measurement of its dispersion over a significant portion
the Brillouin zone. These measurements could be used to
the hypothesis that the amplitude mode is broad, and po
tially ill-defined, due to the possibility of decay process
into pairs of spin waves.58 The gap of the amplitude mod
may also be measured from the location of additional con
butions to susceptibility, nuclear-magnetic-resonan
~NMR!, and electron-spin-resonance signals.

We conclude this section by noting the two qualitati
differences between the pressure-induced QPT and the fi
induced situation discussed in Sec. III. The first concerns
breaking of symmetry in real space and in spin space. In
field-induced case the plane of the staggered moment is
tated by the applied magnetic field, and its direction with
the plane is determined by a spontaneous breaking of
O~2! symmetry. Rotation of the moment corresponds to
single Goldstone mode. In the pressure-induced case the
no coupling of the spin direction to the crystal axes~in the
absence of additional terms in the Hamiltonian which are
introduced here!, the development of AF order requires
spontaneous breaking of O~3! symmetry, and two Goldstone
modes specify the rotations of the staggered moment. H
we have for convenience chosen thex̂ direction, but the re-
sults are identical to bond-operator treatments choosing
other symmetry-breaking axis. The second difference c
cerns the triplet modes participating in the condensate in
bond-operator description. In the field-induced case the
plied magnetic field lowers the symmetry of the system in
manner such that only one mode is driven to become m
less at the QPT. It is this mode whose mixing into the sing
determines both the primary ground-state properties of
ordered phase and the nature of the phase fluctuation~the
Goldstone mode!, while the small admixture of the highes
triplet is required primarily for consistency. In the pressu
induced case the degeneracy of the magnons is lifted onl
the spontaneous breaking of symmetry, and the condensa
composed only of the singlet and the triplet (tx) which con-
stitutes the amplitude mode, i.e., the Goldstone modes~spin
waves! explicitly do not form a part of the condensate. The
two features are responsible for the differences betw

ent

FIG. 14. Phase diagram for the model in theP2H plane.
3-15



tie
o
th
un
a

d
re
w
s
e

pr
v-
n

tio
fo
d
f

a
c

of a
s-

s (
he

ows
es at

ap-
15
s as
d

s of
hase

ce

th

T

ed

MATSUMOTO, NORMAND, RICE, AND SIGRIST PHYSICAL REVIEW B69, 054423 ~2004!
pressure- and field-induced QPTs at the level of quanti
such as critical exponents~below!. Because the field acts t
break the symmetries responsible for the properties of
pressure-induced QPT, any studies of quantum criticality
der simultaneous application of finite field and pressure
dominated by the behavior of the field-induced QPT.

B. Finite magnetic field

Magnetic fields and hydrostatic pressure may be regar
as cooperating factors in the stabilization of an AF orde
phase. One may thus determine the phase boundary bet
magnetically ordered and disordered phases, and thi
shown in the estimatedP2H phase diagram in Fig. 14. Th
phase boundary is determined by the condition

gmBH5AJ22J@J11p~P!~J212J3!#. ~60!

The leading linear dependence of the superexchange on
sure in the vicinity ofPc results in the phase boundary ha
ing the form Hc}(Pc2P)1/2. We note that the phases o
both sides of the boundary show considerable evolu
across the phase diagram in properties such as the uni
and staggered magnetic moments, and the splitting and
persion of the magnon modes, as a function of the ratio oH
to P.

As noted in the preceding subsection, the degeneracy
dispersion of the magnon modes in the pressure-indu

FIG. 15. Magnon dispersion relations in the pressure-indu
AF phase under a magnetic fieldH55 T,Hc .

FIG. 16. Magnetic-field dependence of spin gaps in
pressure-induced AF phase, illustrated forp51.05. The dashed line
shows the behavior of the highest mode at the critical pressure.
spin gap of the middle branch, which is a spin wave ath50, is the
same forp5pc andp.pc .
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ordered phase are altered significantly in the presence
magnetic field. A finite field lifts the degeneracy of the tran
verse spin waves because their spin-fluctuation directiony
and z here! are no longer equivalent. The field causes t
mixing of the amplitude modeEk1 with the phase mode
Ek2 , and the mixing coefficient changes fromf5p/4 at
zero field tof50 in the high-field limit, where the modest1

andt2 are again the appropriate eigenstates. Figure 15 sh
the dispersion relations for the three nondegenerate mod
a pressurep.pc for a finite magnetic field. The qualitative
features of the spectra are manifestly dominated by the
plied field, and only one Goldstone mode remains. In Fig.
we have redefined the lower and upper magnon branche
Ek1 andEk2 , respectively, as in the study of field-induce
order ~Sec. III!.

Figure 16 shows the field dependence of the spin gap
the three branches in the pressure-induced ordered p

d

e

he

FIG. 17. Normalized magnetization curves for TlCuCl3 ~a! in
the disordered phase (p51,pc); ~b! at the critical pressure (p
5pc); and ~c! in the pressure-induced AF-ordered phase (p51.05
.pc). Mz andMxy denote respectively the uniform and stagger
magnetizations, and we have taken ag-factor of 2.16.
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p.pc , with the same labeling convention as before. T
middle branch does not mix with the upper and low
branches even at a finite field, soEg0 shows a linear increas
from zero which is in fact independent ofp for all p>pc .
Because the amplitude mode has a finite excitation gap
p.pc at h50, the gap grows only quadratically at sma
fields ~linearly atp5pc). It is clear that the amplitude mod
is adiabatically connected to the upper magnon branch of
field-only problem (p,pc), which for p.pc is retrieved in
the high-field limit by a continuous alteration of the mixin
coefficientf under the external magnetic field.

C. Magnetization

We conclude this section by discussing the uniform a
staggered magnetization of TlCuCl3 under finite pressure, fo
which we define the magnetization exponent near the crit
field by

dM5M ~H !2M ~Hc!}~H2Hc!
g. ~61!

Figure 17 shows the behavior of both magnetization com
nents for the three regimesp,pc , p5pc , andp.pc . In the
disordered phase@Fig. 17~a!#, the critical fieldhc(p) is finite
~Fig. 14! and the uniform magnetizationMz shows an appar
ent nonlinear field dependence over a significant field ran
as discussed in Sec. III B. However, close to the critical fi
the leading power-law dependence is linear (g51), reflect-
ing the fact that the difference between TlCuCl3 and KCuCl3
arising from stronger interdimer coupling is only quantitati
in nature. The staggered momentMxy has the mean-field
exponentg51/2 expected for a gapped phase~Sec. III B!.
These exponents may also be deduced by considering
dependence of the magnetizations on the coefficientv2 @Eqs.
~43! and~44!#, which specifies the mixing of the triplet mag
nons into the singlet ground state~23!, given thatv2}H
2Hc in the disordered phase. Increasing the pressure ca
a decrease inHc(p) until it reaches zero at the critical pre
sure@Hc(pc)50# as in Fig. 14. In this case@Fig. 17~b!# both
magnetizations develop fromH50; the field induces a linea
mixing of singlets and triplets in the ground state,v}H, and
Mz depends also on the differencef 22g2 of the weights of
the t1 andt2 modes@Eq. ~43!#, whose field-induced splitting
is linear whenceg53. Mxy is not sensitive to the latte
splitting @Eq. ~44!#, and depends only linearly on the single
triplet admixture, yieldingg51. Finally, the ordered phas
at p.pc @Fig. 17~c!# has a finite staggered magnetization
zero field, andv has a finite value atH50, leading tog
51 for Mxy . The uniform component appears to show
similar deviation from linearity as in the disordered pha
but for similar reasons the leading field dependence is in
linear (g51), close toH50.

TABLE II. Exponent for magnetization curves.

p,pc p5pc p.pc

Mz g51 g53 g51
Mxy g5

1
2 g51 g52
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The behavior of the two magnetization components in
vicinity of the critical fields is summarized by

dMz.5
J22J8

J8~3J24J8!
~h2hc! ~p,pc!

1

~2J8!3
h3 ~p5pc!

2J82J

~2J8!2
h ~p.pc!

~62!

for the uniform component, and

dMxy.5
F AJ222JJ8

J8~3J24J8!
G 1/2

~h2hc!
1/2 ~p,pc!

1

A2J8
h ~p5pc!

3J22J8

8J82A~2J8!22J2
h2 ~p.pc!

~63!

for the staggered component, whereJ8 denotes the quantity
ueQu defined in Eq.~54!. The magnetization exponents a
collected in Table II.

V. SUMMARY

We have used a bond-operator model for TlCuCl3 at zero
temperature to provide a complete description of quant
phase transitions~QPTs! in interacting spin–dimer system
driven by both magnetic field and hydrostatic pressure. T
magnetically ordered and disordered phases were chara
ized by analyzing both the dispersion relations of the trip
magnon modes and the staggered and uniform magne
tions as functions of field and pressure. At zero field a
ambient pressure, a minimal coupled-dimer model give
very good account of the magnon dispersions both
TlCuCl3, despite 3D interdimer interactions which are a
most sufficiently strong to close the spin gap, and in
structural analog KCuCl3 where interdimer coupling is
weaker. At finite fields the bond-operator framework pr
vides a continuous description of the low-field, dimer-sing
phase, the intermediate-field regime of partial~staggered and
uniform! magnetic order, and the fully polarized, classic
phase at high fields. Under pressure the spin gap of the q
tum dimer phase decreases monotonically to a single tra
tion into a phase of staggered magnetic order. The evolu
of the order parameters through the QCPs separating t
regimes is continuous.

Considering first the gapped system at ambient press
the magnetic excitations at low fields are merely t
Zeeman-split magnons of the zero-field case, whose dis
sion is unaltered by any field up to the lower critical fie
Hc , where the spin gap is closed. In the high-field regim
above Hs , the excitations are precisely the gapped s
waves expected in a fully polarized antiferromagnet. AtHc ,
a QPT takes place to an intermediate-field phase chara
3-17
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ized by an antiferromagnetic order of the transverse com
nent of the magnetization, and by one excitation mode wh
is massless at the Bragg point. This magnon has a re
interpretation as the phase fluctuation mode~Goldstone
mode! of a condensate of mixed singlet and triplet charac
on each dimer rung for fieldsHc,H,Hs . Because of its
gapless nature the phase mode dominates the response
system at intermediate magnetic fields, including most no
bly the field-dependence of the magnetization close to
QCPs. The bond-operator description of the ground state
linear combination of singlets and triplets, which chang
continuously from pure singlet character atHc to a pure
triplet state atHs . The description of the phase mode is
good quantitative agreement with recent INS measurem
performed atH.Hc .9

If the QPT is interpreted as a destabilization of the dis
dered phase when one or more of its magnon modes bec
soft, a second route to an ordered phase is provided by
application of hydrostatic pressure to enhance the interdi
interactions and broaden the magnon band. In this situa
the gapped magnons of the quantum dimer phase rem
triply degenerate as the gap decreases, until at the qua
critical point one obtains a phase with three spin waves
further increase of the interdimer couplings leads to a c
ventional antiferromagnet with two spin waves—gaple
~Goldstone!, transverse, phase modes of the staggered o
parameter—accompanied by one longitudinal mode wh
develops a gap and corresponds to amplitude fluctuation
the staggered moment. The appearance of pressure-ind
order in TlCuCl3 has recently been confirmed b
experiments18 which enable one to conclude that the critic
pressure for the QPT is very small~a result now confirmed
experimentally17!, thus presenting a valuable additional co
trol parameter for the experimental characterization of QP
in the TlCuCl3 system.

Both magnetic-field- and pressure-induced ordering tr
sitions can be interpreted as a condensation of low-ly
magnon modes, whose linear combination with the sing
describes the ground state of the ordered phase. Indeed
fact that the modes become soft at wave vectorQ
5(0,0,2p) in both cases suggests a strong similarity b
tween the QPTs driven by both magnetic field and press
However, we have shown also that an important, if quant
tive, difference exists concerning the degeneracy of the m
non modes and the breaking of rotational symmetry in
ordered phase. While the pressure-induced transition is c
acterized by two Goldstone modes and a spontaneous b
ing of the full O~3! symmetry of spin space, the field-induce
transition has only one Goldstone mode corresponding
spontaneous breaking of O~2! symmetry in the plane norma
to the applied field.

Returning to the description of the ordered magne
phase as a Bose-Einstein condensation~BEC! of magnons,
the bond-operator formulation provides considerable ad
tional insight into this approach. The Goldstone mode of
ordered phase corresponds to the linearly dispersive ‘‘sou
mode connected with BEC. The associated creation and
nihilation processes arise from the triplet-triplet interacti
Htt , which in the ordered phase generates terms of the f
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ā2bk1b2k1 @Eq. ~36!# as a consequence of the condensat
of the modet1 . A recent numerical analysis of the scalin
exponents of the magnetization in the ordered regime59 has
confirmed that the BEC scenario provides a suitable desc
tion of the QPT, and is universally valid for all interdime
couplings. However, one should be aware that away from
QPT it is necessary to modify the magnon mode that for
the condensate to a linear combination of the dimer sin
and two of the triplet components to describe the grou
state in the ordered phase across the entire parameter re

The theoretical analysis of QPTs is often limited by t
absence of suitable descriptions valid simultaneously for
phases on both sides of the transition. Approximate
proaches applied in one phase or the other are fated no
converge on a single transition point, and thus cannot p
vide a continuous evolution in physical properties across
transition. The bond-operator formulation for the magne
QPTs in spin-dimer systems is appropriate for both dis
dered and ordered phases, and thus represents an excep
case illustrating the continuity of physical properties acro
such transitions. Here we note, however, in the contex
TlCuCl3, that two recent, high-resolution experiment
studies60,61 have revealed a small discontinuity at the ord
ing transition. The weakly first-order magnetic phase tran
tion is accompanied by a simultaneous structural distorti
presumably as a consequence of magnetoelastic coup
which is not included in the present analysis. The nature
this coupled transition awaits further investigation. We co
ment briefly that the remarkable success of the bond-oper
framework for the global phase diagrams of TlCuCl3 and
KCuCl3 rests to a considerable extent on the fact that
dimer system has significant coupling in all three spatial
mensions, as a result of which the mean-field approximati
employed here are highly accurate. This is reflected in
large value of the singlet condensate parameters in the
ordered phases of TlCuCl3 and KCuCl3, which deviate from
unity due to quantum fluctuations by at most 3%. The dim
sionality of the system is also responsible for the succes
the approximation that the constraint is applied only globa
This approach remains appropriate if it is possible for dim
triplets, which are effectively hard-core bosons, to avo
each other by perpendicular hopping processes. Only in
dimension~1D! is this no longer possible, and so the bon
operator treatment of the isolated spin ladder would requi
more systematic application of the local constraint in orde
reproduce the incommensurate excitations unique to 1D.

We close by summarizing the experimental possibilit
offered by the study of QPTs in magnetic systems. Wh
some experiments are now under way to investigate
field-induced QPT, most notably by inelastic neutron scat
ing to measure the magnon modes both below and above
transition, much scope remains for deeper analysis by te
niques including NMR. The application of pressure offers
very promising field for future studies. The experimental
sult of robust magnetic order at high pressure shows that
possible to achieve a genuine tuning of superexchange
stants through the QPT by the application of hydrosta
pressure. Further, the rather small pressures required im
3-18
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the possibility of a variety of measurements, includi
pressure-dependent specific heat, magnetization, mag
susceptibility, elastic neutron scattering for the magnetic
der parameter and inelastic neutron scattering for mag
dispersion relations. All of these quantities may be measu
through the continuous QPT, and in combination with ong
ing field-dependent studies yield the possibility of obtaini
a complete experimental map of the QPT from magnetic
der to quantum disorder in TlCuCl3. We have provided a
number of predictions for the properties of the phases in
map, including most notably the evolution of the magn
dispersion relations and the magnetization exponents
nished in Table II. In this connection we also stress the p
sibility of performing experiments to detect the amplitu
mode in the pressure-induced ordered phase, which sh
be visible in susceptibility and NMR measurements, as w
as by inelastic neutron scattering. In conclusion, the phen
ena of field- and pressure-induced magnetic order prov
excellent examples of quantum phase transitions readily c
trolled by experiment.
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APPENDIX

Here we present the expressions foreki and Dki used in
the transformed Hamiltonian~26! at quadratic order in the
triplet modes~36!. The energies are given by

ek15~e1 f 21e2g2!~u22v2!1C022u2v2eQ1~u41v4!ek

2u2v2@4 f g1~ f 22g2!2#~ek1eQ!,

ek05e02v2~e1 f 21e2g2!1C01~u22v2!ek ,

ek25e1g21e2 f 22v2~e1 f 21e3g2!1v2~ f 22g2!2eQ1C0

1~u224 f 2g2v2!ek ,

ek65u~2e11e2! f g2uv2~122 f g!~ f 22g2!~ek1eQ!,

ea5J2ah ~a51,0,2 !, ~A1!

whereek is given by Eq.~18! and

C052eQ@2u2v2~112 f g!2v4~ f 22g2!2#, ~A2!

and the coefficients of the pairing terms by

Dk152@2u2v222 f g~u41v4!1u2v2~ f 22g2!2#ek ,

Dk05~u212 f gv2!ek ,

Dk252~u21v22 f g!2 f gek ,

Dk65~u312 f guv2!~ f 22g2!ek . ~A3!
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Mutka, and P. Vorderwisch, Phys. Rev. B65, 132415~2002!.
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