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Exact-exchange density-functional calculations for noble-gas solids
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The electronic structure of noble-gas solids is calculated within density-functional theory’s exact-exchange
method~EXX! and compared with the results from the local-density approximation~LDA !. It is shown that the
EXX method does not reproduce the fundamental energy gaps as well as has been reported for semiconductors.
However, the EXX-Kohn-Sham energy gaps for these materials reproduce about 80% of the experimental
optical gaps. The structural properties of noble-gas solids are described by the EXX method as poorly as by the
LDA one. This is due to missing van der Waals interactions in both, LDA and EXX functionals.
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I. INTRODUCTION

Density-functional theory~DFT! is nowadays by far the
most popularab initio method to calculate ground-sta
properties of atoms, molecules, and solids.1–3 Its generaliza-
tion to time-dependent phenomena4 extended the scope o
applied DFT to electronic excitations. DFT’s successes r
on a construction of accurate and practical approximation
the exchange-correlation part of the energy functional. T
local-density approximation~LDA ! proposed at the very be
ginning of DFT1,2 was and remains a simple tool to us
whose accuracy, however, is surprisingly good given
simplicity of the approximation. Over the years, LDA h
been applied to practically all systems of interest. In m
cases, LDA describes ground-state properties, such as
librium structures, adiabatic phonons, to mention only a f
surprisingly well, even for materials with strongly inhom
geneous electron densities. On the other hand, attemp
describe energy gapsEg or electronic excitations brough
rather limited success.

The case ofEg is a special one becauseEg is defined as
the difference between the ionization potentialI and electron
affinity A. Hence,Eg can be written in terms of total ground
state energies of systems with different number of electro
and it is in principle a ground-state property

Eg5I 2A5E@N11#1E@N21#22E@N#. ~1!

Here E@N11#, E@N#, and E@N21# are the total ground-
state energies of the systems withN11, N, andN21 elec-
trons, respectively. It has been shown5,6 thatEg can be reex-
pressed in the following form:

Eg5Eg
KS1Dxc , ~2!

where

Eg
KS5eN11~N!2eN~N!, ~3!

is the Kohn-Sham~KS! gap andDxc is the discontinuity in
the exchange-correlation potential under adding and s
tracting an infinitesimal fractionv of the integer particle
numberN:
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Dxc5 lim
v→0

H dExc@n#

dn UN1v2
dExc@n#

dn U
N2v

J
nN

. ~4!

Applying LDA to calculateEg from Eq.~1!, one faces the
basic problem that LDA does not bind theN11 atomic elec-
tron system. On the other hand, using Eq.~2! within LDA
results in the equality of the LDA KS gap and the fundame
tal gap since the discontinuityDxc vanishes in this approxi-
mation. As is well known, the LDA-KS absolute gap is a
ways much smaller than the experimental gap, in some ca
it is even qualitatively wrong. Namely, LDA predicts zer
gap, a metal, where in nature the system is a semicondu

A most interesting development in density-function
theory during last few years was the application of the exa
exchange KS method~EXX! to the case of crystalline solids
For this method, the total-energy functional is given by

E@n#5TS@n#1E n~r !Vext~r !1
1

2E E n~r !n~r 8!

ur 2r 8u

1EX@n#1EC@n#, ~5!

where

EX@n#52
1

2 (
kk8

occ E E fk* ~r !fk~r 8!fk8~r !fk8
* ~r 8!

ur 2r 8u
~6!

is the exact-exchange energy functional.TS@n# is the kinetic-
energy term of noninteracting electrons and the correlati
energy termEC@n# remains to be approximated, for examp
by LDA. The orbitalsfk in the expression forEX are KS
orbitals, i.e., the orbitals which minimizeTS@n# for a given
density n(r ) and are therefore functionals of the electr
density. For this reason,TS and EX are both implicit func-
tionals of the densityn(r ) and the KS equations can be d
rived

S 2
1

2m
¹21Vext~r !1VH@n#~r !1VX@n#~r !

1VC@n#~r ! D fk~r !5Ekfk~r !,
~7!
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where the KS exchange potential VX@n#(r )
5dEX@n#/dn(r ) is obtained by the chain-rule differentiatio

VX~r !5
dEX@n#

dn~r !

5(
k

occ E E F dEX@n#

dfk~r 8!

dfk~r 8!

dVKS~r 9!
1c.c.GdVKS~r 9!

dn~r !
.

~8!

Here VKS@n#(r ) is the total KS potential corresponding
the densityn(r ). Neglecting correlation, the total-energ
functional has apparently the form of a Hartree-Fock expr
sion for the total energy. However, the EXX method and
Hartree-Fock method differ because the Hartree-Fock
KS orbitalsfk are not the same. In the Hartree-Fock meth
these orbitals obey an equation with a nonlocal potential~the
Fock operator!, whereas in the KS method they are det
mined by a KS Hamiltonian with a local, multiplicative po
tential.

For more than two decades, the EXX method, sometim
under the nameoptimized effective potential~OEP!, has been
applied to atoms and molecules.7,8 Total ground-state ener
gies were always found to be extremely close to the Hart
Fock values while the single-particle spectrum—yieldin
e.g., a Rydberg series for finite systems—is strongly
proved over Hartree-Fock. Only recently, however, has
method been applied to bulk semiconductors, insulators,
metals.9–15 A surprising result of EXX calculations forsp
semiconductors is that the KS energy gaps between occu
and unoccupied states are very close to experimental g
This contrasts typical LDA results in which the gaps a
always too small. In the EXX case, a larger gap than in LD
is to be expected because the EXX potential is s
interaction free and, thus, binds more strongly than the L
potential. For example, the EXX-KS electron binding en
gies in atoms are greater in magnitude than their LDA co
terparts and closer to experiment. Since the occupied vale
states generally have a greater self-interaction contribu
than the more delocalized unoccupied states, the EXX
gap should widen as compared to LDA. If the fundamen
gap is evaluated from Eq.~1! with total energies in Hartree
Fock approximation, one obtains

Eg
HF5eN11

HF ~N!2eN
HF~N!. ~9!

Evaluating, on the other hand, the gap in EXX, Eqs.~2! and
~3! yield

Eg
EXX5eN11

EXX-KS~N!2eN
EXX-KS~N!1Dx , ~10!

whereDx is theX-only discontinuity. Assuming that, like fo
finite systems, the total energies in Hartree-Fock and the t
energies in EXX are very close, one would expect that E
~9! and~10! yield very similar values for the band gap. Th
is indeed the case.13 What is surprising and still not wel
understood is why the EXX-KS gaps alone, i.e., without a
ing the discontinuity, are so close to the experimental g
for sp semiconductors. The prevailing belief is that theexact
KS gaps are smaller than the true gaps for solids. As th
04511
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are no exact KS potentials for solids available, this belie
yet unverified. It is not known how large the discontinui
Dxc given by Eq. ~4!, of the exact exchange-correlation
density-functional is. In any case, the EXX method is t
only KS method so far yielding the electronic structure clo
to experiment, provided one ignores the discontinuity wh
should in principle be considered. This success has s
important practical consequences. One of them is the po
bility of using the one-electron energy spectrum as a fi
approximate description of excitations and as a fast too
interpret experiments. Another, perhaps more important,
better starting point for more accurate calculations of exc
tions via the time-dependent density-functional theory.

In this paper, we explore the performance of the EX
method for materials very different fromsp semiconductors,
namely, the crystalline noble gases. Solid Ne, Ar, Kr, and
are special systems since these materials are compose
almost independent atoms. In fact, the shape of the ch
density of superimposed isolated atoms is rather simila
the charge density of the solid and we might expect the
ergetics to be similar as well. The individual tightly boun
close-shell atoms bind very weakly with one another. The
fore these systems are a difficult case for LDA. Indeed,
will be seen in Table IV, the LDA description of the equilib
rium structural properties for these solids is much less sa
factory than usual. These solids are large-gap insulators
their experimental energy gaps ranging between 21.4 eV
neon and 9.8 eV for xenon. Furthermore, they have a la
exciton binding energy on the order of several eV. Since
noble-gas solids are a loosely bound ensemble of atom
comparison between various electronic properties in the s
phase and in isolated atoms is meaningful and interest
We will investigate both cases within the LDA and EX
methods. As will be seen later, in the atomic case the E
without correlation resembles highly accurate Kohn-Sh
results when they are available. Adding LDA correlation
the exact-exchange potential usually worsens the quality
results. However, for the physical quantities involving tot
energies differences, an account of correlation seems to
necessary.

Our results show that the EXX approximation, with an
without LDA correlation, widens the LDA Kohn-Sham gap
of noble-gas solids by about 1.3–3.4 eV. However, the
energy gaps are not as close to the experimental gap
reported forsp semiconductors. Along with previous obse
vations that the EXX-KS gaps for diamond13 and MgO~Ref.
9! are smaller than experimental gaps, our results sug
that, at least for large-gap insulators, the EXX theory do
not perform as well as it does forsp semiconductors.

It has been suggested that for atoms the exact KS
between the highest occupied and the lowest unoccu
state represents an approximation of theoptical gap rather
than quasiparticle gap.16,17The latter represents a non-neutr
excitation or a total-energy difference between theN andN
61 particle systems, and the former is the gap between
ground and excited states of theN-electron system. This con
jecture has been explicitly verified in the cases where
almost exact Kohn-Sham atomic potentials have be
calculated.16,17Our EXX results for noble-gas atoms~Sec. II!
1-2
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support this conjecture as well. In regard to the solids,
picture is not as clear. For semiconductors the exciton b
ing energy is very small, of the order of meV, the observ
agreement between the EXX-KS gaps and experimental g
could support the conjecture of Refs. 16,17 as well. Ho
ever, unless better approximations to the correlation-ene
functional are known this remains as a rather inconclus
speculation. Our results for noble-gas solids, systems w
optical and quasiparticle gaps differ by several eV and wh
electronic structure in the solid phase is similar to the str
ture of energy levels in isolated atoms, could throw so
light on the validity of this conjecture. What we have foun
is that the EXX gaps for noble-gas solids are—unlike
case of semiconductors—significantly smaller than the q
siparticle gaps. However, they are also smaller than the
perimental optical gaps, reproducing about 80% of their v
ues. A fundamental question remains then: would anexact
treatment of correlation align the KS and optical gaps
noble-gas solids as well, or does correlation in the so
phase have a qualitatively different character and role t
for finite, atomic systems, so that the conjecture of Refs.
and 17 is not correct for solids?

The following section is devoted to results for isolat
atoms. Electronic properties of the noble-gas solids are
sented and discussed in Sec. III.

II. NOBLE-GAS ATOMS: Ne, Ar, Kr, AND Xe

Since noble-gas solids consist of loosely bound individ
atoms, it is instructive to start the investigation by analyz
the properties of isolated atoms. In addition, the dens
functional methods for atoms are more advanced than in
tended systems and can be used as a test for various app
mations. This is for two reasons. First, highly accurate
potentials are available for a few light atoms like Ne~Refs.
18,19! and Ar.19 Second, for finite systems it is computatio
ally feasible to calculate the fundamental gap, Eq.~1!, from
total-energy differences. Note that for finite systems, the f
damental gap as given by Eq.~1! is usually called the chemi
cal hardness. For simplicity, we keep the term ‘‘fundamen
gap’’ for both finite and infinite systems. In the following w
present several results for the noble-gas atoms and d
some conclusions about the validity of certain approxim
tions.

In Tables I and II we present the KS eigenvalues for
Ne and the Ar atom, respectively. Results using LDA, pu
EXX ~EXX!, EXX plus LDA correlation~EXXc!, and highly
accurate~almost exact! KS potentials for Ne and Ar atom
are presented. The column denoted QMC in Table I sho
eigenvalues resulting from the KS potential obtained by U
rigar and Gonze18 through a quantum Monte Carlo calcul
tion of the ground-state density of the Ne atom. The colu
denoted CI in Tables I and II shows the results obtained
Morrison and Zhao20 from highly accurate densities whic
were calculated through the configuration-interaction
proach. The column called Expt. contains the negative of
experimental first ionization potential of each atom whi
should be compared to the uppermost occupied KS eig
value. The column also contains the experimental bind
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energies of a few excited states. The latter are defined as
negative of the difference between the experimental ion
tion potential and the experimental optical energy gap
tween the ground state and the relevant excited state. Fo
optical gap we take a weighted average of singlet and tri
gaps. As for the occupied levels, we report only the exp
mental ionization potential, i.e., the binding energy of t
highest occupied state. This is because it is unclear how
lower KS eigenvalues compare with the physical bindi
energies. However, for unoccupied states, it has been
gested that the KS eigenvalues are a good approximatio
the experimental binding energies of the excited atoms.16,17

This idea has been explicitly verified for helium,16

beryllium,16 and neon atoms;17 some plausible argument
have been put forward to explain why.16

Tables I and II show that LDA KS eigenvalues are smal
in magnitude than their EXX and EXXc counterparts. T
magnitude is largely a consequence of the self-interac
error inherent in the LDA method. Another consequence
this self-interaction error in LDA is the absence of no
higher but the first bound, unoccupied state. These facts
well known. What is more interesting for this study is th
EXX eigenvalues for Ne and Ar are deeper than the ex
ones. This means that the EXX method binds atomic sta
of Ne and Ar too strongly and exact correlation would co

TABLE I. Neon-atom energy levels~in eV!. The Kohn-Sham
energies are from LDA, exact exchange~EXX!, and exact exchange
with LDA correlation~EXXc!. Column QMC gives the eigenvalue
obtained with the almost exact Kohn-Sham potential of Ref.
Column CI presents results of almost exact Kohn-Sham calcula
of Ref. 20.

Ne LDA EXX EXXc QMC CI Expt.

1s 2824.34 2838.30 2840.38 2838.18 2838.30
2s 235.97 246.73 248.40 244.93 245.01
2p 213.54 223.14 224.76 221.61 221.69 221.56
3s 20.07 25.23 25.77 24.97 24.9
3p 23.11 23.40 23.00 22.94
4s 21.95 22.03 21.90 21.89
3d 21.57 21.63 21.55 21.53

TABLE II. Argon-atom energy levels~in eV!. The Kohn-Sham
energies are from LDA, exact exchange~EXX!, and exact exchange
with LDA correlation. Column CI presents results of almost exa
Kohn-Sham calculation of Ref. 20.

Ar LDA EXX EXXc CI Expt.

1s 23095.39 23112.99 23115.42 23113.82
2s 2293.61 2303.27 2305.13 2302.59
2p 2229.67 2237.46 2239.36 2236.85
3s 224.02 229.90 231.37 228.79
3p 210.40 216.07 217.48 214.88 215.76
4s 20.26 24.37 24.94 24.08
4p 22.77 23.09 22.66
3d 21.86 22.29 21.83
1-3
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rect for this overbinding. When LDA correlation are added
the exact exchange~EXXc method! the situation worsens
For example, the EXX uppermost occupied eigenvalues
roughly 1.5, 0.3 eV deeper than the exact eigenvalues for
and Ar, respectively. In the EXXc method the differen
grows to 3.2 and 1.7 eV, respectively. It is interesting to n
that for occupied states this expected behavior of exact
relation of the KS theory is similar to the role of correlatio
in the many-body Green’s functions approach. There,
many-body correlation shift the eigenvalues, or rather
poles of the one-particle Green’s functions, in the oppo
direction as the Hartree-Fock shift. The well-known effect
that binding energies of occupied states are much too st
within Hartree-Fock. It turns out that the EXX-KS occupie
states are also more bound than the expected exact KS s
but the effect is much smaller than in the Hartree-Fo
theory. The analogy breaks down for empty states. In
case, EXX results in still deeper unoccupied states tha
experiment and adding LDA correlation makes them ev
deeper. On the other hand, Hartree-Fock theory hardly b
at all. This striking difference between the EXX and Hartre
Fock theories is because Hartree-Fock only has
asymptotic21/r potential for the occupied states and has
exponentially decaying potential for the empty states. In c
trast, the KSVXC potential has a Coulombic tail for all state
One says, that the Hartree-Fock potential is self-interac
free only for occupied states, whereas the KS potential~exact
and EXX! is self-interaction free for all states.

For the heavier atoms Kr and Xe, we perform a full re
tivistic OEP calculation as relativistic effects should be i
portant. In these cases, we do not have exact KS potentia
eigenvalues with which to compare the results. Howeve
comparison with the experimental first ionization potent
shows that, when the spin-orbit interaction is neglected,
exact-exchange calculation gives a slightly overbound up
most occupied level. Here again, LDA correlation lower t
eigenvalues too far. It is clear that for all noble-gas ato
adding LDA correlation to exact KS exchange deteriora
the one-electron properties. The same is true when the
relation is given by the generalized-gradient approximat
~GGA!, however, in this case the differences between
approximate and exact KS eigenvalues are smaller.21

So far we have compared LDA, EXX, and EXXc-KS e
genvalues with the exact ones, where available, and with
experimental first ionization potential and binding energ
of unoccupied states. For finite systems, it is possible to
late certain excitations with total-energy differences. This
the case for the first ionization potentialI 5E@N21#
2E@N#, electron affinityA5E@N#2E@N11#, and the en-
ergy gapEg , Eq. ~1!. The electron affinityA as defined by a
total-energy difference is zero within LDA theory for mo
atoms. This is because in LDA the correspondingN11 elec-
tron system is not bound. In the case of noble-gas ato
however, the experimental affinity does vanish, and the L
result is fortuitously correct. Since the affinity vanishes,
gap must equal the ionization energy. The same argume
valid for EXX. On the other hand, EXXc gives a small b
finite value for the affinity. Table III shows the atomic ener
gapsEg , both experimental and calculated from total-ene
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differences within LDA, EXX, and EXXc. These energ
gaps are compared to the KS eigenvalue differen
eN11(N)2eN(N). In addition, the~triplet-singlet averaged!
first optical gap is presentedD̄opt , as well as calculated in
each methodtotal-energy optical gapD* 5E@N#* 2E@N#.
Here.E@N# is the total ground-state energy andE@N#* is the
self-consistent total energy of an excited state in which th
is a hole in the uppermostp shell and an electron in the nex
s shell.

First, we note that the KS gap rather poorly approxima
the experimental fundamental gap. The average devia
over the four elements between the KS and true gaps is
4.0, and 3.1 eV for LDA, EXX, and EXXc, respectively. A
shown by the data, LDA KS gaps deviate the most. Wh
expressed in percents, LDA, EXX, and EXXc-KS gaps a
count for 63%, 75%, and 80% of the experimental fund
mental atomic gaps, respectively. For Ne~Table I!, the highly
accurate KS energy gap amounts to 77% of the experime
one. For Ar~Table II! we could only estimate the exact K
gap to be of about 68% of the experimental one. The sit
tion changes when we compare KS gaps to experime
optical gaps. It turns out that LDA, EXX, and EXXc repro
duce the atomic optical gaps with 13%, 3%, and 9% ac
racy, respectively. The highly accurate KS gap of N
amounts to 99.9% of the optical gap. In particular, the go
agreement of the EXX method with experiment is to
noted. An interesting question is whether similar trends ta
place in the solid phase. We might expect the answer to
yes if the solid is composed of a bunch of weakly interact
atoms.

When we compare the experimental fundamental gap
noble-gas atoms with the calculated total-energy differen
@Eq. ~1!# the agreement is fairly good. Across four elemen
LDA, EXX, and EXXc reproduce the experimental atom
gaps on average to 4%, 6%, and 3% accuracy, respecti
Performing a similar although less rigorously justified tot
energy calculation ofoptical gapsthe agreement amounts t

TABLE III. Fundamental energy gapsEg5I -A and optical gaps
from experiment and calculations in neutral atoms Ne, Ar, Kr, a

Xe. D̄opt is the multiplet-averaged experimental transition ene
from the ground state top5s1 state.D* is the calculated total-
energy difference between the excited atom in the (p5s1) configu-
ration and the ground state.DeKohn2Sham is the Kohn-Sham gap.

Ne Ar Kr Xe

Expt Eg 21.56 15.76 14.00 12.13
Expt D̄opt

16.63 11.57 9.94 8.35

LDA: Eg 22.66 16.17 14.44 12.73
D* 17.74 11.96 10.32 8.87

DeKohn-Sham 13.47 10.14 8.76 7.50
EXX: Eg 19.83 14.77 13.22 11.66

D* 15.16 10.96 9.58 8.32
DeKohn-Sham 17.91 11.70 9.81 8.12

EXXc: Eg 21.31 16.03 14.61 12.79
D* 16.08 11.72 10.28 8.97

DeKohn-Sham 18.99 12.54 10.58 8.82
1-4
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5%, 5%, and 4% for LDA, EXX, and EXXc, respectivel
What is remarkable is that for a total-energy difference c
culations accounting for correlation seems to be very imp
tant. In fact, the best total-energy difference results co
from the EXXc method, the worse with the pure EXX on

In the following section we will investigate whether sim
lar trends take place in the solid phase.

III. NOBLE-GAS SOLIDS: Ne, Ar, Kr, AND Xe

We performed our calculations for noble-gas solids with
the pseudopotential and plane-wave formalism. For each
proximateExc ~LDA, EXX, and EXXc!, a pseudopotentia
was generated using the same functional.22 We followed the
EXX plane-wave formalism developed by Go¨rling12 and Sta¨-
deleet al.13 This formalism had been applied in our previo
publication.15 The plane-wave cutoff ranged between 50 a
120 Ry depending on the material and whether the struct
or electronic properties were investigated. For solid kryp
and xenon, the spin-orbit interaction was taken into acco
perturbatively.

In Table IV the experimental and calculated equilibriu
fcc lattice constants are presented. The percent deviat
from experiment are also given. As already noted, noble-
solids resemble loosely bound isolated atoms. For such
tems the total energy only weakly depends on the interato
distance. The energy-volume curve is very flat and the s
tem hardly binds. In the absence of stronger interatomic
teractions, a theoretical determination of equilibrium prop
ties is subject to a rather large uncertainty. Us
convergence criteria for total-energy determination can e
ily become insufficient and minor computational details, e
details of the pseudopotential construction can matter. Fo
these reasons we have checked our LDA results agains
dependent results from publicly available LDA codes.23,24

As shown in Table IV, the structural equilibrium prope
ties of noble-gas solids are very poorly described by all
methods. For example, the error in the estimate of the lat
constant for neon is more than 13%. This discrepancy
unusually large; for most solids, the LDA gives a lattic
constant estimate within about 1–2 %. For Ar, Kr, and X
the LDA discrepancy is on the order of 5%. Although not
dramatic as for Ne, this disagreement is still much lar
than usual. Using the EXX method without correlation do
not help much; the disagreement with experiment is jus

TABLE IV. Equilibrium cubic lattice spacing~in a.u.! from ex-
periment and calculations. Percents show the diviations of the
tice constant from experiment.

Ne Ar Kr Xe

aExpt 8.44 9.94 10.66 11.59
aLDA 7.29 9.35 10.13 11.14

13.6% 5.9% 5.0% 3.9%
aEXX 7.23 10.13 11.07 12.66

14.3% 1.9% 3.8% 9.2%
aEXXc 7.06 9.80 10.77 12.06

16.4% 1.4% 1.0% 4.1%
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large as in the other two cases. In contrast to LDA wh
underestimates the lattice spacing, the EXX method ove
timates it for Ar, Kr, and Xe. With the exception of neon, th
combined method, exact-exchange plus LDA correlat
~EXXc!, is the closest to experiment, but it is still not pe
fect. This result is similar to what was seen in the previo
section’s atomic calculations. For total-energy differenc
the EXXc method gives the most accurate results. It is wo
noting, that none of these approximations properly acco
for the long-range van der Waals interactions that are resp
sible for the binding of noble-gas solids. It is not surprisi
that structural properties differ so much from experiment

Figures 1–4 show the band structures along theL-G-X
directions for Ne, Ar, Kr, and Xe with Kr and Xe bein
treated relativistically. The solid lines represent the EX
band structure, the dashed lines correspond to the LDA o
In Table V the KS energy gaps are compared with the
perimental absolute energy gaps and with the correspon
optical gaps for solid Ne, Ar, Kr, and Xe. It is important t
keep in mind that for this special class of elements, the

t-

FIG. 1. Band structure of Ne alongL-G-X directions calculated
within EXX ~solid lines! and LDA ~dashed lines!.

FIG. 2. Band structure of Ar alongL-G-X directions calculated
within EXX ~solid lines! and LDA ~dashed lines!.
1-5
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R. J. MAGYAR, A. FLESZAR, AND E. K. U. GROSS PHYSICAL REVIEW B69, 045111 ~2004!
scription of the electronic structure provided by LDA, EXX
and EXXc might be expected to work less accurately in
solid phase than for isolated atoms. This is because in a
tion to only approximating short-range correlation, our fun
tionals do not account for the long-range van der Waals
fects.

Nevertheless, it is interesting to consider how well LD
EXX, and EXXc describe the electronic structure of nob
gas solids. In LDA, the KS gaps are on average 55% of
experimental gaps. This is a typical result for solids, a
though slightly less accurate than for the atomic limit giv
by LDA. For noble-gas solids EXX and EXXc reproduc
about 68% of the fundamental gap, whereas in the ato
limit the KS gap ranged on average to 74% and 79% of
experimental fundamental gap for EXX and EXXc, respe
tively. The fact that the EXX and EXXc KS gaps in nobl
gas solids are not very close to the experimental fundame
gaps is a central result of our investigation. The atomic

FIG. 3. Band structure of Kr alongL-G-X directions calculated
within EXX ~solid lines! and LDA ~dashed lines!. Spin-orbit split-
ting included.

FIG. 4. Band structure of Xe alongL-G-X directions calculated
within EXX ~solid lines! and LDA ~dashed lines!. Spin-orbit split-
ting included.
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sults suggested that the EXX-KS gaps should be close to
optical gaps. Since the noble-gas solids have a large exc
binding energy, the optical gap is appreciably smaller th
the fundamental gap. What we observe in Table V is that
EXX and EXXc KS gaps are still significantly smaller tha
optical gaps in noble-gas solids. They amount to about 8
81% of the experimental optical gaps, whereas the agreem
is 97% in the atomic limit.

The valence bands show very little dispersion in Fig
1–4. Furthermore, the energy distance between occupis
and p bands is very close to the KS energy gap betwees
andp valence states in the isolated atoms. This confirms
popular picture that rare-gas solids are composed of alm
undisturbed atoms. However, the conduction bands exhib
rather pronounced dispersion. It would be interesting
verify this result experimentally. Clearly, an indirect confi
mation is the fact that the experimental optical gap of
solid is always larger than the optical gap in the correspo
ing atom: The hole and the electron attract each ot
strongly if they are both localized on the same atom. In
solid, on the other hand, the hole is similarly localized as
the atom, while the electron in the conduction band is m
delocalized, leading to a weaker interaction with the hole

Another remarkable result is that the total valence-ba
width resulting from LDA is smaller than the one from EX
for neon. For argon, both widths are comparable. For kryp
and xenon, the EXX width is smaller. We recall that previo
EXX calculations have shown that forsp semiconductors,
EXX leads to narrower total valence-band widths than
LDA. Only for diamond was the opposite observed.

IV. CONCLUSIONS

We have applied the exact-exchange method wit
density-functional theory to the noble-gas solids, Ne, Ar,
and Xe. It was previously shown for He, Be, and Ne ato
that the Kohn-Sham energy gap coming from a nearly ex
KS potential is an excellent approximation to the atomic o
tical gap but not to the fundamental~quasiparticle! gap. The
EXX-KS gaps for these atoms are also in very good agr
ment~3% in average! with experimental optical gaps. A cen
tral question of our investigation was whether the same ho
for the noble-gas solids. It turns out that, in contrast to p
vious results forsp semiconductors, the EXX-KS gaps i
noble-gas solids are appreciably smaller than the experim

TABLE V. Calculated and measured energy gaps in noble-
solids are in eV.Eg

LDA , Eg
EXX , and Eg

EXXc are Kohn-Sham gaps
from LDA, pure EXX, and EXX plus LDA correlation, respec
tively. Eg

Expt is the experimental fundamental gap.D is the experi-
mental optical gap.

Eg
LDA

~eV!
Eg

EXX

~eV!
Eg

EXXc

~eV!
Eg

Expt

~eV!
DExpt

~eV!

Ne 11.32 14.15 14.76 21.4 17.4
Ar 8.16 9.61 9.95 14.2 12.2
Kr 6.47 7.87 8.02 11.6 10.2
Xe 5.26 6.69 6.51 9.8 8.4
1-6



b
o
o
it

a
ion

nk

rs-

e

ns

EXACT-EXCHANGE DENSITY-FUNCTIONAL . . . PHYSICAL REVIEW B 69, 045111 ~2004!
tal fundamental gaps. Moreover, they are also smaller
20% than the experimental optical gaps. The results of
investigation clearly show that the EXX method does n
provide a KS band structure that agrees equally well w
experiment for semiconductors and insulators.
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