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Spin exciton in a quantum dot with spin-orbit coupling at high magnetic field

P. Lucignano,1,2 B. Jouault,3 and A. Tagliacozzo1,2

1Coherentia-INFM, Unita` di Napoli, Napoli, Italy
2Dipartimento di Scienze Fisiche Universita` di Napoli ‘‘Federico II’’, Monte Sant’Angelo-via Cintia, I-80126 Napoli, Italy

3GES, UMR 5650, Universite´ Montpellier II, 34095 Montpellier Cedex 5, France
~Received 18 June 2003; revised manuscript received 11 September 2003; published 26 January 2004!

Coulomb interactions of few~N! electrons confined in a disk-shaped quantum dot, with a large magnetic
field B5B* applied in thez direction~orthogonal to the dot!, produce a fully spin-polarized ground state. We
numerically study the splitting of the levels corresponding to the multiplet of total spinS5N/2 ~each labeled
by a different total angular momentumJz) in the presence of an electric field parallel toB, coupled toS by a
Rashba term. We find that the first excited state is a spin exciton with a reversed spin at the origin. This is
reminiscent of the quantum Hall ferromagnet at filling one, which has the skyrmionlike state as its first excited
state. The spin-exciton level can be tuned with the electric field and infrared radiation can provide energy and
angular momentum to excite it.

DOI: 10.1103/PhysRevB.69.045314 PACS number~s!: 73.21.La, 73.23.2b, 78.67.Hc
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I. INTRODUCTION

Quantum dots are semiconductor devices in which e
trons are confined to a small area within a two-dimensio
electron gas by properly biasing metal gates added to
structure.1,2 In an isolated quantum dot~QD! the confining
potential gives rise to quantized single-particle energy lev
However, electron-electron interaction determines the
properties. In dots having a diameter of;100 nm, the level
spacing and the Coulomb energy are of the order
;1 meV and most charging properties can be includ
within the Hartree-Fock~HF! approximation, just like in at-
oms. Correlation effects do not significantly alter the cha
ing properties, but may strongly influence the spin proper
of the confined electrons. One striking evidence of this is
fact that Hund’s rule, which is typical of atoms, is ofte
satisfied in dots.3 However, the reduction of the energy sca
by a factor of 1023 with respect to atoms, enhances the s
sitivity of the electrons in the dot to an external magne
field.

In this paper we discuss the spin properties of an isola
vertical QD in presence of a magnetic fieldB in the z direc-
tion, orthogonal to the dot disk~cylindrical symmetry is as-
sumed!. We also include the spin-orbit coupling~SO! in-
duced by an electric field alongz.

In the cylindrical geometry, orbital effects are dominan4

Indeed Zeeman spin splitting does not drive any spin po
ization in these systems and can be often ignored.5 However
correlations combine orbital and spin effects together
can be probed by magnetoconductance measurements
pillar configuration.6,7 Spin properties are quite relevant
conductance, in view of the possibility of spin blockade8,9

Kondo effect,10,11 or Berry phase induced tuning.12

Quantum numbers labeling the dot energy levels are
number of electronsN, the total orbital angular momentum
alongz, M, the total spinS and thez component of the spin
Sz . By increasing the magnetic fieldB, both M and S in-
crease. Finally, atB5B* , a fully spin-polarized~FSP! state
is reached. The increasing of the total spinSwas measured in
a dot with about 30 electrons, a striking evidence ofe-e
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correlations.13 While, in the absence of interactions, the de
sity of the FSP state becomes uniform over the dot a
which is contracted to a minimum, in the real case, thee-e
interaction tends to reduce the density at the center of
disk, by compressing the electrons at the dot edge@see Fig. 2
~middle panel!#. By further increasingB, the electron density
reaches a maximum value. The dot becomes a so-ca
‘‘maximum density droplet’’~MDD!.14 For largerB values,
the FSP state is disrupted: the dot density reconstructs,
an annular local maximum of the density is produced at
edge of the dot15 with breaking of azimuthal symmetry at th
edge~de Chamon-Wen phase16!.

Various numerical calculations17 have investigated thes
subsequent electronic transformations which appear as c
ing of levels with different quantum numbers. HF calcul
tions are known to incorrectly favor spin-polarized states18

Spin-density functional calculations have been performed
dots including a larger number of electrons.19 The density-
functional approach, with a good choice of the parameter
the potentials, can reach a significative agreement with
experiments, but it may introduce uncontrolled approxim
tions. When the electron density is reduced, a Wigner m
ecule can be formed. Recently, this broken symmetry s
has been studied in the absence of an external magnetic
using quantum Monte Carlo simulations, with a multilev
blocking algorithm which is free of the sign problem.20

In this work, we use exact diagonalization for few ele
trons with azimuthal symmetry9 to discuss the spectral prop
erties of the FSP dot which is stabilized by the Coulom
interaction. Electrons are confined to a two-dimensional~2D!
disk by a 2D parabolic potential and interact via the f
Coulomb repulsion whose strength is parametrized byU
5e2/k l . Here l is the magnetic length due to the parabo
confinement in presence of a fieldB along z and k is the
static dielectric constant. The confinement of the electron
the x-y plane implies the presence of an electric field in t
z direction, provided by the band bending of the heterostr
ture. This gives rise to the so-called SO Rashba term21

which can be enhanced even further in a nonlinear cond
tance measurement, when an extra bias voltageVsd is ap-
©2004 The American Physical Society14-1
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plied to the contacts of a vertical structure.
In the presence of SO,Jz5M1Sz becomes the good

quantum number. The FSP ground state~GS! hasJz5N(N
21)/21S (Jz525/2 for N55), while the first excited state
~denoted as SKD state in the following! has Jz5N(N
21)/21S21 (Jz523/2 for N55). The charge density is
rather insensitive to the SO couplinga. However, we show
that the SO interaction couples the spin polarization to
orbital motion determining the spin properties of the GS a
the first excited states in a surprising way. Indeed, by incre
ing a, the expectation value of the spin density of the G
which was originally oriented in thez direction, acquires a
component in the dot plane, because the minority spin d
sity is increased and pushed from the center of the dot
ward. Moreover the combined effect ofU and a deforms
substantially the spin density of the SKD. A sharp minori
spin polarization is present close to the dot center. The re
sal of the spin polarization at the origin in the SKD state w
respect to the FSP GS leads to an extra node in the
density.

This situation is reminiscent of the case of the quant
Hall ferromagnet~QHF! ~Ref. 22! close to filling one. In that
case, a true magnetic ordering is achieved, which is cha
terized by full spin polarization in the GS and by a topolo
cally constrained first excited state, the Skyrmion~SK! state,
with reversal of the spin at the origin, first studied in the O~3!
nonlinears model (NLsM) in 2D dimensions.23,24 In Sec.
V, we elaborate on the analogies and differences between
FSP dot and the QHF. In the QHF a topological quantizat
of charge occurs. By contrast the SKD state has no topol
cal features, because the geometrical compactification pr
dure described in Sec. V A cannot take place. We refer to
SKD state as a ‘‘spin exciton’’ because there is some pil
up of the charge at the center of the dot with respect to
GS, together with the reversal of the spin polarization the

The paper is organized as follows: In Sec. II we report o
results of numerical diagonalization with the Lanczos alg
rithm for a dot with five electrons (N55) close to the FSP
state, in the absence of SO coupling. In Sec. III we derive
SO matrix elements in the 2D harmonic oscillator basis a
discuss how the SO coupling modifies the lowest-lying
ergy levels. In Sec. IV we show the spin and charge den
of the lowest lying Jz multiplet when the FSP state i
achieved. In Sec. V we summarize the features of the
state in the QHF and compare these with the ones of
SKD state in a dot with SO coupling.

A brief summary and some conclusions are outlined
Sec. VI. There is evidence of skyrmion excitations in Ga
2D electron gas systems close to filling one by magneto
sorption spectroscopy.25 A sharp absorption line could b
found in exciting dots to the SKD state, by transferral
energy and angular momentum with circularly polariz
light. This amounts to adding a spin exciton to the dot.

II. FSP STATE AND DOT RECONSTRUCTION

We considerN55 electrons confined in two dimension
@spanned by the (r,w) coordinates# by a parabolic potentia
of characteristic frequencyvd . This is a model for an iso-
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lated disk shaped QD. A magnetic fieldB orthogonal to the
disk is measured in units of\vc ~meV!, wherevc is the
cyclotron frequency. In the absence of spin-orbit couplin
the single particle statesfnm are the eigenfunctions of th
2D harmonic oscillator with frequencyvo5Avd

21vc
2/4.

They are labeled byn,m @with nP(0,1,2,3, . . . ) andmP
(2n,2n12, . . . ,n22,n)], m is the angular momentum in
the z direction

fnm5
eimw

lAp
Rnumu~ t !5Cnm

eimw

lAp
e2r2/2l 2S r

l D
umu

Ln2umu/2
umu S r2

l 2 D .

~1!

HereLn
a(t) ~with t5r2/ l 2) is the generalized Laguerre poly

nomial withn>0,26 l 5A\/m* vo is the characteristic length
due to the lateral geometrical confinement in the dot inc
sive of the B field effects and Cnm5@(n2umu/2)!/(n
1umu/2)!#1/2 is a normalization factor.

The corresponding single-particle energy levels are

en,m5~n11!\vo2
m

2
\vc . ~2!

In the absence of both interaction and magnetic field,
lowest-lying single-particle states are occupied with t
minimum spin. The GS Slater determinant is sketched pic
rially in Fig. 1~a!, where energy is intended on the vertic
axis. Each box represents a single-particle state labeled
n,m and arrows represent electron occupancy with spin p
jection along the quantization axis. We have performed ex
diagonalization of this system including Coulomb interacti
between the electrons. The matrix elements of the
screened Coulomb interaction use the single-particle b
set, up to 28 orbitals. They can be calculated analytically
are parametrized by the strength of the interactionU. Our
calculation is limited to very small particle numbers (N
,7), because the truncation of the Hilbert space influen
the results for largerN. However, our convergency check
show that the numerical errors proliferate only at higher
ergies. In particular they affect the reliability of the level sp
degeneracy. In any case, numerical errors are quite small
N55. In Fig. 2~left panels!, we show the lowest-lying total-
energy levels at fixed angular momentumM, vs M, for U
513 meV. Magnetic field isB55 meV ~top!, B5B*
57 meV ~middle!, B511.5 meV~bottom!. At eachM, the

FIG. 1. Slater determinants quoted in the text are depic
Quantum numbers areN55, S51/2 for the state atB50 ~a! and
S55/2 for the state atB5B* , the magnetic-field value at which th
maximum ofS is achieved~b!.
4-2
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SPIN EXCITON IN A QUANTUM DOT WITH SPIN- . . . PHYSICAL REVIEW B 69, 045314 ~2004!
spin degeneracy is marked by dashes of different len
short dashes forS51/2 ~doubly degenerate level!, medium
dashes forS53/2 ~fourfold degeneracy!, and long dashes fo
S55/2 ~sixfold degeneracy!. On the right-hand side~rhs! of
the picture the radial charge density of the corresponding
is plotted vs distancer from the dot center. Figure 2~left
panels! shows the crossing of levels with increasingB.
Electron-electron correlations imply that whenM increases,
S also increases. AtB5B* 57 meV the spinS reaches its
maximum valueS5N/2. The largest contribution to the G
wave function is given by the Slater determinant depicted
Fig. 1~b! corresponding toM5(0

N21m510. We concentrate
on the state atB5B* , the FSP GS. This corresponds to t
‘‘maximum density droplet’’ state discussed in th
literature.14 Qualitatively we can say that atB5B* the dot
attains its smallest radius. As can be seen from the GS ch
density, further increase ofB leads to the so-called recon
struction of the charge density of the dot. ForB.B* , theM
of the GS increases further, butS is no longer at its maxi-
mum. In the bottom panel of Fig. 2 it is shown that atB
511.5 meV the GS energy is now achieved forM513 with
a doublet (S51/2) state. The corresponding charge dens
of the dot, as depicted on the rhs, is strongly modified cl
to the edge:15 it displays a node followed by an extra nonze
annulus at a larger distance. In view of the fact that o
expansion of the wave function only includes rotationa
invariant components, the breaking of the azimuthal symm
try is impossible. By contrast this is found to occur
density-functional calculations and the corresponding GS
referred to as the de Chamon-Wen phase.16 The GS atB

FIG. 2. Energy levels without SO coupling for the dot withN
55 electrons atU513 meV andvd55 meV. Magnetic-field val-
ues are ~in units of \vc): B55 meV ~top!, B5B* 57 meV
~middle!, B511.5 meV~bottom!. The totalM is on thex axis. The
levels are drawn with short, medium, or long dashes, dependin
the total spinS51/2, 3/2, 5/2.
04531
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5B* can be compared with a FSP quantum Hall state of
extended disk in the absence of lateral confinement~QHF! at
filling one!. Figure 1~b! recalls the occupancy of the lowe
Landau level~LLL ! up to a maximumm5N21, except for
the fact that in our case the single-particle levels correspo
ing to the LLL are not all degenerate in energy. In the la
guage of the quantum Hall effect the unperturbed levels

en,m5~2n1umu11!\vo2
m

2
\vc , ~3!

where n5(n2umu)/2. LLL is for n50 and m>0. The
Slater determinant of Fig. 1~b! has a charge density which i
flat as a function of the radiusr, up to the disk edge, where
rapidly falls down to zero. In our case this feature is lo
because of the presence ofU, together with the fact that the
number of electrons is small. We will better discuss the co
parison of the FSP GS with the QHF in Sec. V.

III. INCLUSION OF SPIN ORBIT

We now add the spin-orbit interaction to the FSP GS
B5B* . This can be tuned by applying an electric fieldE in
the ẑ direction, which couples to the spin of the electrons
the dot with a term:21

Hso5
a

\
~ ẑ3p!•sW . ~4!

Here sW are the Pauli matrices,a is the spin-orbit coupling
parameter which is proportional to the electric field.a will
be measured in units of meV Å. We now rewrite the sp
orbit coupling term in a second quantized form. We den
the fermion operators associated tofnm of Eq. ~1! by
cnms ,cnms

† and we get

Hso5a(
nm

(
n8m8

H K n8m8U2S ]

]x
1 i

]

]yD UnmL cn8m8↓
† cnm↑

1 K n8m8U ]

]x
2 i

]

]y UnmL cn8m8↑
† cnm↓J . ~5!

The integration over the azimuthal anglew can be done ana
lytically. This shows that the Hamiltonian can be rewritten
the following way:

Hso5
a

l (
nn8

(
m

~Bn8m11,nmcn8m11↓
† cnm↑

1An8m21,nmcn8m21↑
† cnm↓! ~6!

with

An8m8nm5dm811,mE
0

`

dtRn8um8u~ t !S 2At
]

]t
1

m

At
D Rnumu~ t !,

and

Bn8m8nm5dm821,mE
0

`

dtRn8um8u~ t !S 2
]

]t
†At1

m8

At
D Rnumu~ t !.

on
4-3
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Here Bnm,n8m215An8m21,nm
* , what implies that the Hamil-

tonian is Hermitian. It is clear that whilesz and m are no
longer separately conserved, their sumj z5sz1m ~with j z
half integer! is a good quantum number. We will denote t
single-particle basis that diagonalizes the SO term bywj z

b

with b5p,m. The labelb takes two possible values, sayp,q
and allows for conservation of the number of degrees
freedom.

The SO interaction lifts the spin degeneracy. In Fig. 3
show the splitting of the multiplet withN55, S55/2, M
510 atB5B* 57 meV andU513 meV vs the strength o
the SO couplinga. The strength ofU is responsible not only
for the fact that the GS belongs to this multiplet, but also
the ordering in energy of the sequence:Jz525/2, 23/2, 21/2,
19/2, 17/2, 15/2~ from bottom to top!. At small U values the
sequence isJz515/2, 17/2, 19/2, 21/2, 25/2, 23/2, as show
in Fig. 4. With increasing ofU, some level crossings occu

FIG. 3. Splitting of the lowest-lying multiplet forN55, S
55/2, andM510 vs strengtha of the SO interaction, atB5B*
57 meV, U513 meV, andvd55 meV. The levels are labeled b
Jz .

FIG. 4. Energy levels withB57 meV, vd55 meV, anda
5100 meV Å, for differentU values. In the upper panel we sho
the crossings that allow the FSP polarized state to be the gro
state whenU is large. Ordering of the levels is magnified in th
bottom panels for three differentU values.
04531
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The ordering at three different values ofU is magnified in
the bottom panels of Fig. 4. The case withU513 meV is
shown in the bottom right panel of Fig. 4. The lowest state
energy is forJz525/2 followed by Jz523/2,21/2 ~almost
degenerate with 15/2), 15/2,19/2,17/2. AtU513 meV a siz-
able gap is formed between theJz525/2 GS and the first
excited stateJz523/2 ~SKD!. The other states of the multip
let are bunched together at higher energy. In this section
focus on theU513 meV case and discuss the charge den
and the spin-polarization density of the GS atJz525/2. The
other states of the multiplet will be analyzed in Sec. IV.

As it appears from Fig. 5~top panel!, the charge density
of the GS is only mildly changed when we increase the
coupling. By contrast, the spin density is quite sensitive
the addition of SO, up to saturation. Now thez component of
the total spin is no longer a good quantum number and so
admixture with down-spin electrons appears. Indeed the
of the Rashba term is to rotate the average electron spin
particular, down-spin electrons are pushed away from
center of the dot, giving rise to the spin-density compone
Sz(rW) ~orthogonal to the dot plane!, andSr(rW) ~in the plane
of the dot!, which are plotted in Fig. 5~middle and bottom
panels, respectively!. It is remarkable that the spin densit
Sz(rW) changes sign at the edge of the dot for large SO c
pling. This is confirmed by a plot of the occupation numbe
nnms5^GSucnms

† cnmsuGS& with n5m. They are shown in
Fig. 6 for bothN54 andN55 for comparison. Of course
the change ofN would also imply an effective change of th
confinement potentialvd ~what we do not do!. However, all
what we want to show here is that our findings depend on

nd

FIG. 5. Charge density, azimuthal spin densitySz , in-plane spin
densitySr , in the radial direction, in the GS (J525/2) at various
SO couplings: a55,100,250 meV Å. Here B57 meV, U
513 meV, andvd55 meV ~Ref. 38!.
4-4
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SPIN EXCITON IN A QUANTUM DOT WITH SPIN- . . . PHYSICAL REVIEW B 69, 045314 ~2004!
strength ofB only, and not on the number of electrons bei
even or odd. A similar feature occurs in the de Chamon-W
phase, in the absence of SO: when crossing the edges
spins tilt away from their bulk direction.27

The reversal of the spins in the tail at the dot boundary
a peculiarity of the Rashba interaction, but the spin/cha
density is very small there and does not influence the
properties.

IV. SPIN AND CHARGE DENSITY IN THE MULTIPLET
SÄ5Õ2, MÄ10

In the preceding section we have shown that atB5B* the
GS withN55 electrons belongs to theS55/2, M510 mul-
tiplet. The SO coupling lifts its degeneracy as shown in F
3. The size ofU strongly influences the energy of each sta
by producing crossings of levels. AtU513 meV the lowest-
lying states with increasing energies are@see Fig. 4~right
bottom panel!#

uGS&[uN55;S55/2,Jz525/2&: this is the fully spin-
polarized GS.
uSKD&[uN55;S53/2,Jz523/2&: the ‘‘spin exciton.’’
ub&[uN55;S53/2,Jz515/2&: this is a state higher in en
ergy with respect touSKD&.
This ordering of energy levels is again a consequenc

Hund’s rule: lowest energy is forJz5Lz1uSzu, higher en-
ergy is forJz5Lz2uSzu. Besides affecting the energy of th
states, the effect ofU is to enhance the transfer of weig
from the majority ~‘‘up’’ ! to the minority ~‘‘down’’ ! spin
population. This is shown in Fig. 7, where the occupat
numbersnn5m,m,s are reported for the statesuGS&, uSKD&,
and ub& for U50 ~left panels! and U513 meV ~right pan-
els!, respectively. A striking feature characterizes the s
densities of these states~see Figs. 7, and 8!: the dominant
spin density is reversed in theub& state, with respect touGS&.

FIG. 6. Occupation numbersnn5m,m,s in the GS with N
54(5) electrons@left~right!# without SO ~top! and with SO (a
5100 meV Å) ~bottom!. Other parameter values areB57 meV,
U513 meV, vd55 meV. White bars refers to spin up, gray ba
refer to spin down. The FSP GS of the dot withN54(5) electrons
has total spinS52(5/2) and thez component of the total angula
momentumJz58(25/2).
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The stateuSKD&, which is the first excited state, interpolate
between the two. Spin occupancy is not significantly mo
fied for largerr. While atU50 the flipping of the spin at the
origin with respect to the GS is full, in the interacting ca
some up spin is left at the center. This allows for a smoot
radial dependence of the spin and charge-density expecta
values. Eventually, this is the reason why this state turns

FIG. 7. The occupation numbersnn5m,m,s in the state atJz

515/2, 23/2, 25/2 for smallU ~left!, and largeU ~right!. White bars
refers to spin up, gray bars refers to spin down. We stress tha
U50 the ordering of the levels, corresponding to the three pan
on the left is changed with respect to the ones on the rightU
513 meV) @see Fig. 4~bottom panels!#.

FIG. 8. ~Color online! Charge density, azimuthal spin densi
Sz , in-plane spin densitySr , in the radial direction, at various
Jz . From bottom to top:Jz525/2(GS), 23/2~SKD!, 21/2, 19/2,
17/2, 15/2. Other parameters area5100 meV Å,U513 meV, and
vd55 meV ~Ref. 38!.
4-5



th

it
a

D
t t
th
is
/2
u
he

h

it

in
,
e
f

w
ng
f t
he

s
te
r
is
he

ee
HF

a
g
e

to

ls

n

y,
in

of
ec-
pin

cial
e
ter,
r a

in
ed
rm
the

o-

e
n

in
on-
hat
sk

it

ra-

r-

ese

P. LUCIGNANO, B. JOUAULT, AND A. TAGLIACOZZO PHYSICAL REVIEW B69, 045314 ~2004!
to be the lowest excited state in the FSP system.
In Fig. 8 we show the charge and spin densities of

complete multiplet ata5100 meV•Å, U513 meV andB
5B* . The situation is quite peculiar: by looking at^Sz&
@middle panel#, we see that the GS has an up spin dens
everywhere in the dot, except for a tiny little reversed tail
the boundary. By contrast, the stateJz515/2 has a down-
spin density at anyr. Intermediate between the two, the SK
state displays a reversed spin at the center of the dot bu
spin polarization changes into up when approaching
edge, to restore the spin density of the 25/2 state. There
node in the middle. The other states (17/2, 19/2 and 21
are rather featureless and they do not share these feat
The trend is confirmed by looking at the projection of t
spin density in the plane of the dotSr5 r̂ •SW @see Fig. 8
~bottom panel!#. This is the complementary information wit
respect toSz(r ). WhenSr(r ) in strongly nonzero, thenSz(r )
is heavily reduced.

An analogous interpolation occurs for the charge dens
There is a piling up of the charge at the origin@see Fig. 8
~top panel!#, corresponding to a locally dominant down-sp
density. TheuSKD& state is a collective excitation of the QD
which we call a spin exciton. In the following section w
show that the spin exciton recalls the first excited state o
QHF with some important differences, though.

V. COMPARISON BETWEEN THE DOT AND A QHF DISK

The case of the dot in the FSP state can be compared
that of a disk shaped quantum Hall ferromagnet at filli
one. The comparison is in order, because the physics o
dot turns into that of a quantum Hall disk by increasing t
magnetic field, as long as the ratiovd /vc→0. Of course,
while the infinite quantum Hall system is marked by a pha
transition to the spin-polarized state, the dot, being a sys
with a finite number of particles, undergoes a crossove
the FSP state which is not a broken symmetry state. Th
confirmed by the presence of the tiny minority spin tail at t
edge of the dot.

In the Sec. V A, we recall some properties of the Hartr
Fock description of the GS and first excited state of the Q
which applies to filling close to~but less than! one.

Similarly, some analytical approximations leading to
simplified HF-like approach for the dot with SO couplin
will be discussed in Sec. V B to highlight the analogies b
tween the two systems.

A. Quantum Hall ferromagnet

In describing the QH state on a disk it is customary
label one-particle states withn5(n2umu)/2 andm,s, cor-
responding to the eigenvaluesen,m,s given in Eq. ~3!. The
LLL includes the wave functionsfnm given by Eq.~1! for
n50 and m>0. In this case all Laguerre polynomia
L0

umu(t)51. If there is no confinement potential (vd50), all
e0m are degenerate. We rename the LLL wave functio
f 0mxs ~here xs denotes the spin 1/2 wave function! and
associate the single-particle fermion operatorsân50ms to
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them. In the QHF at filling one, the LLL subband with, sa
spin up, is fully occupied, the GS is a fully polarized sp
state:

uQHF,0&5 )
0<m<N21

â0m↑
† uvac&. ~7!

Here uvac& is the vacuum state. The lowest-lying branch
excitations of the QHF are spin waves. These involve el
trons in the down-spin LLL subband and holes in the up-s
LLL subband.

It was pointed out long ago28 that, if the filling is slightly
less than one, the first excited state can be a very spe
collective excitation withS,N/2 and an extra node in th
spin density. The spin polarization is reversed at the cen
but gradually heals to the dominant spin background ove
distance of many magnetic lengths~SK state!. This excita-
tion can be traced back to theskyrmion, the topological ex-
citation of the O~3! NLsM in 2D.23 A disk of infinite radius
in coordinate space can be compactified to a sphereS2 in R 3

having the origin in the south pole and the point at infinity
the north pole. A similar compactification can be perform
in the order-parameter configurational space. An unifo
magnetization up is represented by a vector pointing to
north pole everywhere onS2. The skyrmion is a finite action
configuration onS2, satisfying the classical equations of m
tion for the magnetization of the NLsM, conservingJW5SW

1MW and belonging to a nontrivial homotopy class. If th
topological charge isQ51, the shape of the magnetizatio
field is sW(rW)5 r̂ , wherer̂ is the normal toS2 at each point.Q
is the flux ofsW(rW) through the sphere of unit radius. The sp
polarization is down at the south pole and turns over c
tinuously in space, until it reaches up at the north pole. T
is, the spin polarization is flipped at the origin of the di
with respect to the GS and turns smoothly over away from
in the radial direction.

Within Hartree-Fock,29 the Slater determinantuS,K& that
describes this state conserves totalJz . To construct it, a ca-
nonical transformation is performed on the fermion ope
tors:

q̂ j5uj â0 j 21/2↑1v j â0 j 1
1
2 ↓ , j PS 1

2
, . . . ,̀ D ,

p̂21/25â00↓

p̂ j52v j â0 j 21/2↑1uj â0 j 11/2↓ , j PS 1

2
, . . . ,̀ D . ~8!

Normalization requires thatuuj u21uv j u251. Note that the
operatorp̂21/2 still belongs to the LLL as it destroys a pa
ticle in the f n50,m50x↓ state. We denote byf j

p/q the single-
particle orbitals corresponding to the operators of Eq.~8! and
we use them in the Appendix.

The generic Slater determinant built by means of th
operators is
4-6
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uS,K&5)
j 5

1
2

`

~ p̂ j 21
† !nj 21

p
~ q̂ j

†!nj
q
uvac&, ~9!

nj
b are the occupation numbers of the single-particle sta

(nj
p5^pj

†pj&,nj
q5^qj

†qj&), with ( j bnj
b5N. The state of Eq.

~9! is labeled by the total spinS and byK. Sz is no longer a
good quantum number and is substituted by

K5S2
1

2 (
j 5

1
2

N/2

~nj
q2nj 21

p !. ~10!

The state of Eq.~9! with S5N/2, K50 is the FSP QHF
ground state of Eq.~7!, if the only non zero occupation num

bers are nj
q51 for j P( 1

2 , . . . ,N/2) with uj51 for j

P( 1
2 , . . . ,N/2). This state corresponds to the FPS GS

Fig. 1~b! for the QD case.
For the hard-core model the HF equations can be so

analytically.29 The lowest-lying skyrmion state isuN/2,1&,
with

uuj u2512uv j u25
j2

j21~ j 1 1
2 !

~11!

leading to the spin densitysW(rW) defined in terms of the arbi
trary length scalej (r 25x21y2) ~Ref. 24! ~see Appendix!:

sx~rW !5
2xj

r 21j2
, sy~rW !56

2yj

r 21j2
, sz~rW !5

r 22j2

r 21j2
.

~12!

The6 refer to the sign of the topological chargeQ561. In
the real QHF the lengthj is governed by the relative streng
of the Zeeman and the Coulomb energies.

B. Dot with spin-orbit coupling

In this section we give arguments supporting our cla
that the state SKD of Sec. IV corresponds to the stateuN/2,1&
in the QHF limit that is in the limit of zero confinemen
potential and filling one. Indeed, the radial distribution of t
spin density of the state SKD recalls the one of Eq.~12!
except for a very shallow tail at the boundary. Away from t
center the spin polarization of the SKD state lines up gra
ally with one of the GS as it happens for the case of
skyrmion. As in the SK case,Sz(r ) has an extra node atr
5j. In the presence of SO, the length scalej is no longer
arbitrary, but is fixed by the strength of the SO coupling.

In the case of the QHF on a disk, both rotations in r
space around thez axis and rotations in spin space are go
symmetries, so thatM as well asSz are conserved. This
implies that an allowed SK-like excited state of the real s
tem has to be obtained by projecting the state of Eq.~9! onto
the subspace of definiteM andSz . This is not necessary in
the QD with SO interaction, because the SO Hamilton
term only conservesJz as the stateuS,K& does. In the fol-
lowing we show that a simplified HF-like approach for th
dot case with SO coupling shows features similar to the o
described by Eqs.~8! and~11! and Eqs.~9! and~12!. Let us
04531
s

f

d

-
e

l

-

n

s

first discuss SO coupling in the dot atU50. The vector
space required to diagonalize the SO coupling and to ob
the eigenfunctionswj z

b exceeds the LLL space enormous

~in practice we always use the basis of Eq.~1! and never
calculate thewj z

b ’s explicitly!. As a simple analytical approxi

mation, we can restrict ourselves to the LLL for sake
simplicity. We have checked numerically that this appro
mation is largely satisfactory away from the level crossin
In this case, diagonalization of the SO interaction factoriz
the problem into a collection of 232 matrices. What the SO
does is to mix single-particle states with differentm and
opposite spins in the way that the transformation of Eq.~8!
shows. Indeed,j z ( j z[ j in the following! is conserved.
Within the LLL, two (m,s) values contribute to each ha
integerj, (m,↑) and (m11,↓). The unperturbed energy lev
els involved,e0m and e0m11, are given by Eq.~3!. Let the
off-diagonal matrix element including the SO coupling bea.
Then the eigenvalues are

l j
p/q5

1

2
~e0m1e0m11!6Ad2

4
1a2, ~13!

whered5e0m112e0m5vo2vc/2. The diagonalization im-
plies a rotation in the two-vector space$ f 0mx↑ , f 0m11x↓% of
an angleg given by tan2g522a/d. The single-particle
states obtained in this way coincide withf j

p/q defined after
Eq. ~8!. The mixing of the two states (m,↑) and (m11,↓) is
j independent, within our approximations, as well asd. This
implies that the rotation angleg keeps roughly constant in
the radial direction, because average radial distribution o
electron of angular momentumj is ; lAj 11. We can now
construct the Slater determinants representing the st
lower lying in energy. The states corresponding to the o
obtained numerically in Sec. IV are depicted in Fig. 9.
analogy to Fig. 1 we use boxes to allocate electrons. E
box is cut into a lower and an upper triangle with respect
the diagonal, corresponding to theq and thep state of a
given j z , respectively. A dot marks which of the orbitals
occupied. We have analyzed the Slater determinants w
contribute mostly to the states obtained at the end of
Lanczos procedure, giving the average occupation num
of Fig. 7. Their largest components indeed contain the de
minants shown in Fig. 9.

FIG. 9. Slater determinants quoted in the text with the sa
labels. Quantum numbers areN55, S55/2, andJz . Upper/ lower
triangle refer to single particle states labeled byj z and p/q. Other
possible quantum numbers do not appear. The dots mark occu
states. Configuration labeled as~a! is involved in a state belonging
to a much higher energy.
4-7
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There is close similarity with the results of Sec. V A
However a relevant difference can be immediately rec
nized. While the skyrmion shows a very smooth tilting of t
spin orientation with increasing distance from the center
the disk @see Eq.~11!#, the rotation angleg for the dot is
uniform in the radial direction. This feature is partly com
pensated by the addition of the Coulomb repulsion. Inde
UÞ0 predominantly affects the occupations close to the c
ter of the dot disk, while its influence fades out away
larger distances. This fact introduces a radial variation of
tilting of the spin polarization. According to Eq.~12!, the
skyrmion has a linear variation with radial distance ofSr ,
close to the origin. By contrast, our numerical results
ported in Fig. 5~bottom panel! show a quadratic increase
small r ’s.

The role ofU is quite substantial, by locating the energ
of the SKD state intermediate between those of the GS
of the b state. Needless to say, another relevant and obv
difference between SKD and SK is the absence of any c
served topological charge in the dot. In the QHF the con
vation of Q is implemented on symmetry grounds, by ma
ping the QH disk onto a sphere. This mapping cannot
extended to the dot, because, as seen from Fig. 8, the d
tion of the magnetization at the boundary is not unique. M
netization is not defined atrW→`, the point at infinity is a
singular point in the magnetization configurational space

VI. CONCLUSIONS

In a disk shaped quantum dot with few electrons, inter
tions drive the system to a fully spin-polarized state withS
5N/2, in the presence of a magnetic fieldB5B* orthogonal
to the dot. AtB.B* , the total spin is again drastically re
duced and the charge density reconstructs at the disk bo
ary. We have reported on exact diagonalization results o
QD with N55 electrons and studied the effect of SO co
pling possibly due to an external electric field orthogonal
the dot disk. There are analogies between the dot stateB
5B* and the quantum Hall ferromagnet at filling one. W
require a sizable interaction strengthU to stabilize the FSP
GS. When the SO coupling is increased, level crossings
cur in the splittedS55/2 multiplet, until the state with maxi
mum Jz5M1Sz525/2 becomes the GS. The first excite
state~SKD state! hasJz523/2. When compared to the GS
the SKD state has some charge transferred to the dot ce
and a very peculiar spin texture. Indeed, thez component of
the spin density at the center of the dot is opposite to the
of the GS and rotates continuously over away from the c
ter, by acquiring the same profile as the one of the GS at
dot boundary. This winding requires an extra node in the s
density, which is absent in the other multiplet states. Acco
ing to these properties, the SKD state can be viewed as
rying one spin exciton. Both our numerical results of S
III–IV, and our approximate analytical speculation of Sec.
show how essential the combined role of the SO coup
and of thee-e interaction is in stabilizing this state. Ou
calculation parametrizes the interaction strengthU, but it ig-
nores the screening of thee-e interaction altogether. This
should be reconsidered in view of the fact that vertical QD
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are separated on the top and the bottom from the con
metals by barriers with a typical width of 70 Å. Even fo
N55 this is smaller than the interelectron spacing. Howev
we believe that the exciton state is robust when the scree
is included. Indeed, the flipping of the spin is concentrated
the center of the dot and is governed by thee-e interaction at
short range, which should be largely insensitive of screen
effects.

The SKD state recalls the skyrmion excitation whi
takes place in a disk shaped QHF at filling one. The sta
ment could be puzzling, in view of the fact that the S
coupling is essential to the SKD state, but it is never invok
when discussing quantum Hall properties. However fi
theory models (NLsM) use the conservation ofJ to prove
the existence of the skyrmion state. In a real isolated QH d
M ,Sz would keep finite and separately conserved. In t
case only the component of the SK state that conserves g
values ofM ,Sz would be present in the excitation spectrum
Nonetheless the difference is washed out in the limit of
infinite disk size. This is the continuous limit which leads
the NLsM. In the case of the dot, the compactification
both the coordinate space and the magnetization space
not be performed because the direction of the magnetiza
is not defined atrW→`. Therefore no state can be construct
that conservesJz only, without conservingM and Sz sepa-
rately. The spin-orbit coupling opens up this possibili
However, no topological charge can be associated to
SKD state in the dot.

Our calculation shows that for realistic values of the d
confining potential (vd55 meV), of the Coulomb interac
tion strength (U513 meV) and of the SO couplinga
;100 meV Å,30 the FSP GS and the SKD state are w
spaced levels. The other levels of the multiplet appea
higher energies and are rather close to each other. This m
that, atB5B* , the dot opens a sizable spin gap between
GS and the SKD state that can be tuned with an applied g
This spin gap cannot be washed out by thermal fluctuatio
if the temperature is low enough (;50 mK). The gap can be
probed by optically pumped NMR as in quantum wells22

Spin-lattice relaxation of71Ga nuclear spins in the dot
driven by the hyperfine coupling to the dot electrons sho
be very much reduced, thus leading to a largeT1.

The extremely low spin relaxation expected for this ex
tation, could allow for a coherent manipulation of the sp
exciton using terahertz radiation.31–33 In general, we believe
that the system studied here can be relevant to the cohe
manipulation of QD states. This is appealing in view
quantum information processing.34–36 Indeed, a spectrum
like the one calculated in this work should produce sh
optical absorption lines. Photoluminescence induced b
pump and probe-laser technique has been studied in
shaped In Ga As QD’s with evidence for Rabi oscillations37

In our case, because of the presence ofB, a circularly polar-
ized pulse of one single chirality can excite the spin exci
discussed here.
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APPENDIX: QHF SPIN DENSITY

In this appendix we show that the stateuN/2,1& given by
Eq. ~9! with uj given by Eq.~11! leads to the skyrmion spin
density of Eq.~12!.

The wave functions for the QH disk associated to
operatorsâ0ms are given in Eq.~1!. In the LLL @n5(n
2umu)/250# all Laguerre polynomialsL0

m(t)51. To con-
struct the field operator, we associate a spinorial wave fu
tion f j

p/q(rW) to the operatorp̂ j /q̂ j following Eq. ~8!:

f j
p~rW !5S 2v j f 0 j 21/2~rW !

uj f 0 j 11/2~rW !
D , j PS 1

2
, . . .` D , ~A1!

and analogously forf j
q . We takeuj and v j real. The field

operator is

ĉ~rW !5 (
j 51/2

`

@ f j 21
p ~rW ! p̂ j 211 f j

q~rW !q̂ j #. ~A2!
b

og
,

L.

n

-
E
ra
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The spin-density operator issŴ(rW)5Re$ĉ†(rW)sW ĉ(rW)%, to be

evaluated on the stateuN/2,1&. Let us considersx(rW) first.

The term including thep̂ j operators does not contribute, b
cause all thef p orbitals are unoccupied in the stateuN/2,1&,
except for j 521/2. On the other hand this term, does n
appear, becauseu21/2•v21/2[1•050.

The contribution tosx(rW) given by theq̂ j operators is

(
j 51/2

`

@uj f 0 j 21/2* ~rW !v j f 0 j 11/2* ~rW !#S 0 1

1 0D S uj f 0 j 21/2~rW !

v j f 0 j 11/2~rW !
D

5 (
j 51/2

`

2ujv j f 0 j 21/2* ~rW ! f 0 j 11/2~rW !. ~A3!

Using Eq.~11! we getrW[(r ,w):
2j (
j 51/2

`

ReH eiw
r j 21/2r j 11/2

S j 2
1

2D ! 1/2S j 1
1

2D ! 1/2

S j 1
1

2D 1/2

j21S j 1
1

2D e2r 2J 52j r cosw (
j 51/2

`
~r 2! j 21/2e2r 2

~ j 2 1
2 !!

1

j21~ j 1 1
2 !

. ~A4!
p-
Because the maximum of the first factor occurs forj 1 1
2

;r 2 we evaluate the denominator of the second factor
substitutingj 11/2→r 2, what allows us to perform the sum
explicitly. By noting thatrcosw5x we obtainsx(rW) as given
y
by Eq. ~12!. A similar calculation applies forsy(rW). In the
case of sz(rW), the extra factor is v j

22uj
25@( j 11/2)

2j2#/@( j 11/2)1j2# andw disappears. Using the same a
proximations as above, we obtain the result of Eq.~12!.
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