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Theory of traveling filaments in bistable semiconductor structures
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We present a generic nonlinear model for current filamentation in semiconductor structures with S-shaped
current-voltage characteristics. The model accounts for the Joule self-heating of a current density filament. It is
shown that the self-heating leads to a bifurcation from static to traveling filaments. Filaments start to travel
when an increase of the lattice temperature has a negative impact on the cathode-anode transport. Since the
impact ionization rate decreases with temperature, this occurs for a wide class of semiconductor systems whose
bistability is due to the avalanche impact ionization. We develop an analytical theory of traveling filaments
which reveals the mechanism of filament motion, finds the condition for bifurcation to traveling filament, and
determines the filament velocity.
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I. INTRODUCTION reduces the hazard of thermal destruction.
The purposes of this paper are to describe the mechanism

Bistable semiconductor systems with S-shaped curren®f filament motion, to develop a generic nonlinear model for
voltage characteristics exhibit a spontaneous formation ofraveling filament, to find the condition for bifurcation to
current density filaments — high current density domains irtraveling filament, and to determine the filament velocity. We
a IOW current density envir‘onr‘neh‘ﬁ3 Current ﬁ|amentation demonstrate that the transition from static to trave“ng fila-
typically develops due to the spatial long wavelength instaments due to Joule self-heating represents a generic effect
bility — known as Ridley instability— of the uniform state Which potentially appears in any bistable semiconductor
with a negative differential conductance when the device i$tructure provided that transport in the cathode-anode direc-
operated via sufficiently large load resistaiitéFig. 1). The ~ tion is sensitive to temperature.
formation of current filaments potentially leads to a thermal
destruction of the semiconductor structure, and thus is anl. MODEL OF A BISTABLE SEMICONDUCTOR SYSTEM

important scenario for semiconductor device failfife. F iconduct q iconductor devi
Current filaments have been studied in  bulk or many semiconductors and semiconductor devices cur-

semiconductor®°thin semiconductor film&t-5and lay- rent flamentation can be described by a two-component

ered structures of semiconductor devit&€?! Over the last rgachon—@ffusmn model which consists of a pamal d|fferen-
al equation for the bistable element and an integrodifferen-

decade, the focus has been shifted from static filaments | Kirchhoff on for th | circhi:
complex spatiotemporal dynamics of current density!'@ Kirchhoft equation for the external circurt™

patterns>~2> Modern experimental techniques based on

scanning electron microscopy, detection of infrared —aIVL(Da(a)VLa) +f(a,u), V.=edted,, (1)
radiation?’ and interferometric mappifgprovide means for at

a direct observation of current density dynamics during fila- g

mentation. With regard to pattern formation and nonlinear u_ _

phenomena, bistable semiconductors have much in common Tugy = Yo U RLJ(a,u)dxdy, w=RC.
with other spatially distributed active media such as gas dis-

charge systems or chemical and biological syst&m%:>3 Here the variable(x,y,t) characterizes the internal state of

Apart from the well understood bifurcation which leads to the device and the variablg(t) is the voltage over the de-
temporal periodic or chaotic oscillatiof%;*’ static filaments ~ vice, U is the total applied voltagé, is the current density,
may undergo a secondary bifurcation that leads to travelindris the load resistance connected in series with the detlice,
filaments. A lateral movement of filaments along the devicds the effective capacitance of the device and the external
has been observed experimentally for different types of semicircuit, andSis the device cross sectidfig. 1). The local
conductor structures:?8383°Remarkably, in all these struc- kinetic functionf(a,u) and theJ(a,u) dependence contain
tures the S-shaped characteristic is associated with avalanché the information about transport in the cathode-anoee-
impact ionization. Since impact ionization coefficients de-tical) direction; the diffusion coefficierid,(a) characterizes
crease with temperature at high electrical fidldlse onset of lateral coupling in the spatially extended element. In the bi-
filament motion has been attributed to the self-heating of thetability rangeu,<u<uy, (see Fig. 1 the local kinetic func-
filamenf® the filament is expected to migrate to a coldertion f(a,u) has three zeroa.,aj,;, anda,, corresponding
region as the temperature at its initial location increasedo the off, intermediate, and on branches of the current volt-
When current filamentation is unavoidable, the migration isage characteristic. It has one zero outside the bistability
desirable in applications because the filament motion delorange. For the homogeneous state, the local dependénye
calizes the heating of the semiconductor structure and thus calculated fronf(a,u)=0, and then inserted intd(a,u)
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FIG. 2. Current density profile in a filamefthick line). The
thin line denotes the temperature profile in the static filament.

J \_//,//' hand side of Eq(3) describe Joule heating and cooling due
O

U u Lt U to contact with the environment, respectively,, is the tem-
h *co th perature of the external cooling reservoir. For multilayer

FIG. 1. Current density vs voltage characteristic of a bistableStruCtures with classical transpoify is usually room tem-

structure. The average current densi#s is shown, whereS perature. The coefficieny is a heat transfer coefficieper

=L,L, is the cross section of the structure. An unstable middieunit square of the structur¢hat characterizes the efficiency

branch with negative differential conductance is depicted by thé®f external cooling. The characteristic relaxation timg,
dashed line. The hold and threshold voltages are denotegasd ~ diffusion length€+, and propagation velocity are given
Uy, respectively. The vertical branch at=u,, corresponds to a by
static filament. The inset shows a sketch of a bistable semiconductor

structure operated in the external circuit with load resistalRce CpW ¢ KW {1 Ky @
capacitanceC, and biasU,,. m=—" tr=\—7 vi=_-=\ 3z
P 0 Y Y T c?pw

in order to determine the local current-voltage characteristic
J(u)y=J(a(u),u). Typically, d,f,d,3,0,J>0. The model

(1), (2) belongs to a class of activator-inhibitor models with
global inhibition?® Variablesa and u serve as the activator a
and inhibitor, respectively. The time scale of the activator —=V,(Dy(a)V,a)+f(a,u,T), 5)
is 7,=d,f 1.7 Specific functional formsf(a,u), J(a,u), at
and D,(a) have been derived for various semiconductors

The modified model that include temperature is given by
the following set of equations:

and semiconductor structurg$;1%17:1%203441 % he physi- - £:€_2I_ALT+(J Wyt Tou—T), 6)
cal meaning ofa depends on the particular type of bistable ot

structure:a corresponds to the bias of the emitfen junc-

tion for avalanche transistot8 thyristors?® and thyristorlike du

structure<! the interface charge for heterostructure hot elec- Tuge ~Jom U™ RLJ(a,u,T)dxdy. ™

tron diodes’ the electron charge stored in the quantum well ) o
for bistable double barrier resonant tunneling diotté€etc. ~ The variableT plays a role of a second inhibitor.
The two_component modél), (2) are Capab'e of describ- In the fO”OWlng we assume that the device is elongated

ing steady filamenfsas well as the temporal oscillation of along thex direction (L,>Ly)and take only this lateral di-
current density filament¥:*¢3"However, its solutions do not Mmension into account. We also neglect the direct effect of

include traveling filaments. temperature on the current densiyn Eq. (7).
The self-heating of the filament has an impact on filament

dynamics when vertical transport is sensitive to temperature. Ill. CURRENT FILAMENT AND MECHANISM

In terms of Eq.(1) this means that the local kinetic function OF ITS MOTION

f depends on the lattice temperattéWe getd+f <0 when A density fi . |
the temperature suppresses the vertical transport. Since the 2 CUITent density filament in a long structure represents a

PP ; : in of the high current density state embedded into a low
thermal diffusion lengti; is typically much larger than the @0Main 0TiNe _ . .
device thicknessv, the hraat dynamics in the device can pecurrent density statéFig. 2). The width of the filament wall

modeled by the two-dimensional equation ¢; is of the order oft;~\D,/d,f.For T=T,, the voltage
Uco over the device with a steady filament is chosen by the

condition known as the “equal area rufe®

aT 5
CpWEZ KWA THIU=pY(T—Ten), A =05+ .

8on
() f f(a,Ug, T=TewDa(a)da=0, (8
Here T corresponds to the mean value of temperature along ot
the device vertical direction, ang p, andk are the specific  which ensures that production and annihilation of the inhibi-
heat, density, and heat conductivity of the semiconductor mator a in the filament wall compensate each other. When the
terial, respectively. The second and third terms on the rightintegral in Eq.(8) is positive or negative, the balance is bro-
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ken, and the filament walls move in such a way that the high (ii) The transverse dimension of the semiconductor struc-
current density state or the low current density state, respeture is large in the sense tHat> ¢ ,{ 1 ; therefore only wide
tively, expand. Sincej,f>0, the filament expands fon  filaments withW>¢€; are relevant and the effect of bound-
> U, and shrinks fou<ug,. The filament has neutral sta- aries is negligible.
bility with respect to the lateral shift whefM is kept (i) The width of the filament wallf; is much smaller
constant than the thermal diffusion length, and therefore the tem-
The current-voltage characteristic of the filament in a longperature variation within the filament walls can be neglected.
structure is practically vertic&>®*and bends in the upper

and lower parts when the filament becomes nar(Big. 1). IV. STATIONARY MOTION OF A EILAMENT:
The bent parts correspond to current density intervals GENERAL PROPERTIES
[Joﬁ;‘]oﬂ+(€f/Lx)‘]on] and [‘]on_ (ef/Lx)‘Jon;‘Jon]- where . . .
Jon andJyy are current densities in the high current density A. Model equations in the comoving frame
state and the low current density state, respectively. These For stationary motion of a filament with a constant veloc-
intervals are negligible fok,>¢;.%%% ity v the solution of Eqs(5), (7), and(6) has the form

The current filament is stable for sufficiently large load
resistancd? and small relaxation time, .18 We assume that a(x,t)=a(x—ot),T(x,t)=T(x—vt), u=const.
7.<7a,77, and hence Eq(7) essentially represents a con- (11

straint imposed on the dynamics determined by Efjsand ,
(6). Without loss of generality we can also assume that thdD the comoving frame=x—ut, Egs.(5), (7), and(6) are
regime of the external circuit is close to the current-

controlled regimeU ,>u,, and the total currenit~U/R is [Da(a)a’]" +va’+f(a,u,T)=0, (12)
constant. The width of the filament is directly proportional to 2 ,
the total current, T o T+ (Jul y+ T T) =0, (13
1l-Lelydog 1 1 . Up—u—RL(JI(a,u))=0. (14
= — 9
Ly  Jon—Jott Ly Jon Here the prime (- -)’ denotes the derivative with respect to

) ) ) £ and angular brackets - -) denote an integration ovef.
where the last equality takes into account that typically  For the sufficiently largeL, the boundary conditions are
>Joff - given by

Qualitatively, the mechanism of filament motion in the
presence of self-heating is the following. With an increase of a(é)—ae(u),T(§)—T, for é—+oo, (15)
temperature the stationary balan@ within the filament
wall is broken due to the temperature dependence of thehere
local kinetic functionf(a,u,T). As long as the temperature
profile T(x) is symmetric, the left and right walls of the To=TexiT Jof(Uco) Uco/ ¥ (16)
filament are equal and the filament would either expand or .
shrink. This is forbidden since the total current is conserved® the S‘e"?‘dy state temperature corresponding to the low cur-
by the global constrain(7). An increase of temperature is fent density state.
compensated by the deviation offrom ug, in such a way
that the stationary balance within the filament wall is re- B. Filament velocity and voltage over the structure

stored. Since),f>0 anddrf<0, the voltage increases, but  |n order to calculate the velocity of the filament and the
the filament stays steady. In contrast, for antisymmetric temyoltage on the structure with traveling filament, we note that
perature fluctuations the balance is disturbed dlfferently IFor givenu andT both filament walls can be treated as propa-

the left and right filament walls, becoming positive on onegating fronts in a bistable medium and use the standard
side and negative on the other side. Potentially, this spontggrmy|?s:3L41

neous instability leads to the motion of a filament as a whole

preserving the total current. In the traveling filament the tem- agn

perature at the back edge exceeds the temperature at the lead- 2] f(a,u,T)Dy(a)da

ing edge due to the heat inertia of the semiconductor struc- v= Ao (17)
ture. Hence the filament motion becomes self-sustained. (Da(a)(ah)?)

Below we present an analytical theory of this effect. The . o .

theory is based on the following assumptions. where the filament profile is approximated by the steady state

(i) The effect of self-heating is small and can be consid-Profile ag(x). Equation(17) implies that the velocity is
ered as a perturbation; hence the local kinetic function can broportional to the disbalance of production and annihilation

linearized neaf = T, andu= U, as of the activatora in the filament wall. Herd is the tempera-
ture within the filament wall under consideration, which is
f(a,u,T)="F(a,Ugg, T=Tey) taken as constant according to the assumptipa{+. The
factor 2 in the numerator appears becaageorresponds to
+ (U= Ug) dyf +(T—Tew) 01 F. (100  the pattern that consists of two fronts. Positive and nega-
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tive velocities correspond to the propagation of the high curistic, the filament generally moves against the temperature
rent density state into the low current density state and vicgradient. In the case when the influence of heating is positive

versa, respectively. (0+f>0), as happens, for example, when the thermogenera-
Linearizing the local kinetic function according to Eq. tion mechanism is involved, the filament moves along the
(10) and taking into account E@8), we obtain temperature gradient. Note that a similar formula for the fila-

ment velocity in magnetic field was derived in Ref. 43. In
both cases the velocity is proportional to the coupling be-
tween the neutral translation mode of the steady filament
WV1~a, (the so-called Goldstone modand the profile of
the externally applied field.

un=—2
YT b aa?)

aon
X L [(U=Ug) 9uf+(T—Tewdrf]Dy(a)da.
ff
° 19) C. Temperature profile in the moving filament
o _ For a filament with narrow walls{(t<{t)the heat equa-
Hereafter, all derivatives are taken Uy and T=Tey. tion (13) is piecewise linear and the temperature profi(é)
Equation(18) should be applied separately to the left and ., pe found analyticallysee the Appendix Consequently,
the ng_ht filament walls. In terms of Eq18) the respective e temperature3, and T can be presented explicitly as
velocities have the same absolute value but different signs¢ o ion< of the filament velocity and widthW. It is con-

p(U,TR)= —0(u,T,), (19 venient to introduce the normalized difference and the sum

of T, andTg:
whereTg and T, are temperatures at the right and left walls,
respectively. Equation&l8) and (19) together yield T —Tkr T +Tg—2T,
LR= T, s MR (23)
Te—TL [ =T =T
U:—j d1fD,(a)da, (20) ) )
(Da(@)(ag)?) J ag where the temperatureE* and T, are stationary uniform

solutions of the heat equatidB) corresponding to uniform

T +Tg on and off states, respectivéty
U=Uct+B T —Text/ (21
T*=Texit Jon(Uco) Uco! ¥ (24
f ", D (a)da andT, is defined by Eq(16). Typically T,~T .
g _ From solution(A2) of the heat equation we obtain
o f%”a fD,(a)da.
ulDa(a)da 1 - -
Soff ALR=—~{E—exp(—W\/1+vz)
According to Eqs(20) and(21) the filament velocity is pro- Vi+v?
portional to the difference of temperatures at the filament _ . -
edges T, — Tg), while the voltage deviation from,, is pro- X[vcoshWu) + V1+uv?sinh(Wo)1},  (25)
portional to the mean valuel'( +Tg)/2. Ford+f <0 the co-
efficient B is positive, and hence the voltage increases with 1 ~ —
an increase of temperature. The filament moves to the right S r=1- exp—WV1+v?)
(v>0)whenT,_ >Tg and to the left {<0)whenT <Tg. V1+702
It is worth mentioning that Eq(20) derived for the wide
filament with narrow walls is a special case of the general X[vsinh(Wo)+ V1+v2coshWo)],  (26)
expression
where
(9:fDa(a)T()ag)
v=— -, (22 e W
<Da(a)(a0) > v=—, W:—
2UT €-|-

which is applicable for any filament shape and temperature

profile T(&) satisfying boundary conditioil5). Similar to  The dependencied, z(v,W) and X, g(v,W) are shown in

Eq.(17), Eq.(22) can be obtained by multiplying EqL2) by  Fig. 3. The temperature difference is equal to zero dor

D,(a)a’, integrating ovel and using expansiofl0). =0, when the temperature profile is symmetric, and reaches
Equationg20),(21) do not refer exclusively to the case of a maximum at a certain value of[Fig. 3(@]. The tempera-

Joule self-heating. They are applicable regardless of the orture difference decreases with further increase ahd van-

gin of the inhomogeneous temperature profile in the semiishes for large velocitiess& W/ 71)when the filament moves

conductor structure. We conclude that when temperature supeo fast to heat the semiconductor structure. The average

presses the vertical transporé+f<0), as happens in the temperature and, according to Eg1), the voltageu mono-

case of an impact ionization mechanism of S-type charactetonically decrease asincrease$Fig. 3b)]. Hence the onset
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the effect of temperature on the filament dynamics. The func-
tion A, i is explicitly given by Eq.(25). A, g is odd with
respect tav, reflecting the symmetry between left and right
directions of the filament motion. Hence nontrivial solutions
v*#0 of Eq.(27) always come in pairsu(*,—v*). Having
this in mind, below we discuss only non-negative solutions
v=0. Note that <0 for 4+f>0 (positive influence of tem-
perature on vertical transpgrtand therefore Eq(28) has
only the trivial solutionv =0: filament motion is not pos-
sible. We shall focus on the cagef <0 whenvy>0.

It is immediately evident from Fig.(8) that Eq.(27) has
either one or two non-negative roots depending gandW.
Solutionv*=0, corresponding to a steady filament, exists
for all parameter values. A nontrivial solutian*>0, that
corresponds to the traveling filament, exists if

Uo
dv =0

(29

This condition follows from simple geometrical consider-
ation and means that at=0 the slope of the| g(v,W)
dependence, which corresponds to the right-hand side of Eq.
(29), is larger than the slope of the straight link, which
corresponds to the left-hand side of the same equation.
Hence Eq.(28) has a nontrivial solutiorfsee Fig. 8)].
20 30 40 50 Physically, Eq.(29) means that the temperature difference
v/ UT (T_—Tg) increases sufficiently fast with filament velocity
As we show below, this makes a steady solutionO un-

FIG. 3. The normalized differenc® g (a) and the sunk g (b)  stable and results in a self-sustained filament motion.
of th(_a temperature_s in the f|_Iament v_va11§ andT_R as functions of When the roov =0 is unique, the corresponding station-
the fllament_veloutyv for different filament widthsw. A, g and ary filament is stable becaudg r(v)<uv/v, for v>0. This
2. are defined by Eq423), (25), and (26). Curves 1-8 corre- jnaq ity means that a traveling filament generates a tem-
spond toW/¢+=0.2,1,5,10,20,30,50, and 100, respectively. perature differenceT — Tr) which is not sufficient to sup-
port its motion. The situation changes when conditi29) is
met: in this case\ | g(v)>v/vg for v>0, and the steady
solution is unstable. It means that the steady filament loses
stability simultaneously with the appearance of a nontrivial
solution v*>0 which corresponds to a traveling filament.
V. SELF-CONSISTENT DETERMINATION Hence, Eq.(29) represents a condition for the spontaneous

OF FILAMENT VELOCITY onset of filament motion. We discuss the bifurcation from
tstatic to traveling filament in more detail in Sec. VI.

A traveling filament is stable becaugdg r(v)>v/v, for
rlé<v* andA | g(v)<v/vg for v>v™*. Indeed, these inequali-
tles mean that ifv decreases the temperature difference
(T_—Tg) increases and hence, according to EZD), the
filament velocity should increase again. In the same way,
with an increase of the difference [ — Tg) decreases and
v therefore the filament slows down.

—=Ar(v,W), (27 In Fig. 4a) we present the numerical solution$W) of

vo Eq. (27) for different values of the parameteg. For a given

v, the motion is possible for filaments whose width exceeds

o= faon& fD,(a)da 28) a certain threshold®Vy,(vo) (Fig. 5. With increasingw the

0 (Da(a)(ag)?) Jag ma ' filament velocity increases and eventually saturates. We dis-

cuss the analytical approximations of the front velocity in

Hereuv, is the upper limit of the filament velocity which is Secs. VII and VIII.
achieved forT  —Tg=T*—T,. This velocity characterizes In Fig. 4b) we present the voltage in the regime of

of filament motion is always accompanied by a certain volt-
age drop. Both T —Tg) and (T_+Tg) increase with fila-
ment widthW for a givenu.

In the regime of Joule self-heating, the stationary filamen
motion with a certain velocity occurs when the moving fila-
ment generates the temperature profile with the temperatu
difference (T —Tg) which is exactly needed to support this
motion. Combining Eqs(20), (23), and (25), we obtain a
transcendental equation for the filament velogity

T T,
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0.0 0.1 0?2 0j3 0.4 0.5
v, / v,

FIG. 5. Normalized threshold filament widW,, corresponding
to the onset of the filament motion as a functiorvefv,. Curve 1
shows W, normalized to the thermal diffusion lengthVy=¢+.
Curve 2 showsaV,, normalized to the quantity= (D3 71/vo)",
which does not depend on the heat transfer coefficijerCurve 3
showsW,, normalized to the quantityVy=+/D+/v,, which does
not depend on the structure thicknegs

onset of flament motion can be observed experimentally
when a filament starts to travel due to increase of the total
currentl.

VI. ONSET OF THE FILAMENT MOTION

To analyze the onset of filament motion and propagation

10W/é5 20 2 of slow filaments we expand, g with respect taw/v+ up to
T

second order:

FIG. 4. The filament velocity (a) and normalized voltage on v 1{p\2
the structureAu (b) as functions of the filament widtW/ for dif- A (v, W)=~ ﬁ{ 1- §(v_) }A(W),
ferent values of the parameter. AU is defined by Eq.(30). T T
Curves 1-7 correspond #,=2.1, 3, 10, 20, 50, 100, and 200, W

ol

respectively. Peaks on the voltage curves are related to the onset of A(W)= [ 1—
In this case the temperature profile is close to the symmetric

the filament motion.
current filamentation obtained by substituting numerical sostationary profile given by EqA4).
lutions of Eq.(27) into Egs.(21) and (26). The normalized Substituting Eq(31) into Eq. (29), we obtain an explicit

(31)

1+ W
O

deviation ofu from ug,, condition for the onset of filament motion
Z0 A(W)>1 (32
~ B Y u—ug)—(T,—T 5 :
AL=2 ( (io) ( ext) (30) ZUT
=T This condition can be further simplified for narrow and wide
filaments:

is shown, whereB is determined by Eq(21). The voltage 5
drop, clearly visible on curves 2-7, is associated with the Vo (W ~1 for W</ 33
onset of filament motion. With further increase 0 the 4o\ L T
voltage increases again. Curve 1 is calculated fgfv+
=2.1, which is close to the threshold valug/v+=2, and vo (W
practically coincides with the curve for a static filament. Sep | p-T€73]>1 for W~{r, (34)

. . . . . . VT T
Since the filament widthV is directly proportional to the
total currentl [see Eq(9)], Fig. 4b) actually represents the
current-voltage characteristic of the structure with a traveling 901 for Ws s, (35)
filament. In particular, the voltage drop associated with the 2v7
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wheree is the natural logarithmic base. SinégW) <1, it VIIl. PROPAGATION OF FAST FILAMENTS
follows from Eq.(32) that regardless to the filament widit
the filament motion is not possible iHg<2vy. If vq
>2v+, the filaments whose widtiV overcomes the thresh- . . . .
old V\T/th determined by Eq(32) start to move, whereas ing edge is close td,. Equation(25) can be expanded with
smaller filaments remain steady. The dependenceé/gfon
vol/vt is shown in Fig. 5, curve 1. This dependence can be 2

. d W vT
approximated as Ag(v,W)=1—exp — —|—|—

respect tawt/v :
w
2—exp ——||.
UTT v VTt

o (41)
Wth%ZET U_O for Wlh< ET ' (36)

According to Eq.(A3) the characteristic scale of the tem-
perature profile for the fast filament is determined by

In the limit v>v+ the temperature profile is strongly
asymmetridsee Eq.(A5)], and the temperature at the lead-

uT (M) "1=~uv 7 which exceedd ;. To keep the diffusion cor-
Win~ €1 2ev—o+3—e) for Wey~£r, (37) rection, we expand up to second order.
Analytical results are available for the case of a narrow
2u7 filament W<v7;) and a wide filament\/>v 7). In the
Wi~ —4€+In| 1— . for Wy,> €. (38 first case W<uv ) the temperature inside the filament in-

creases linearly, and, is much smaller tharm*. For W

The bifurcation to a traveling filament resembles a super-<UTT’ Eq. (41) reduces to

critical pitchfork bifurcation® at the bifurcation pointw )

=W, the static solution becomes unstable, and simulta- ALR(U,W)RV&(E)_(U_T) . (42)
neously two stable branches corresponding to the filaments trlv v

traveling to the left and to the right appdddig. 4(a)]. This o ) , i
bifurcation can be understood in terms of a stability analysisUPstituting Eq.(42) into Eq. (27) we obtain the filament
of the current filament performed in Ref. 8 for the standard’€!0City

two-component mode(l),(2): The spectrum of eigenmodes

of a static filament includes a neutral mode: with zero (W)~ [Woo  €rvor for Wee 43)
eigenvaluext=0 which corresponds to translation. Exis- v T 2W vrT

tence of this neutral mode reflects the translation invariance

of a static filament on a large spatial domain. In the extended\ote that in Eq(43) the leading term does not depend on the
model (5), (6), (7) the bifurcation to a traveling filament is heat diffusion.

characterized by symmetry breaking whepbecomes posi- In the case of a wide filamenW(>v 71) the temperature
tive. This becomes possible due to the coupling between that the back edge is close to the maximum valieThe front
master equatior(5) and the heat equatiof6) when ¢-f  Vvelocity is approximated by

<0. Note that forg:f>0 the eigenvalue of the translation

mode\ 1 becomes negative. This corresponds to self-pinning 202 w 202
of the filament. v(W)=vo— I e Ll for W>v 7y

(44)

VIl. PROPAGATION OF SLOW FILAMENTS
and saturates at
Substituting Eq(31) into Eq. (27) we obtain an explicit
equation for the filament velocity which is applicable for 2v$ W
slow filaments: v—vo— — for — o,
Vo Vo7t

Vo
v(W)=2v71/ U—TA(W) -2, (39 IX. DISCUSSION

whereA(W) is defined in Eq(31). The asymptotic value is A. Scales hierarchy — which limiting case is relevant?

given by The thermal relaxation timer; of the semiconductor
structure can be straightforwardly determined by experiment.
v w Therefore it is convenient to use it as basic parameter and to
v—2v7 —T -2 for e—T—“’O- (40 expresst andv via 1. Depending on the structure thick-

ness and design, the effective valuemgfvaries from 100—
Equation(39) approximates (W) with an accuracy of 10% 200 ns for transistorlike structures of electrostatic discharge
up to the parameter valug,/vr=3 [curve 2 on Fig. 48)],  protections devicés (the structure thickness~ 10 um) to
despite the fact that it is derived forcv 1. This wide range ~10-100 ms for power devicdshe structure thickness
of applicability is due to the particulary smooth behavior of ~100—500 x m).*° It follows from Eq. (4) that parameters
A r(v) to the left of its peak valugsee Fig. 8a)]. {1 andv+ are related tory via
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Dy P the current-voltage characteristisee Fig. 1 This occur$
Cr=\Drrr, vr=\_— Dr=_. (45  on the time scaler,, which is typically smaller than the
T P thermal time scaler;. First the voltage settles at=u,,,
where the thermal diffusivityD; depends only on material and only then the temperature starts to increase. According to
parameters. We takB;=0.92 and 0.25 cffs for Si and Eq. (21) the Joule heating is accompanied by an increase of
GaAs, respectively. Consequently; andvt are of the order  y, As soon as the static filament gets hot, the bifurcation to
of 10 um and 16 cm/s, respectively, for small devicesr(  the traveling filament occurs, provided that conditi@8) is
~100 ns,w~10 um). We obtain 1 mm and 10 cm/s, re- gatisfied. The onset of filament motion leads to a certain
spectively, for large power devices 7(~10 ms,w yqjtage drop, thougln remains larger than, [see Eq(21)
~100 um). Hence in most devices the filament widthis 4 Fig. 4b)]. The motion can start before the steady tem-
of the order of the thermal diffusion lengty or smaller, and  horatyre profile in the static filament is established, but the

£1 is smaller but com_parablg _to the transv_erse dimgnsion 0ﬁonmonotonic dynamics af remain qualitatively the same.
the structureL. In particular, it implies that in the regime of

self-heating the maximum temperature in the current fila-
ment is much smaller thal™*. For W=¢; and sufficiently
far from the bifurcation point o= 2v+ the filament velocity
is well described by formul&43), where the second term can ~ As pointed out in Sec. VI, we predict, instead of self-

D. Self-motion and self-pinning

be neglected. motion, a self-pinning of the filament at its initial location
due to the Joule self-heating in the casd>0. For ex-
B. Stimulating the filament motion ample, it happens when the temperature becomes high

enough for thermogeneration to set in. This typically pre-

The motion of the filament delocalizes the heating of edes thermal destruction of the semiconductor structure due
semiconductor structure and thus is desirable in application§. . . .
local overheating. Equatiof20) also suggests an experi-

Generally, the start of the filament motion becomes easieP L >

with increasingu, and decreasing; and ¢ [see Eq.(32) mental me_thod to dlst_lngwsh between a p05|t|v?ef(>0)_

and Fig. 5, curve JL However, these parameters cannot be2nd negative d:f<0) influence of temperature on vertical

varied independently. Below we focus on the effect of thelransport by observing the filament dynamics in an externally

structure parameters which enter our model: the heat transf@pplied temperature gradient: filaments move along or

coefficienty and the structure thickness against the temperature gradient feff >0 or d:f<0, re-
Curve 2 in Fig. 5 shows the threshold filament widitly, ~ spectively.

normalized by the quantityd(Z 71 /v,) Y which does not de-

pend on the heat transfer coefficient Taking into account

thatvt/vo~ y*% we conclude that a decrease pfmakes

the onset of the filament motion easier. This occurs due to the S-shaped current-voltage characteristics exhibit a formal

increase ob which, according to Eq€16), (24), and(28),  duality between high and low current density branches.

scales awo~y *. However, an easy start of the filament Therefore, apart from high-current filaments, there are pat-

motion in structures with inefficient cooling comes at theterns in form of low-current filaments: domains of low cur-

price of ingrez_ising the temperature in the filament, whichopt density embedded into an on sfeSuch filaments

makes static filaments more dangerous. correspond to the upper part of the filamentary current-

Curve 3 in Fig. 5 show&V,, normalized by the quantity volta i
. . ge characteristi¢Fig. 1), where the average current
(D1 /vo)"which does not depend on the structure thICknes%ensity is close td,,. In the casei;f <0 low-current fila-

W S'ncevT/UONW 1{2’ we see th_at the dependehcevwh ments also undergo a bifurcation from static to traveling fila-
on w is nonmonotonic. The physically relevant S|tuat_|W1 ments. Expression€0) and (21) remain valid as they are,
=y corres_,ponds to the Ieft_ part of curve 3 Whéhg, In-\yhereas in Eqgs(25 and (26) T* and T, should be ex-
crealf,zes withw. The_ effect is due tq an increase 6f changed. The onset of motion results in an increase, rather
~W™. Thus, for a fixed value 0bo, thinner structures aré yhan 5 decrease, of the voltage in this case. The duality be-
preferable_ for the ﬂlam_ent_motlon. L . tween on and off states is broken when vertical transport is
For efficient delocalization of heating in a realistic struc- suppressed near the structure boundary due to a certain pro-
ture it is important that the filament is not pinned when it coqq ot the lateral edge of the semiconductor structure, e.g.
approaches the device edge, but reflects and continues tra¥iface recombination or surface leak in ten junction., '

eling in the opposite direction. Such a reflection from theﬁThis effect can be modeled by Dirichlet boundary condi-

E. Motion of low-current filaments

device edge is indeed possible and has been observed in —0 i d th iabla at x=0.L..5 In thi
experiment€3273 The interaction of the thermally driven oo o anboocC O TE Varlabig aix="x. ) In this

i lina il t with boundaries is b d th f(:ase the effect of boundaries can not be neglected for aver-
raveting filament wi ounaaries IS beyon € scope 0age current densities close Jdg, even in the limitL,>¢; .
this paper and will be considered elsewhere.

The current-voltage characteristic, instead of showing hyster-
esis, exhibits a continuous crossover from the filamentary
branch to the branch of quasiuniform high current density

A static current filament typically appears due to the spastates at high curreitThen, only high-current filaments are
tial instability of the uniform state on the middle branch of observable.

C. Transient behavior
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F. Reaction-diffusion models for traveling spots The model of these devicEsassumes that the second inhibi-
tor is a certain internal voltage, not a temperature.

It is worth mentioning, that self-heating may also trigger
mporal relaxation-type oscillations of a current-density
ilament. This effect has been observed in a reversely biased
?-i—n diode and is explained by a similar three-component

The model(5), (6), (7) belongs to the same class of three-
component reaction-diffusion models as models for travelin
spots in active media discussed in Refs. 46-51. In contrag
to the common two-component activator-inhibitor
model?>*%hree-component models are capable of describin
localized traveling patterns not only on a one-dimensiona
spatial domain, but also on spatial domains of higher
dimensiong®*’ The transition from static to traveling spots
takes place with an increase of the relaxation time of the first joule self-heating of a current density filament in a
inhibitor,*® in the same way as it occurs in the common two-histable semiconductor structure might result in the onset of
component model of pulse propagation in excitable média. lateral motion. This occurs when an increase of temperature
The second fast long-range inhibitor plays an essential rolaas a negative impact on the verti¢ehthode-anodetrans-
only in the two- or three-dimensional case: it prevents a latport. Such negative feedback takes place when bistability of
eral spreading of the traveling spot which otherwise destroysemiconductor structures is related to avalanche impact ion-
the spatially localized solution and eventually leads to thezation, because the impact ionization rate decreases with
development of a spiral wavé&*’ temperature at high electrical fielfi€xamples of such de-

This additional inhibition can be either gloBbr local*”  vices are avalanche transistofsieversely biaseg-i-n di-

In the first case, the inhibitor has the same value in the whol@des in the regime of avalanche injection, electrostatic dis-
system. This value depends on the mean value of other dyZharge protection devices operated in the avalanche
namical variables in the system and is governed by an intgegime;°and multilayer thyristorlike structurés?’ Travel-

grodifferential equation. This corresponds to the global coui"d filaments can be consistently described by generic non-

pling of a spatially extended nonlinear system. In the seconHnear modeI(S), ), (7). . .
case, the additional inhibitor is governed by a conventional Generally, filaments move against the temperature gradi-

reaction-diffusion equation. For traveling spots, the differ-€nt with a velocity proportional to the temperature difference

ence between these two cases becomes crucial only whéh the filament edgelq. (20)]. In the regime of Joule self-

several spots are considered on a two- or higher-dimensiongfating. the strength of coupling between the master equa-
domain: the system of several spots is un-tion (5), which controls the current density dynamics, and the

stable when the additional inhibition is global, but becomed1€at equatiori6) can be characterized by a single parameter

stable when it is locdl” This difference vanishes when only Vo [Ed- (28)], which has a dimension of velocity. The fila-

one spot is present, or the spatial domain is one diment velocityv is determined by the transcendental equation

mensionaf” Global coupling through the gas phase occurs(27); The condition for the sp(_)ntaneous onset of filament
in the surface reactio&® and can be implemented as a motion (29) depends on the ratio af, and the thermal ve-

global feedback loop in the light-sensitive Belousov- locity vy, and on the ratio of the filament widv and the
Zabotinsky reactiofi®®’ Implementation of the respective thermal diffusion length;. Filament motion is never pos-
control loop has allowed the observation of localized travel-Sible for vo<2vy. For vo>2vy, static filaments whose
ing patterns in these systerfie’ width W exceeds a certain threshdlid, [Eg. (32), curve 1

In contrast to the three-component models discussed i) Fig. 5] become unstable and start to travel. The filament
Refs. 46 and 47, in the modé), (6), (7) both inhibitors are v_elocity v and the vo_Itage on the structureare shown in
needed for the onset of filament motion already in the oneFid. 4. For most semiconductor structuiss €y, and suf-
dimensional case. Consequently, the bifurcation to a traveficiently far from the bifurcation poinbo=2v+ the filament
ing filament is also different. This reflects the fact that weVvelocity can be approximated by a truncated version of Eq.
start with a static pattern in a bistable medium with fast(43):
global inhibition(voltageu). This global inhibition is due to
the external circuit and represents an inherent feature of the [Woq
spatiotemporal dynamics of a bistable semiconductor: for v T
any evolution of the current density pattern which is accom-
panied by the variation of the total current, the voltage at arHeating of the static filament is accompanied by an increase
external series resistance changes, causing the variation ofthe voltageu [Eq. (21)]. With the onset of filament motion
the voltage across the device. This inhibition is crucial forthe voltage drops, but remains higher than the voltage
the existence of current filaments which become unstablgFig. 4b)].
when the global coupling is eliminated by operating the de- Our analytical theory does not cover narrow filaments,
vice in the voltage-controlled reginf®:!°The motion of the  when the flat top of the current density profile does not exist
filament is induced by the effect of another slow diffusive or the filament widthW is comparable to the width of the
inhibitor (temperatureT). A similar nonlinear mechanism filament wall €;, as well as cylindrical filaments which ap-
causes the motion of current filaments obtained by numericglear when the lateral dimensions of the semiconductor struc-
simulations in Refs. 23 and 48. However, Refs. 23 and 48ure L, and L, are comparable. However, the bifurcation
focus on a specific type of multilayer thyristorlike structures.from static to traveling filaments and the mechanism of fila-

eaction-diffusion modei®

X. SUMMARY
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ment motion remain qualitatively the same in these cases. wherex™ and\~ are eigenvalues of E4A1):
The main predictions of this theory—the increase of the fila-

ment velocity with current, the exsitence of the critical cur-

rent which is needed for the filament motion, and the voltage AT -
drop associated with the onset of filament motion—can be T
verified experimentally.
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APPENDIX: SOLUTIONS OF THE HEAT EQUATION

W g) w
w w T(E=T,+(T*=T,)sinh =—|exp — —]| for &>—,
T Hor T +(T'=T)=0 for — —<é<, © ( : r<2€T p( tr 2
Al . (T
A rg=ToeT
€ T'+or T +(T,—T)=0 for §<—V—V and §>V—V. W ¢
2 2 X ex "2, cos o for <5,

Here the middle of the filament is &=0. T, andT* are (A%)
defined by Eqgs(16) and(24). The solution of this piecewise
linear equation is given by

A7) ey
exg—T for§<—5.

Temperature profile in the fast filamerior v>v+ we get

) w
T(E=T,+ (T*—T,,)sm)'(z—gT

T(H=T,—(T*-T.) 2 'nh()\w)
=T,—(T"-T, Si
¢ AT 2

W AN=(@m) L N =—o. The corresponding profile is
Xexp N~ &) for §>?’ strongly asymmetric:
W T(&)=T, for & w
* =1, Tor >—,
T(§)=T"— Yexpg | £+ = 2
(& AT — . ep[)\ (g 2 }
26—W W W
W W W _ T *
N I _n e TE=T"—(T —T*)exp< ) for — —<é<—,
N ex;{)\ (§ 2”) for 2<§<2, 2uTs 2 2
(A2) w ¢
T(§)=T*+2(T*—T*)sinl-< )ex;{—)
T(S)ZT*_(T*_T*) 2v T vTT
20 [ATW N+ ¢ W W
X S <——= -

- N ——]expA"§)  for &<——, for ¢<——-. (A5)
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