
PHYSICAL REVIEW B 69, 035332 ~2004!
Electron spin teleportation current through a quantum dot array operating
in the stationary regime
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An electron-spin state teleportation scheme is described in detail. It is based on the protocol by Bennettet al.
@Phys. Rev. Lett.70, 1895~1993!#, and involves the production and detection by superconductors of entangled
pairs of electrons. Quantum dots filter individual electron transitions, and the whole teleportation sequence is
selected in a five-dot cell by electrostatic gating in the stationary regime~no time-dependent gate voltages!: ~i!
a normal dot carries the electron-spin state to be teleported, two others carry the ancillary entangled pair;~ii !
two superconducting dots, coupled by a superconducting circuit, control the injection of the source electron and
the detection of the teleported electron. This teleportation cell is coupled to emitter and receiver reservoirs. In
a steady state, a spin-conserving current flows between the reservoirs, most exclusively carried by the telepor-
tation channel. This current is perfectly correlated to a Cooper pair current flowing in the superconducting
circuit, and which triggers detection of the teleported electron. This latter current indeed carries the classical
information, which is necessary to achieve teleportation. The average teleportation current is calculated using
the Bloch equations, for weakly coupled spin reservoirs. A diagnosis of teleportation is proposed using noise
correlations.

DOI: 10.1103/PhysRevB.69.035332 PACS number~s!: 73.23.Hk, 74.50.1r, 03.65.Ud
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I. INTRODUCTION

Teleportation belongs to fundamental science since B
nett and co-workers proposed a protocol for quantum t
portation of a two-state particle.1 This means reconstructin
the quantum state of a particle at a distant place, on a pr
isting particle whose state was previously undetermined.
course, any measurement of the quantum state to be
ported must be avoided whatsoever. Bennettet al. proposed
to take advantage of the nonlocality of quantu
mechanics,2,3 celebrated in the Einstein-Podolsky-Ros
~EPR! ‘‘paradox.’’4 To this purpose, a pair of entangled pa
ticles is produced. This means that the state of each of t
is undetermined, while it is fully determined once a measu
ment is made on the other. One member of the pair is gi
to the sender Alice, the other one~the target! to the receiver
Bob. Alice also receives a ‘‘source’’ particle in an unknow
state, which she wants to teleport to Bob. Then she perfo
a joint measurement on this particle and her member of
entangled pair, so as to measure them in an entangled s
As a result, the state of the target member of the pair, in
receiver’s~Bob’s! hands, is simultaneously determined. Ali
must send the result of her measurement as a classical si
The state of the source particle can then be retrieved by B
by applying to the target particle a unitary transformatio
The state of the source particle has been destroyed durin
process~no-cloning theorem!.5 An essential point is that, de
spite the simultaneity of Alice’s measurement and Bob’s p
ticle state projection, teleportation is completed only wh
the classical information about the result of the joint me
surement~four possible Bell states thus two classical bi!
has been received. Therefore, as a means of transmittin
formation, teleportation~TP! does not violate any fundamen
0163-1829/2004/69~3!/035332~16!/$22.50 69 0353
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tal law. The quantum information stored in the original sta
~qubit! has been split into a ‘‘quantum’’ channel~the en-
tangled pair! and a classical channel.

The first experimental verification of teleportation h
been performed with photons,6 and was followed by severa
others.7 Entangled photons with correlated orthogonal pol
izations~antisymmetrical state! were produced by parametri
down-conversion, and measurement of one of the four p
sible entangled states~the singlet! was achieved by polarized
beam splitters. This simplification changes a little, thou
not fundamentally, the scenario of Bennettet al.: the classi-
cal signal carries simply a ‘‘yes’’ or ‘‘no’’ answer concernin
detection, and if the answer is yes, Bob has readily in ha
the original state, without needing any further transform
tion. As shown by the authors of Ref. 6, this simplificatio
does not affect the quantum correlations of the input a
output particles~defined as the fidelity of TP!, but it reduces
the efficiency of TP~success has a probability 1/4). The T
protocol is thus rendered slower by a factor 1/4. In practi
unambiguous detection of teleportation requires coincide
measurements of photons at four detectors~one for the de-
tected particle, two for the Bell measurement, and one fo
test for emission of the source particle!, and it relies on the
optimal control of individual photons achieved in mode
quantum optics devices. It is in fact important to keep tra
of the emitted pair and the source particle, in order to con
that Bob indeed measures the twin of the photon which
periences the joint measurement by Alice, and not a mem
of a previously or a subsequent emitted pair~in which case
no correlation would be expected!.

The proposal of Bennett and co-workers and the sub
quent experiments in quantum optics or atomic physic6,7

and NMR ~Ref. 8! provide a beautiful illustration of the
power of entanglement as a basic resource for quan
©2004 The American Physical Society32-1
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information.9 TP appears as a promising way to send un
tered quantum information, for instance by entangling frag
qubits with more robust ones, or with qubits that can
propagated over long distances~photons for instance!. The
same principle allows to swap entanglement between suc
sive particles, therefore entangling distant ones. Other ap
cations include distributing information among networks,
error-correcting codes.10

Search for scalability naturally leads to a quest for sim
processes in solid-state environments. The idea of elect
spin transport for quantum information processing schem
has also been developed in Ref. 11. Here we shall focu
electron transfer between dots. In fact the strong advanta
of photons~weak interactions with the environment, allow
ing long-distance coherent propagation! turn out to be also
inconveniences: single or pair photon sources are weak,
it is difficult to operate gates on photon ensembles since t
interact weakly, only through nonlinear media. On the ot
hand, electrons can be produced one by one, using Coul
blockade in quantum dots, or in pairs.12–15

Since electrons are charged particles, it is in principle p
sible to operate with a variety of gates on them, taking
vantage of their Coulomb interactions in nanostructur
Electronic systems also have obvious advantages towar
tegration. The main drawback of electronic proposals is t
the underlying interactions can also lead to strong deco
ence effects. Yet, because high intensity single-elec
sources can be operated, the relevant time scales can be
short, and there is hope that quantum coherence of individ
qubits can be controlled over distances ranging between
crons and millimeters.

Exploring entanglement in the solid state concerns
practical manipulation of qubits, but also the investigation
fundamental phenomena such as a proof of nonlocality w
massive or fermionic particles like electrons.16 An existing
proposal for TP considers excitons in coupled quant
boxes, which can be manipulated optically.17 Alternatively,
an important issue arises when considering the electron
degree of freedom, which is a candidate as a qubit for in
grated quantum information devices.18 To produce electron
pairs in an entangled spin state, one needs as a sou
device where electron spins are correlated by their prev
interactions or by their statistics, but the two particles can
dissociated while keeping this correlation. Up to now, p
posals have been made using~i! Cooper pairs in
superconductors12–14,15 or ~ii ! singlet states on a discret
level in quantum dots.19,20 Entangled pairs can then be pr
duced by the use of energy12–14,19,20or spin filtering.14,15

Starting from this elementary unit for entanglement, the c
struction of more complex devices relies on the analogy
tween photon propagation in waveguides and phase-cohe
electron transport in nanostructures, which have been
illustrated by the fermion version of the Hanbury-Brown a
Twiss intensity correlations.21,22 However, further possibili-
ties are opened by using Coulomb interactions: transpor
electrons, one electron at a time, can indeed be forced
the help of electrostatic barriers. Electrons are trapped
quantum dots, separated by tunnel barriers and their tra
tions between dots and reservoirs are controlled by elec
03533
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static gates.23 Moreover, as shown in this work, correlation
between transitions of different electrons at different barri
can indeed be used as a powerful tool to control and man
late the spin qubits. Then, although time-resolved contro
individual electrons is still out of reach, teleportation can
achieved in a steady-state operation through electros
couplings only.24 For a correct choice of the system param
eters, we show in the following that an elaborate sequenc
transitions can be selected. For instance, in the teleporta
process, a strict control is required on the time sequence
joint measurement of the source particle~1! and of the par-
ticle ~2! must occur only after the pair~2,3! is emitted, and
the detection of the ‘‘teleported’’ particle~3! must wait for
the joint measurement of particles~1,2!. As explained in de-
tail in the present paper, electrostatic couplings between d
together with individual gating, provide the necessary cor
lations to filter a unique transition sequence through the c
without any temporal gate control whatsoever.

In the following, a detailed description of the operation
the teleportation cell is presented. An overall qualitative p
sentation is the subject of Sec. II. A full derivation of th
microscopic and effective Hamiltonians is given in Sec. I
and justifications are provided in the Appendix. Section
contains the discussion of the electrostatics of the cell
the selection of the teleportation sequence. Section V is
voted to the calculation of the steady-state teleportation c
rent using a Bloch equation approach. Section VI discus
the overall similarities and differences with the quantum o
tics implementation of teleportation. A summary of our r
sults, also discussing possible extensions of our solid-s
teleportation proposal, is provided in the conclusion~Sec.
VII !.

II. QUALITATIVE DESCRIPTION
OF THE TELEPORTATION PROTOCOL

A. Description of the teleportation cell

Let us describe the setup which allows teleportation of
electron spin. The TP cell is defined as comprising the dot
2,3,a,b~see Fig. 1! and the circuitS @Fig. 2~a!#. The basic
resource, the entangled pair of electrons, is produced by
perconducting dot b according to the recent proposal:12,13

FIG. 1. The elementary teleportation sequence. Three nor
dots ~shaded! labeled 1,2,3 can only accommodate 0 or 1 electr
while the two superconducting dots a,b can accommodate 0 or
electrons in a Cooper pair state. The sequence starts with an i
tion process from reservoirL, followed by the Bell decomposition
of the three-electron wave function in the normal dots, and ter
nates by the detection inR.
2-2
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two normal quantum dots~numbered 2 and 3! form neigh-
boring tunnel junctions with a singlet superconducting el
trode. Electrostatic gates tune the dot chemical poten
such that the transition of a Cooper pair from the superc
ductor to the couple of dots is resonant if and only if ea
partner of the pair is sent to a different dot : converse
adding to or subtracting two electrons from a single do
strongly suppressed by Coulomb energy. Due to the sym
try of the Cooper pair wave function in the superconduc
the two electrons which are added in dots 2, 3 are in
antisymmetric singlet state, which is entangled. Among
four Bell states available with two spin-1

2 particles, none of
the three triplet combinations can be created. The dou
tunneling process involved in the creation of the entang
state is often denoted as a nonlocal~or crossed! Andreev
process.15,25 Its amplitude depends on the tunneling amp
tudes at both junctions~assumed equal for simplicity!, and
on the distancel between junctions.12,25,26The latter depen-
dence involves exponential decay of quasiparticles in
bulk ~clean! superconductor~on the coherence lengthj0)
and an algebraic factor (lF / l )2. Therefore a basic limitation
of the ‘‘Andreev entangler’’ is that the distance between
two junctions must not typically exceed a few nanomete
Improvement of the algebraic factor is obtained by reduc
the effective dimensionality of the superconductor27,28 or us-
ing a ‘‘dirty’’ superconductor.29

The source electron is created as an additional charg
dot 1. The analyzer, which allows ‘‘Alice’’ to perform th
joint measurement, is chosen to be another supercondu
This possibility of using the same physical phenomenon b
for production and detection of entangled pairs is specific
solid-state nanoelectronics. This is in contrast with opt
where parametric down-conversion produces the pairs
polarized beam splitters detect antisymmetric pairs in an
reversible way. In the present case, having an irrevers
transition of two electrons tunneling from dots 1 and 2
superconducting dot a~Alice! provides a measurement o
those electrons in a singlet state. Note that if the electr
were to oscillate between dots 1 and 2~as a singlet! and dot

FIG. 2. ~a! The TP cell contains~i! NN junctions between res
ervoirs L,R and dots 1 and 3;~ii ! N-S junctions between~1,a!,
~a,2!, ~2,b! and ~b,3!, andS-S junctions between dot a~b! and the
bulk superconductorS. DetectorsDL,R,S signal the passage of a
electron/Cooper pair in the normal/superconducting circuit.~b! Ef-
fective energy-level configuration~from left to right! of dots 1, 2,
and 3 (mS is the superconductor chemical potential!.
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a ~as a Cooper pair! there would be no measurement wha
soever. Below, we shall see that the irreversibility is brou
by the presence of a reservoir which injects an electron in
This is analogous to the measurement performed by Alice
the Innsbruck optics experiment.6 In this experiment, the two
photons which form the singlet state are destroyed by
measurement process.

If needed, the production of a spin-polarized electron c
be achieved by a spin-polarized reservoir L, connected to
1 by a tunnel junction. This polarized source could be ma
of a strongly polarized ferromagnet~half metal! or based on
any other injection scheme, using semiconductors for
stance. Symmetrically, detection of the teleported electr
sitting in dot 3, can be achieved by a spin-polarized reserv
R, in the hands of ‘‘Bob’’~Fig. 1!.

It is convenient to connect the superconducting electro
a and b by a superconducting circuit S. Indeed, once Alice
dot a detects a singlet pair, this pair can flow through
circuit S towards b, where, as we shall see, it triggers de
tion by Bob. In addition, optimum operation of the devic
requires to correlate the charge transitions in the normal d
and superconducting electrodes. To this purpose, dots a a
are chosen to be superconducting dots with sizable Coulo
charging energy. This enables to absorb/eject electron p
one by one.

B. Bell state decomposition

Before discussing the conditions on the parameters of
setup, let us recall why the measurement on~1, 2! achieves
teleportation.1,6 Having an electron in dot 1 in the state

us&15au↑&11bu↓&1 , ~1!

an entangled pair of electrons is created in dots 2, 3 in
singlet stateuCS&23. The latter is one of the four basis ortho
normal Bell states~one singlet and three triplets!

uCS&5221/2~ u↑↓&2u↓↑&), uCT0&5221/2~ u↑↓&1u↓↑&),

uCT2&5221/2~ u↑↑&2u↓↓&), uCT1&5221/2~ u↑↑&1u↓↓&).
~2!

One verifies that the resulting three-electron state can be
written as

uC&1235us&1uCS&23

52 1
2 uCS&12~au↑&31bu↓&3)1 1

2 uCT0&12~2au↑&3

1bu↓&3)1 1
2 uCT2&12~bu↑&31au↓&3)

1 1
2 uCT1&12~2bu↑&31au↓&3). ~3!

In the original scenario,1 Alice is able to perform a measure
ment of any Bell state on particles 1, 2. This at the same t
projects the state of particle 3 onto a particular state, wh
Bob can transform into the original stateuC&35us&3
5au↑&31bu↓&3 by applying an appropriate unitary transfo
mation. The latter is known when Alice sends by a classi
two-bit channel the result of her measurement, which the
fore completes teleportation. In particular, when the resul
the singletuCS&, the state in hands of Bob is nothing but th
original state of particle 1, up to a minus sign. Bouwmees
2-3
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et al.6,30 simplified this protocol: measuring only the sta
uCS& still allows teleportation, provided Alice sends as
information that she indeed completed the measurement

The setup we propose for teleportation of electron spin
similar in its principle. Once three additional electrons are
dots 1, 2, 3, the three possible triplet states for electrons i
2 lead to no detection, while the singlet state can trig
~with probability 1

4 ) an Andreev transition to the superco
ducting dot a, which acts as Alice’s measurement appara
The remaining spin in dot 3~target! acquires the same sta
s as the initial spin in dot 1, but teleportation is complet
only when the electron is detected in reservoirR ~Bob!.

C. The teleportation sequence

The teleportation sequence~see Fig. 1! is the following:
having an additional electron in dot 1, an entangled pai
created in dots~2,3!. Thus one electron occupies each of t
normal dots. If the two electrons in~1,2! are in the singlet
state, they can tunnel in dot a. This becomes a true meas
ment when another electron enters dot 1 from leadL, block-
ing the singlet pair in dot a. At the same time the spin state
the electron previously in 1 is transferred to 3, as shown
Eq. ~3!. Let us show how this teleportation sequence is e
bedded in a teleportation cycle. Indeed~see Fig. 4!, the pair
absorbed in dot a can flow from dot a to dot b and trigger
transfer and detection of the teleported electron inR, thus
allowing to recover the initial state in Fig. 1. It can the
serve as a source for another entangled pair, for the
teleportation cycle~Fig. 4!. It is essential to notice that irre
versibility of the pair production~from dot b! and of the
measurement~in dot a! is provided by the coupling to the
reservoirs: Coulomb repulsion between dots b and 3 ma
the ‘‘ target’’ electron in 3 leave towards reservoirR, which
in turn lowers the energy of the pair in dot b, allowing res
nance with~2, 3!. Similarly, the pair in~1, 2! oscillates back
and forth to dot a, but it becomes localized in dot a whe
new source electron enters dot 1. This in turn raises the
ergy in dot a and allows resonance between dot a and d
The above setup, together withstatic gating of dots 1, 2, 3,
allows efficient filtering of single-electron transitions~from L
to 1 and 3 toR) and two-electron transitions@from dot b to
~2,3! and from ~1,2! to dot a#. But it should also preven
spurious transitions: it is indeed essential, to ensure fide
of the teleportation process, that the target electron in 3 d
not escape~is detected by Bob! before Alice performs the
measurement in dot a. As shown in detail in Sec. IV, this
obtained by appropriately choosing the gate potentials
each dots. The Coulomb correlations induced by the elec
statics of this five-dot system can indeed exactly select
correct teleportation sequence.

Let us emphasize that transfer of a charge 2e from dot a
to dot b plays the role of the classical channel. Even mo
this classical signal strictly conditions the exit of the targ
electron. Therefore, according to the laws of quantum m
chanics, teleportation is achieved without ambiguity, with
fidelity conditioned by the few spurious processes such
cotunneling. This is in contrast with the optics experime
where~externally operated! time correlations are used to s
lect the TP events from spurious ones.
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The teleportation process manifests itself as a sp
conserving current passing from reservoirL to reservoirR.
Below we shall consider a situation where the cell~excluding
the leads! is chosen to be symmetric, an assumption wh
allows to reduce the number of parameters. Then, the di
tion of this current is fixed by applying a voltage biasV
betweenL/1 and 3/R. For each electron disappearing inL
and each electron appearing inR with the same spin, exactly
one Cooper pair flows through the circuitS. Yet, in the
present electronic device, a full proof of TP—irrespective
a quantum or classical description—requires an additio
diagnosis, which we discuss at the end of the paper.

III. MODEL

A. Microscopic Hamiltonian

The system under consideration~TP cell and reservoirs! is
described by the Hamiltonian

H5H01HC1HT , ~4!

whereH0 contains the energy levels of the isolated eleme
~dots and reservoirs!, HC is the total Coulomb charging en
ergy, andHT is a tunneling Hamiltonian. The partH0 reads

H05H11H21H31Ha1Hb1HS1HL1HR ~5!

with one-electron energy levels« i l in the normal dots~in the
Hartree approximation! ( i 51,2,3!,

Hi5(
ls

« i l cil s
† cil s . ~6!

Normal dots 1, 2, 3 must necessarily have a discrete s
trum, in order to avoid spin-exchange processes which
stroy entanglement. The ‘‘empty’’ state corresponds to a s
with 2N electrons in the dots, while the ‘‘singly occupied
state has an odd occupation number, which means the a
tion of one outer electron to the 2N electrons within the
dot.13 The last doubly occupied level of dots 1 and 3 must
well below the electrochemical potential of reservoirsL and
R, so as to prohibit any spurious transition of ‘‘wrong’’ spi
electrons between such levels and the reservoirs. This s
lower bound on the level spacing.13

Quasiparticle levelsEak in the superconducting dots an
reservoirS (a5 a,b,S) enter the Hamiltonian for the supe
conductors:

Ha5(
ks

Eakgaks
† gaks ~7!

while in normal reservoirsN5L,R,

HN5(
ks

«NkscNks
† cNks . ~8!

In the above, the operatorsc and c† stand for electron
annihilation and creation, and thegks’s are the usual Bogo-
liubov quasiparticle operators31 (s561), gkas5ukackas

1svkac2ka2s
† , with uka5(1/A2)(11jka /Eka)1/2, vk

5(1/A2)(12jka /Eka)1/2, jka5«ka2ma , and Eak
2-4
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ELECTRON SPIN TELEPORTATION CURRENT THROUGH . . . PHYSICAL REVIEW B69, 035332 ~2004!
5Ajka
2 1Da

2. HereDa is the gap in superconductorsa5 a,b,
andSwhere the chemical potential is set to zero with resp
to the normal reservoirsL, R.

One assumes a free-electron spectrum in reservoirsL,R
with spin-dependent quasiparticle energies. To a good
proximation, a continuous BCS-like quasiparticle spectr
in reservoirS and dots a,b is specified: this requires that
superconducting dots are ‘‘large’’ enough. Finally a discr
~and spin-independent! spectrum is chosen in dots 1,2,3.

The charging Hamiltonian can be written in a compa
form as a function of the occupation numbersNm

5(m lcm ls
† cm ls of the dots (m,n51, 2, 3, a, b),23,32

HC5~1/2!(
m,n

Cmn
21~Nme2Qm!~Nne2Qn!, ~9!

where theQm’s are the effective occupation number impos
by the gate and bias voltages~see Sec. IV and the Appendix!.
The couplingsCmn

21 are the inverse capacitance matrix e
ments of the system.

Here the Coulomb charging energy of the supercond
ing dots is chosen to be smaller than their superconduc
gap e2/Ca,b!Da,b , so as to prohibit single-electron trans
tions.

Let us assume that electronic transitions involve only o
level of the normal dots. This is justified at low enough te
perature by the discrete spectrum ofN dots, and by the fac
that gate voltages can be chosen so as to select only
possible charge states. Tunneling is supposed to occur
between reservoir/normal dot junctionsL/1, R/3, normal
dot/superconducting dot junctions 1/a, 2/a, 2/b, 3/b, and
perconducting reservoir/superconducting dot junctionsS/a,
S/b. The one-electron tunneling Hamiltonian can then
written as

HT5HL11HR31HSa1HSb1Ha11Ha21Hb21Hb3
~10!

with

HT5(
ks

tLkcLks
† c1s1(

ks
tRkcRks

† c3s1 (
kk8s

tSakk8cSks
† cak8s

1 (
kk8s

tSbkk8cSks
† cbk8s1(

ks
ta1kcaks

† c1s

1(
ks

ta2kcaks
† c2s1(

ks
tb2kcbks

† c2s

1(
ks

tb3kcbks
† c3s1H.c. ~11!

Notice that no direct tunneling occurs between norm
dots, instead, dot 2 is connected to both a and b d
Tunneling through the junctions is controlled by th
rates GL(R)s52ptL1(R3)

2 nL(R)s(0), GSa52ptSa
2 nS(0)5GS

(a5a,b), andGa i52pta i
2 nS(0)5Ga , where nL(R)s(0) is

the spin-dependent density of states at the Fermi leve
reservoirsL,R andnS(0) the normal density of states in th
superconducting reservoir.
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An important constraint concerns the coupling betwe
normal dots and the reservoirs. In order to avoid spin
change between dots 1,3 and reservoirs,GL (GR) must be
smaller than the superconducting gap, the charging en
and the chemical potentialsmL , mR .13 Moreover, the level
spacings in each normal dot must be larger thanmL , mR
~measured with respect tomS50).

B. Transport processes in the teleportation cell

The microscopic Hamiltonian of the preceding section
lows for several collective electron transfer processes. So
of these will be more favorable because of the intermed
states which they involve~generation of one or more quas
particles in the superconducting elements!. In particular, we
will be interested in processes where a minimum of qua
particles are excited in the superconducting elements of
teleportation cell.

First consider processes involving two electrons, be
transferred from/to normal quantum dots and a superc
ducting dot. These are depicted in Fig. 3. Crossed Andr
reflection12,25—also called pair tunneling—@Fig. 3~a!# in-
volves the quasisimultaneous tunneling of two electrons
from a superconducting dot from/to two neighboring dots.
the first electron tunnels it generates a quasiparticle, whic
then destroyed by the second electron which is transfer
Cotunneling33 describes the transfer of an electron from o
normal quantum dot to another@Fig. 3~b!#, via the supercon-
ductor~the order of the sequence of the two tunneling eve
is arbitrary!. The intermediate state also implies the creat
of a quasiparticle, which is subsequently destroyed as in
tunneling, and cotunneling is a spin preserving transition

Next, there are three types of processes which invo
four single-electron jumps. Teleportation@Fig. 3~c!# requires
that dot 1 is occupied initially, and dot 3 is occupied in t
final state. A Cooper pair escapes from b and another on
absorbed in a. At no step in the process a directed ma
transfer occurs between dot 1 and dot 3. This is the oppo
case for the succession of two cotunneling events@Fig. 3~d!#,

FIG. 3. Transport processes between normal quantum dots
superconducting dots:~a! Crossed Andreev reflection;~b! cotunnel-
ing; ~c! teleportation;~d! sequence of two cotunneling events;~e!
Josephson tunneling through the central dot.
2-5
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OLIVIER SAURET, DENIS FEINBERG, AND THIERRY MARTIN PHYSICAL REVIEW B69, 035332 ~2004!
where, conversely, no Cooper pair transfer occurs simu
neously, but an electron is transferred from 1 to 3 nevert
less.

Note that another possible cotunneling event from 1 t
can involve the bulk superconductor instead, by succes
quasiparticle propagation through dot a,S, and dot b. How-
ever, this process is negligible: it involves a geometrical f
tor corresponding to the propagation of unpaired electr
between dot a and dot b through the bulk superconducto

One may also consider the transfer of a Cooper pair fr
dot b to dot a, this time without the transfer of an electr
from 1 to 3, which can be viewed as a kind of Josephs
coupling between dot b and dot a.12,34 Note that both the
successive cotunneling and the Josephson-like proce
compete with the Andreev processes which are essentia
teleportation.

Here, we argue that optimum conditions for the operat
of the teleportation cell are met when the Andreev pair tr
sitions@from b to~2, 3! and from~1, 2! to a# are chosen to be
resonant. The resonance condition also applies for the C
per pair transitions between dots a, b and the circuitS. This
Cooper pair transfer amplitude involves two Josephson ju
tions, each junction involving a superconducting dot~a or b!
and the bulk superconductorS. The Josephson coupling a
sociated with each junction has been computed in Ref.
starting from a microscopic, single-electron hopping Ham
tonian. Surprisingly, these Josephson couplings can be
forced by the Coulomb blockade effects in the supercond
ing dots. In practice, such resonant conditions can
achieved because the individual levels of dots 1, 3~equal by
our choice of a symmetric cell! and dot 2 can be indepen
dently chosen, provided they stay within the superconduc
gaps of superconducting dots a,b.

In the Appendix, a perturbative argument is provided
show that direct transitions of electrons from 1 to 3 via 2 c
be strongly reduced compared to the teleportation proc
The amplitude of cotunneling being comparable to that
Andreev transitions,25 the way to suppress cotunneling is b
raising the level in 2 with respect to 1, 3@Fig. 2~b!#. Then,
contrarily to the teleportation process, cotunneling involv
only nonresonant transitions and can be safely neglecte
lowest order. We also show show in the Appendix und
which conditions the Josephson process can be neglecte

Gate voltages on the five dots of the cell can be tun
such that all the singlet pair transitions in the TP cell a
either resonant or blocked by Coulomb interactions~at T
50 and neglecting cotunneling!. First, pair transitions be
tween dot a~b! and circuitS have amplitudeTJ

a,b . Second,
Andreev pair transitions between dot a and the pair of d
~1, 2!, and between dot b and the pair of dots~2,3!, have
amplitudesTA

a,b . The resonant condition for these amp
tudes will be explicit when writing the coherence terms
the Bloch equations for the reduced density-matrix eleme
On the opposite, Cooper pair transitions from dot a or do
to one of individual dots 1,2,3 are strongly suppressed
Coulomb repulsion. These last assumptions were also
sidered in Refs. 12 and 13, where the system formed b
superconductor and two normal dots was shown to behav
a source of entangled Cooper pairs. Nonlocal~or crossed!
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Andreev process remains unchanged if the bulk superc
ductor is a small superconducting island with sizable C
lomb energy, especially in the resonant case.

We further stress that here the driving force for telepor
tion is the voltage bias applied to the teleportation cell. T
resulting Cooper pair current flowing in the superconduct
branch is not a Josephson current, but is instead an And
current dragged by the spin-polarized current flowing un
the effect of the biasV.

C. Effective Hamiltonian

From what precedes one can derive an effective tun
Hamiltonian, which involves only pair tunneling within th
TP cell and single-electron tunneling to and from the norm
reservoirs,

HT
e f f5HL11HR31HP ~12!

with

HP5TJ~Ca
†1Cb

†!CS1TA
aC12

† Ca1TA
bC23

† Cb1H.c.,
~13!

where theC i j destroys a singlet pair in twoN dots and
Ca,b,S destroys a Cooper pair in the superconducting e
ments. This Hamiltonian will be used in Sec. V to derive t
average current through the cell.

IV. ELECTROSTATICS OF THE TELEPORTATION CELL

Let us now discuss the central issue of the Coulomb
ergy balance in the TP cell. The external variables are
bias voltageV applied betweenL andR and the gate voltage
Vgm applied to dotsm51, 2, 3, a, b. For the sake of sim
plicity, the TP cell is assumed to be symmetric, which mea
~i! the equality of the tunneling matrix elements between
pairs a1~2!, b 2~3! and ~ii ! the equality of the capacitance
C1a5C2a5C2b5C3b5C, CaS5CbS5Cs . Notice that the
tunneling amplitudes from reservoirL or to reservoirR can
instead be different: the symmetry of the device is only
sumed within the teleportation cell. One assumes in addi
that CL15CR35Cr , and that the gate capacitances are
equal toCg , which is taken much smaller thanC,Cs ,Cr . In
this section’s applications, the teleportation regime will
studied under the assumptionC5Cr5Cs in order to reduce
the number of parameters. At temperatureskBT!uVu, the
direction of the current through the cell is determined by
sign of V, from left ~L! to right ~R! as a convention. The do
occupation numbersNm are defined by the excess char
numbersnm5Nm2Nm

0 with respect to a reference state wi
even occupancies. External voltages can be tuned such
the relevant numbers arenm50,1 for normal dots, andnm
50,2 for superconducting dots, apart from intermediate q
siparticle states involved in pair transitions, which invol
odd charge states. This defines the cell configurati
(n1nan2nbn3). Incorporating the charge numbersNm

0 into
the definition of the effective chargesQm , one writes the
total electrostatic energy of the cell
2-6
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En1nan2nbn3
5

1

2 (
m,nPdot

Cmn
21~nme2Qm!~nne2Qn!

2
~NL1NR!eV

2
, ~14!

where Qm5CgVgm (m5a,2,b! and Q15CgVg11Cr(V/2),
Q35CgVg32Cr(V/2). NL and NR are the total number o
charges that have passed through junctionsL/1 and 3/R. The
voltage drops at these junctions are equal toV/2 due to the
symmetry in the junction capacitances.

The electronic transitions within or out of the cell involv
total Coulomb energy differencesDEi

f5DE(n1nan2nbn3) i

(n1nan2nbn3) f

1D«m between initial and final states. The second term
counts for the discreteness of the normal dot spectrum,
will be neglected compared to the main Coulomb contrib
tion. Among all possible transitions in the system, seve
processes can result in a current from reservoirL to reservoir
R. Some of them involve teleportation of the spin sta
present in 1, others not. Selection of the former processes
be achieved at low enough temperature if their energy
ance is negative, while that of unwanted processes is p
tive. Also, spurious processes leading to spin exchange
the reservoirs can be suppressed in this way.

In all the above, it is crucial to have a finite chargin
energy in the superconducting dots. This charging energ
necessary to enforce the desired sequence of events. Tr
tions involving dot occupation by many Cooper pairs wou
instead follow, leading to further spurious processes.

A. Allowed transitions within the teleportation cycle

Allowed transitions are represented in Fig. 4. The
quence may~arbitrarily! start with the evacuation of dot
triggered by a Cooper pair in dot b~see framed section!. The
electron measured inR corresponds to a previously tele
ported state. At the same time, the next electron to be t
ported is already sitting in dot 1. This allows next to depo
a singlet in dots 2 and 3 and to ultimately perform the B
projection, coming back to the initial state. Transitions wh
do not involve reservoirs are taken to be resonant, while
injection and detection steps from/to the reservoirs are ta
to be irreversible. First, the conditions for resonance betw

FIG. 4. TP cycle, which operates with a dc bias. ‘‘Horizonta
transitions only are resonant. Starting from the framed configura
~upper right!, an electron in 3 escapes inR; next, a pair~from dot b!
creates an entangled state 2,3~wiggly line! with rateTA , leaving all
N-dots filled. A pair 1,2 then escapes in dot a. The electron i
acquires the spin state of dot 1, as confirmed by the absorption
singlet state in a and the subsequent injection of an electron froL.
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configurations~10020!, ~10101!, and~02001! can be deduced
from Eq. ~14!, e.g.,DE10020

101015DE10101
0200150:

Q115Q214Q312Qa27Qb52 3
2 e, ~15!

4Q115Q21Q327Qa12Qb52 3
2 e. ~16!

Similarly, the resonance condition between configuratio
(12001), (10001), and (10021), e.g.,DE10001

120015DE10021
10001

50, leads to

Q115Q214Q312Qa18Qb513e, ~17!

4Q115Q21Q318Qa12Qb513e. ~18!

These equations can be simplified, assumingQ15Q3 and
Qa5Qb , which yields

Q11Q25 2
3 e, Qa5 29

30 e. ~19!

Notice that the second condition means forS dots a qua-
siresonance between states differing by one Cooper pair.
then finds, as a simple result, that the above resonance
ditions for injection or detection processes fix the bac
ground charge on superconducting dots, and relates thos
normal dots. This still leaves one more gate voltage as a
parameter.

Let us turn to the ‘‘transport’’ conditions allowing elec
tronic transitions fromL to 1, and from 3 toR to occur
~assumingeV.0). Two cases must be distinguished, d
pending on the relative energies of the ‘‘even’’~resonant!
states (12001),(10001),(10021) compared to the ‘‘odd’
~resonant! states (10020),(10101),(02001). First, assume
that the even states are more stable~which corresponds to
Q1. 9

10 ). Then the transport conditions can be written as

e
V

2
.DE02001

12001,DE10021
10020 ~20!

which in the present case result in

Q12
9

10
,

CV

e
. ~21!

On the other hand, in the other case where odd states
more stable than even ones (Q1, 9

10 ), one gets similarly

2Q11
9

10
,

CV

e
. ~22!

The conditions of Eqs.~19! and~21! or ~22! are necessary
for the wanted sequence to occur, but still do not prev
spurious transitions from occurring. We now consider
possible processes leaving the sequence states.

B. Unwanted processes

As discussed earlier, the microscopic Hamiltonian allo
for a number of unwanted processes. These can be m
mized or reduced for physical reasons, keeping in mind t
we can tune the energy levels in the dots.

n

3
f a
2-7
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The first category of unwanted processes concerns the
stant at which charges are injected into 1 or detected from
According to the general TP protocol, a singlet state ha
be measured in dots~1,2!, by an irreversible transition to do
a. This means that injection must occur in state (02001)
the exclusion of any other state of the sequence. Thi
enforced by forbidding the occupation number 2 on dot
e.g.,

e
V

2
,DE12001

22001,DE10001
20001,DE10021

20021,DE10020
20020,DE10101

20101.

~23!

On the other hand, detection from 3 must wait for a cl
sical signal to be sent, that the above measurement has
completed. Since the pair in a, once created, can reso
with dot b throughS, the signal is nothing but the appearan
of a pair in dot b, which triggers detection from 3 by mea
of the Coulomb repulsion. For this one must avoid spurio
transitions from~12001!, ~10001! and ~10101!, which im-
plies

e
V

2
,DE12001

12000,DE10001
10000,DE10101

10100,DE02001
02000. ~24!

The compatibility of Eq.~24! with Eq. ~21! requires to
satisfy the following conditions:

DE12001
12000,DE10001

10000,DE10101
10100,DE02001

02000.DE10021
10020. ~25!

These conditions can be shown to be equivalent to
following set of inequalities between inverse capacitance

Cb3
212Ca3

21.0, Cb3
21.0,

2Cb3
212C23

21.0, 2~Cb3
212Ca3

21!1C13
21.0, ~26!

which are always fulfilled, owing to the concavity of th
decrease of the inverse capacitanceCi j

21 with the distance
u i 2 j u.

An especially important condition concerns the cotunn
ing process from dot 1 to dot 2~see Sec. II! which involves
the possible transitions (12001)→(02101), (10021)
→(00121), (10001)→(00101). These transitions involv
positive energies provided thatQ12 8

15 .0. A sufficient con-
dition to minimize cotunneling processes is therefore

Q12 8
15 @ga . ~27!

Other forbidden transitions concern injection from res
voir R, and detection to reservoirL, processes which would
contribute to an ‘‘inverse’’ current flowing fromR to L. One
can check that this involves the condition

11

10
2Q1.

CV

e
, Q12

1

6
.

CV

e
. ~28!

One could also worry about a process transferring an e
tron from 1 to 3 accompanied by a net Cooper pair trans
from dot b to dot a, but the latter happening in reverse ord
the absorption of the singlet in dot a would occur before
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creation of the entangled pair in dot b. Its sequence
(10020)→(021̄20)→(02001), e.g., the absorption of th
singlet in dot a occurs before creation of the entangled pa
dot b. This process is however unlikely due to the cha
state21 in dot 2, which renders the crossed Andreev tra
sition nonresonant.

The operating conditions discussed above can be sum
rized in a stability diagram~Fig. 5!, plotted as a function of
Q1 andV. The two symmetric rectangles tilted at6p/4 con-
tain the zero-temperature working regimes. Outside the
tical lines on the left and on the right, cotunneling is favore
This diagram shows that all the conditions meet in a re
tively large portion of the parameter range. Remarka
enough, apart from the ‘‘even-odd’’ degeneracy point
Q1 /e59/10, there is a threshold voltage for teleportatio
This means than the system does no work in the linear
gime but instead there is a ‘‘Coulomb gap’’ equal to t
energy difference between the even and the odd states
ticipating in the TP sequence. Notice thatV is also bounded
from above, to avoid spurious transitions during the
quence. The size of the working region guarantees that
system can work in presence of weak thermal and quan
fluctuations. Indeed, the relevant energy scale is a siz
fraction of the Coulomb charging energy of the dots.

Note that the simplification which consists of choosi
the junction capacitances to be equal is by no way restrict

FIG. 5. Stability diagram for the teleportation cycle. The tw
tilted rectangles indicate the parameter domain for the voltage
and for the background charge of dot 1 which are required to sta
the teleportation cycle.
2-8
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ELECTRON SPIN TELEPORTATION CURRENT THROUGH . . . PHYSICAL REVIEW B69, 035332 ~2004!
It can be shown that all the above results hold in general,
only condition being on the relative values of the capa
tancesCs andCr .

V. CALCULATION OF THE TELEPORTATION CURRENT

This section presents the dynamics of the five-dot telep
tation cell, described in the above working regime, at z
temperature. The method is that of the master equation
scribing the dynamics of the reduced density matrix (smn)
where them ’s are the configuration states retained in t
sequence. A microscopic derivation of the master equa
for a system of dots, superconductors and normal reserv
starting from single-electron hoppings is presen
elsewhere.36 Diagonal elements describe the occupat
probabilities of the configurations and nondiagonal ones
scribe the coherences between them. The latter naturally
cur because of the resonant Andreev processes occurrin
the TP sequence, and lead to a system of Bloch-
equations.37 The derivation is inspired by the work o
Gurvitz38,39 who treated the cases of single- and double-
systems. The generalization starts from an effective Ham
tonian, which is the sum of the Andreev pair Hamiltoni
and the one-electron injection/detection terms as in Eq.~12!.

Starting with a given initial condition specifying a poin
of the sequence, for instance the state (10021), with a sps
state in dot 3, the Schro¨dinger equation is written for the
state at instantt,

uC~ t !&5(
m,n

bm,n~ t !um,n&, ~29!

where the indexn contains the information on the quasipa
ticles which have been transferred~with wave vectors
kL ,kR) from reservoirL to reservoirR. The reduced density
matrix (smn) involves a trace of all transition operato
um&^nu on quasiparticle indicesn.38 The index m
5b,1,3,a,0,s,t runs on the states of the sequence, deno
for simplicity as ub&5u10021&, u1&5u10020&, u3&
5u02001&, ua&5u12001&, u0&5u10001&, and us&, ut& in-
volved in the configuration (10101), produced from (1002
as the stateus&1 ucS&23. The decomposition expressed in E
~3! leads to the singlet stateus&5ucS&12us&3 and the triplet
combination ut&5(1/A3)(0,1,2ucT0,1,2&12us̃0,1,2&3. The
statesus̃0,1,2&3 are obvious notations for the rotated sta
appearing in Eq.~3!. Notice that stateut& does not connect to
any other state thanu1&, while us& connects tou1& and u3&.

Let us stress again that spin is perfectly conserved wi
the teleportation process. Therefore, a general set of clo
Bloch equations can be obtained irrespective of the spin
rection along an arbitrary axis. This of course holds only
absence of any spin relaxation or decoherence. The spin
dex is thus omitted in thesmn :

ṡmm5 i(
n

Vmn~smn2snm!2(
l

~Gmlsmm2Glmsll!,

~30!
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ṡmn5 i ~Em2En!smn1 i(
l

~smlVnl2slnVml!

2
smn

2 (
l

~Gml1Gnl! ~31!

with m,n5a,b,0,1,3,s,t, and imaginary coefficients (Vmn)
on the right-hand side identify coherent processes, w
injection/detection processes have real coefficients (Gmn).
For the teleportation cell, according to Fig. 6 we haveVa0
5V0a5Vb05V0b5TJ , the tunneling rate for Cooper pair
from dot a toS (S to dot b!. V1s5Vs152TA/2, V1t5V t1

52A3TA/2, V3s5Vs35TA are the Andreev tunneling
rates,Gb15GR , G3a5GL , all the otherVmn’s andGmn’s are
zero. The energiesEm2En of the Cooper pair transitions ar
included for sake of generality, and are set to zero in
resonant regime. Note that the Andreev amplitudesTA are
computed to the lowest order in the Appendix, yet here th
amplitudes are considered nonperturbative, including all p
sible round trips between the normal and the supercond
ing dot. It is therefore possible to consider the limit of
‘‘good’’ Andreev contact in what follows.

The full system of Bloch equations involve the popul
tions of the seven above states, and the coherences bet
states 1,3,s,t on one hand, and between statesa,b,0 on the
other hand. All the other coherences are zero since the
responding states are coupled by relaxation terms, accor
to the usual approximation.37 The Bloch equations are

ṡ1152 i
1

2
TA~s1s2ss1!2 i

A3

2
TA~s1t2s t1!1GRsbb,

~32!

ṡss52 i
1

2
TA~ss12s1s!1 iTA~ss32s3s!, ~33!

ṡ tt52 i
A3

2
TA~s t12s1t!, ~34!

ṡ335 iTA~s3s2ss3!2GLs33, ~35!

ṡaa5 iTs~sa02s0a!1GLs33, ~36!

ṡ005 iTs~s0a2sa0!1 iTs~s0b2sb0!, ~37!

ṡbb5 iTs~sb02s0b!2GRsbb , ~38!

FIG. 6. Labeling of the states which enter the Bloch equatio
Their respective connection is identified by arrows. Single arro
represent irreversible processes which involve the transfer o
electron to/from the reservoir.
2-9
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ṡ1s5 i ~E12Es!

1 i S 2
1

2
TAs111TAs131

1

2
TAsss1

A3

2
TAs tsD ,

~39!

ṡ1t5 i ~E12Et!1 i S 2
A3

2
TAs111

1

2
TAsst1

A3

2
TAs ttD ,

~40!

ṡ135 i ~E12E3!1 i S TAs1s1
1

2
TAss31

A3

2
TAs t3D

2
1

2
GLs13, ~41!

ṡ3s5 i ~E32Es!1 i S 2
1

2
TAs311TAs332TAsssD

2
1

2
GLs3s , ~42!

ṡ3t5 i ~E32Et!1 i S 2
A3

2
TAs312TAsstD 2

1

2
GLs3t ,

~43!

ṡst5 i ~Es2Et!1 i S 2
A3

2
TAss11

1

2
TAs1t2TAs3tD ,

~44!

ṡa05 i ~Ea2E0!1 iTJ~sab1saa2s00!, ~45!

ṡb05 i ~Eb2E0!1 iTJ~sba1sbb2s00!2 1
2 GRsb0 ,

~46!

ṡab5 i ~Ea2Eb!1 iTJ~sa02s0b!2 1
2 GRsab , ~47!

which have to be solved, obviously verifying the normaliz
tion constraint for the probabilities

s111sss1s tt1s331saa1s001sbb51. ~48!

In the above system the equations forsnm5smn* are omit-
ted. The stationary solution gives the average current flow
from L to 1 or from 3 toR for each spin direction. This
current, denoted as the teleportation current, is given by

I tel,s5eGLs33
stat , ~49!

with smn
stat the stationary density-matrix elements. Let us fi

consider the case of resonant Cooper pair transitions. Aft
straightforward calculation, one obtains quite a simple re

I tel,s5e
GLGR

aGL14GR

TA
2

TA
21

2GL
2GR

aGL14GR

~50!
03533
-

g
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with

a5
3

2
1

1

2

GR
2

TJ
2

. ~51!

One can show that if by chance the transitions from c
figuration (10020) to (10101) and from (10101) to (0200
are not exactly resonant, the above result still holds provi
(10020) and (02001) have the same energy.TA will then be
decreased and can be calculated using the lowest-order
turbation estimate of the Appendix: for instance, an ene
denominator (DE10020

10101)21 will reflect the suppression of the
Andreev process describing the singlet injection in 2,3. T
situation can be enforced in practice if dots 1 and 3 on o
hand, and dots a and b on the other hand, are coupled to
same electrostatic gate in order to preserve the symmetr

Equations~32!–~47! allow to explore the effect of anothe
detuning effect such as the energy differenced between
(10020) and (02001). One can show that it has a neglig
effect provided thatd!gL,R .

Equating to zero the termṡbb in Eq. ~38! one easily de-
duces the Cooper pair current from dot a to dot b :

I P52eiTJ~sb0
stat2s0b

stat!52eGRsbb
stat52eGLs33

stat .
~52!

One thus finds thatI P52I tel,s . This relationship ex-
presses a very fundamental property: each time a spin sta
teleported fromL to R, a Cooper pair passes from dot a
dot b. This is because the pair transfer in theS circuit con-
ditions detection. While in the present work this property c
be attributed to the specific model which we have chosen
the teleportation cell, and to the parameters which select
relevant states of the TP cell, the experimental observatio
both currents in such a device, on the time scale of the t
portation cycles, would offer a nonambiguous proof of te
portation, as in Ref. 6. Instead, here the equality is dem
strated only on the average. But it is clear from the operat
of the TP sequence, and from the time-dependent solutio
Bloch equations, that it is true at the time scale of an elem
tary spin transfer. This locking of both currents reflects t
basic property of TP: splitting a qubit transfer~electron with
its spin! into a spin transfer~from 1 to 3! and a classical
information transfer from dot a to dot b, which is here not
ing but the charge 2e. This behaves classically owing to th
irreversibility of the transition, driven by the biasV. Notice
that the classical signal is sent automatically and needs
operation external to the circuit.

Here the interdot charging energy plays a crucial role
cause it conditions the precise sequence. Successive
cycles follow each other in a sequential way, overlapping
injection step of cycleN11 and detection step of cycleN
~Fig. 4!. In fact, cycleN11 begins with the injection in 1 of
an arbitrary spin state. This forces the Bell measuremen
the singlet in a for cycleN, followed by the classical signa
and detection of theNth teleported spin state inR. Then dot
2-10
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b produces the entangled pair for cycleN11, which is mea-
sured in dot a when the spin state for cycleN12 enters 1,
and so on.

Let us insist on the irreversibility of both pair productio
and measurement. Although both processes occur betw
state of identical energies, the quantum resonance betw
(10020), (10101) and (02001)~odd states! ‘‘begins’’ when
the previous electron leaves 3 and ‘‘ends’’ when the next
enters 1. Then the resonance between (12001), (10001)
(10021) ~even states! begins and ends when the electr
leaves 3. Change of odd to even states generically involv
large energy change, of a fraction ofe2/C ~see Fig. 5!. Thus
the phase coherence is lost at these transitions, allowing
transfer of classical information. Yet, the spin coherence
preserved during each TP cycle.

One sees that the above protocol has the virtue to wor
an automatic way, without any external intervention. It h
the great advantage that its speed is only limited by the
dreev amplitudeTA and the couplingsGL,R , as shown by the
average TP current of Eq.~50!. It seems plausible thatTA can
be optimized by reducing the dimensionality of the sup
conducting dots, as the geometrical factor is known to hav
reduction effect in three and two dimensions only. An es
mate of currents in the picoampere range still leads to ab
107 TP events per second, a quite sizable quantity. One dr
back of such a high cycling value is the difficulty of a tim
resolved diagnosis. This will be discussed in the followi
section.

VI. COMPARISON WITH THE QUANTUM OPTICS
IMPLEMENTATION

In this work, a primary teleportation diagnosis lies in t
nonlocal transfer of the injected electron spin fromL into R,
and in the perfect locking of the average TP current wh
flows betweenL andR with the average pair current in theS
circuit. This relies on the assumption—justified by perturb
tion theory estimates—that processes such as successiv
tunneling via the two superconducting dots or such as
sephson tunneling through the central dot, which may af
the fidelity of teleportation, can be neglected: the telepo
tion channel is then the dominant one.

However, even if one measures average currents~injec-
tion and detection current, together with the pair current! and
if one finds that these are correlated, this does not const
a rigorous proof that we are dealing with teleportation.
fact, accidental fluctuations in the gate voltages for insta
may pollute the TP process. To be more precise, the
fingerprint of TP is thateach timean electron appears inR
with the same spin that was injected fromL, a Cooper pair
passes almost simultaneously from dot a to dot b. Quan
mechanics described by our microscopic and effec
Hamiltonian confirms explicitly this perfect correlation o
electron and Cooper pair currents at the single-particle/sin
Cooper pair level.

In similar situations, encountered experimentally first
quantum optics, such as Bell inequality tests,40,41a diagnosis
which measures correlations between particles independe
of the chosen~classical or quantum! description of the appa
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ratus is necessary. Such tests of nonlocality allow to rule
a description at the classical level once the outcome o
specific measurement in known.

In the optics experiment,6 a coincidence measurement
performed to isolate the teleportation event. First, two pa
of photons are created at a close time interval with the sa
laser pulse. The first pair 2,3 is the entangled pair which
shared by Alice and Bob and which is used to build t
three-particle state in the Bell state decomposition. One
the photons of the second pair 1, 4~the test photon 1! con-
tains the state to be teleported. The other photon of this s
pair ~4! serves as a simple trigger to signal when the pro
gation of the photon 1 has started. A four fold coinciden
measurement in the trigger detector, in the two detec
needed to signal the measurement of a singlet pair 1 an
and in the detector of the outgoing photon 3 allows to co
firm the signature of teleportation.

In nanocircuits, counting single electrons or single Coo
pairs one by one in a transport experiment still represen
challenging task. In the present case, they could in princ
be achieved by time-resolved capacitive coupling meas
ments at the injection and detection location, and on o
junction of the superconducting circuit. Which quanti
needs to be measured to confirm the signature of telepo
tion? Recall that for the theoretical description of the me
surement of entangled states injected from superconduc
Bell inequality tests can be envisioned for situations wher
stationary current flows from the superconductors to the
tectors, both in a scattering approach16 and in sequential tun-
neling scenarios. In the former case, equal time numbe
particle correlators can be converted into current-curr
~noise! cross correlations.

In the present teleportation scenario, assuming
injected particle has a definite spin state, a measurem
on both the Cooper pair and on the detected part
is needed. This involves the knowledge of the quan
^Nb(t)(sz)R(t8)&, where Nb(t) is the excess Cooper pa
arriving in dot b and (sz)R(t8) is the electron spin subse
quently measured in the detection reservoirR ~using a ferro-
magnetic reservoir!. Note that heret.t8 need to belong to
the same cycle. From the teleportation current result of
~50!, assuming that the Andreev tunneling amplitudeTA is
comparable to the ratesGL,R , one can estimate the period o
each cycle and the condition on the two times above re
(aGL1GR)/GLGR.t2t8. As in the Bell inequality test for
solid state devices, the above number correlator can rea
be expressed in terms of noise or current-current correla
at finite frequency:*dveivt^I P(t)I tel(0)&, where I tel(t) is
measured using a spin-polarized reservoir. Note that
choice of having weak injection and escape rates is fu
consistent with the working assumptions for using a Blo
equation description.

An experimental test of the device would require to mo
tor the electron current at the point of injection and detecti
and the Cooper pair current betweena and S ~or S and b),
and to resolve the time correlations22 between these two cur
rents@in Fig. 2~a!, such detectorsDL,R,S are sketched#.
2-11
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VII. CONCLUSION

To summarize, an electron spin teleportation sche
which employs a normal/superconducting hybrid nanodev
for electrons has been proposed. Although the overall sys
contains several elements of controlled size and na
~superconducting/normal metal/ferromagnetic! which could
prove difficult to integrate, it relies fully on current nanofa
rication techniques. The main message of this paper is
teleportation can in principle be achieved in a hyb
superconductor/normal metal nanodevice operating with
time-dependent interactions, in the steady-state regime
simply applying a bias to the device.

We have shown that the teleportation protocol is precis
the same as in the quantum optics experiment, as only
singlet state of the Bell decomposition is used. A differen
however for our system is that the generator for singlet p
and the detector for such pairs is a superconductor wh
either breaks Cooper pairs and distributes them in the dot
alternatively absorbs them, is the same device: the Andre
dot entangler.13 We have pointed out that given the micr
scopic Hamiltonian, several competing processes are
sible in this system. These can be minimized by adjusting
electrostatic gates on the dots and most importantly by wo
ing with the condition of resonant pair transition~singlet
pairs of electrons in the dots and Cooper pairs in the su
conducting elements!. This enabled the use of an effectiv
Hamiltonian where the sole single-electron jumps consis
the injection and detection processes with the reservo
Nonetheless the full operation of the device is not quant
mechanically coherent, owing to the large energy chan
involved in both the injection/measurement and detect
processes. Finite capacitances of the dots, together
boundary conditions on the voltage bias and gate volta
allow to single out a sequence of successive states w
teleportation takes place. A Bloch equation description p
vides the derivation of the teleportation current, which
perfectly locked to the pair current flowing from one sup
conducting dot to another.

Limiting factors should also be discussed. First, althou
the transport through the dots is described at the seque
level, it is crucial to maintain spin coherence during the
sequence~on a time scale;\/GR,L , which turns out to be
‘‘short’’ in practical situations!. This coherence can be de
stroyed by spin-orbit coupling, or by collisions with the oth
electrons within the dot. Such spin-flip processes can
minimized by carefully monitoring the parity of the occup
tion number of small enough normal dots. Second,
present scheme requires a sufficient amplitudeTA . This am-
plitude is reduced by a geometrical factor in two and th
dimensions when the twoN-S tunnel barriers are spaced fa
ther than a few nanometers.12,13,25

A more detailed version of the dynamics of our telepor
tion should in principle also include unwanted process
Such processes lead to states which lie outside the telep
tion cycle states, which can be accessed for instance via
tunneling transitions. Cotunneling process would then be
cluded by coherent couplings of the reduced density-ma
elements in the Bloch equation approach, and are then li
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to reduce the fidelity of teleportation.
How could this device be implemented experimental

At the present time, the best control of quantum dots
achieved with semiconductor dots defined by metallic ga
Nevertheless, hybrid, semiconductor/superconductor ju
tions still present technological challenges. Here, reason
small barriers have to be achieved between the normal
and the superconductor in order to maximize the Andre
injection/absorption rate. An alternative would be to defi
the dots with quasi-one-dimensional conductors~nanotubes!
placed in contact with superconducting elements. Inde
bent, gated, contacted carbon nanotubes42 have demonstrated
Coulomb blockade behavior. Concerning the contact wit
superconductor-nanotube junction, there is some hope
the geometrical constraint which operates in two and th
dimensions is relaxed.27,28 Also, the feasibility of this pro-
posal relies on the control of the single-electron injection a
detection process. Efficient spin filtersL, R, are already
available at low temperatures.43

Finally, it is legitimate to ask about the practical ran
over which the electron spin state can be teleported. In
present situation, using low temperatures, it is likely to be
a few microns. The proposed setup is generalizable toN
11 normal dots, together withN superconducting circuits
(2N Sdots!: TP of a spin state in dot 1 onto dot 2N11 can
be achieved by a swapping process,9 thus extending the
range of TP.

Note added in proof. A quantum teleportation protoco
involving electron and hole states in the integer quant
Hall effect has been proposed recently.45
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APPENDIX: PERTURBATIVE CALCULATION
OF PAIR TUNNELING, COTUNNELING,

AND JOSEPHSON AMPLITUDES

In order to justify our assumptions, we present lowe
order perturbative estimates of the electron transfer proc
in the teleportation cell displayed in Fig. 3. For simplicit
the expressions below are derived with our working assum
tion that the charging energies of the dots are much sma
than the superconducting gapD ~in a,b,S!. Calculations are
performed using theT-matrix approximation, in which the
‘‘effective tunneling Hamiltonian’’ is specified by:

HT
e f f5HT1HT(

n
F 1

ih1« i2H02HC
HTGn

~A1!

with « i the initial energy and the Hamiltonian in the denom
nator excludes all single-electron hoppings.h is an infinitesi-
mal. We are interested in events which connect an ini
state u i & ~specified by the occupation configuration
2-12
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n1 ,na ,n2 ,nb ,n3 of the dots! which is connected byHT
e f f to a

final stateu f & with the same energy.

1. Second-order processes

Assuming no external phase difference across the su
conductors, it is straightforward to derive the effective a
plitudes for pair tunneling (TA), cotunneling (TC), and Jo-
sephson tunneling (TJ) between the superconductin
elements, to second order in the single-electron hopping
plitudestmn . TJ

a (TJ
b) involves an intermediate state with on

Bogoliubov quasiparticle inS or dot a ~b!, while TA
a (TA

b)
involves an intermediate state with one quasiparticle in d
~b!. The amplitudesTJ

a,b have been calculated in Ref. 35 an
are not reproduced here. Summing over all possible inter
diate states, the crossed Andreev amplitudes are given b

TA
a.2(

k
uk

avk
at1at2a /~ ih2Ek

a!, ~A2!

TA
b.2(

k
uk

bvk
bt2bt3b /~ ih2Ek

b!. ~A3!

Cotunneling amplitudes are specified in a similar way:

TC
a .(

k
t1ata2~ uuk

au22uvk
au2!/~ ih2Ek

a!, ~A4!

TC
b .(

k
t2btb3~ uuk

bu22uvk
bu2!/~ ih2Ek

b!. ~A5!

These amplitudes are reduced from an ideal value of
order ofga by the necessary propagation of the virtual int
mediate state quasiparticle between the two junctions,
distancel. This involves a geometrical factor,12,13,25 of the
order of f ( l )5(lS / l )2e2 l /pj0 in the clean limit (lS is the
Fermi length in the superconductor andj0 is the coherence
length!.

Note that both the Andreev and the cotunneling am
tudes of Eqs.~A3! and ~A5! contain denominators (ih
2Ek

a) which involve the superconducting gap. This howev
does not imply that the amplitudes for such processes
proportional toD21, as one needs to take into account t
energy dependence ofuk

a,b andvk
a,b in order to compute the

sums. In fact, these processes have either no dependen
the gap—the case of the Andreev process—or a logarith
dependence ln(W/D), whereW is the bandwidth of the super
conductor in the normal state—for the case of cotunneli
Discarding numerical factors of the order of unity, one fin

TA
a;t1at2anSf ~ l !, ~A6!

TA
b;t2bt3bnSf ~ l !, ~A7!

TC
a ;t1ata2nSln~W/D! f ~ l !, ~A8!

TC
b ;t2btb3nSln~W/D! f ~ l ! ~A9!
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with nS the density of states of the superconductor in
normal state. For typical physical parameters, the logarit
is of the order of 1, so the Andreev and the cotunnel
process have a comparable magnitude.

2. Fourth-order processes

We consider three types of fourth-order tunneling p
cesses which are relevant to our problem:~a! teleportation
processes;~b! the succession of two cotunneling process
which result in the spin conserving transfer of an electr
from 1 to 3 ~an unwanted process which pollutes telepor
tion!; ~c! Josephson tunneling from dot a to dot b via dot

For the teleportation process we start with the st
(10020) as in Fig. 1. Transferring one electron on 2 o
creates a quasiparticle in dot b (10110 or 10011), which
subsequently destroyed when the intermediate state with
electrons in the normal dots is reached, (10101). The fi
state (02001) can be reached via either of the two st
(11001 or 01101) with one quasiparticle in a each. The o
resonance~OR! teleportation tunneling amplitude then rea

TTel,OR.2~ ih2DE10020
10101!21

3(
k

(
q

4tb2tb3ta1* ta2* uk
bvk

buq
a* vq

a*

Ek
bEq

a
. ~A10!

Note that by specifying that the dot level energies in 1
are located at an equal distance but opposite location w
respect to the superconducting chemical potential, the re
nance condition is enforced:DE10020

1010150 ~also DE10101
0200150)

and this expression diverges~except for the presence ofih).
A more careful analysis would show that a resummation
all the terms in the perturbation series leads to a finite a
plitude in this resonant situation. As specified in the prec
ing section, the resonant regime is the working assump
of our teleportation proposal.

For the successive two cotunneling events, it is possibl
write down a general expression for transitions from the s
n1nan2nbn3 to the final state (n121)nan2nb(n311) via the
intermediate state (n121)na(n211)nbn3:

T2Cot.2~DEn1nan2nbn3

(n121)na(n211)nbn3!21

3(
k

(
q

t1ata2t2btb3~ uuk
au22uvk

au2!~uq
bu22uvq

bu2!

Ek
aEq

b
.

~A11!

Computing the sums over momentum, this is estimated to

T2Cot;2~DEn1nan2nbn3

(n121)na(n211)nbn3!21t1ata2t2btb3nS
2ln2~W/D!

5~DEn1nan2nbn3

(n121)na(n211)nbn3!21TC
a TC

b . ~A12!

3. Estimation of the cotunneling current

Under the resonance condition, the energy denomin
En1nan2nbn3

(n121)na(n211)nbn3 is ‘‘large’’ and successive cotunnelin
2-13
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can be minimized. Indeed, using Eq.~14! and the definition
of the capacitance matrix, one obtains

DEn1nan2nbn3

(n121)na(n211)nbn3/e2

5
1/22n11Q1

C1Cr1Cg
1

1/21n22Q2

2C1Cg
2

nb2Qb

C
. ~A13!

At this point we use our working assumption that all capa
tances are equal, together with the resonance cond
which fixesQa5Qb529/30. Furthermore we choose a val
of Q1 which is located well into the stability regions of Fig
5. For a given initial configuration, such asn151, n250
5n3 , na50, nb52, as in the bottom right corner of Fig. 4
one obtains that

DE10020
00120;

e2

C
~A14!

with a numerical prefactor of the order of unity. One c
therefore favor processes involving two sequential Andr
processes while at the same time reducing the effect of o
electron processes from 1 to 3.

Granted, our finding that the intermediate state for
successive cotunneling process has a large charging en
e2/C is strictly speaking not sufficient to convince ones
that this process can be ruled out: the typical current ass
ated with this process needs to be compared to the tele
tation current of Eq.~50!. To estimate this cotunneling cu
rent, we considerT2Cot to be the effective hopping amplitud
between 2 dots, dot 1 and dot 3, respectively are conne
to reservoirsL andR. A Bloch equation approach was use
in Ref. 44 to describe this situation. The corresponding c
rent reads

I 2Cot5e
GLGR

GL1GR

T2Cot
2

T2Cot
2 1GLGR/4

. ~A15!

Note that the teleportation current and the cotunneling c
rent become comparable whenTA

2 ,T2Cot
2 .GLGR . The tele-

portation cell requires theoppositelimit. Indeed, the injec-
tion and evacuation from/to the reservoirs need to
efficient enough in order to avoid spurious processes. On
now in a position to justify why cotunneling can be n
glected when compared to the teleportation current. Ass
ing GL;GR , GL,R@TA ,T2Cot and neglecting numerical fac
tors, the two currents become

I tel,s;e
TA

2

GL,R
, ~A16!

I 2Cot;e
T2Cot

2

GL,R
. ~A17!

So one simply needs to compareTA and T2Cot . Using the
estimate of Eq.~A11! ~assuming all single-electron hopping
to be comparable!, the condition for neglecting the cotunne
ing current becomes
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T2Cot;
TA

2

DEn1nan2nbn3

(n121)na(n211)nbn3
!TA , ~A18!

that is, the crossed Andreev reflection hopping is required
be much smaller than the energy difference between the
tial and the intermediate state implied by the sequential
tunneling process. We have seen in the above that this en
difference is maximized when the capacitive energye2/C is
large; this is a confirmation of the crucial role played by t
capacitive couplings in order to select the proper telepo
tion sequence.

4. ‘‘Other’’ „less relevant… fourth-order processes

Note that there are other higher-order cotunneling p
cesses, for instance those which involve intermediate st
with two quasiparticles~one in dot a and one in dot b at th
same time!. One argues here that they are much weaker
cause the corresponding energy denominators all contain
superconducting gapD3. A typical contribution would read
~this time neglecting the charging energies in front of t
gap!

T2Cot8 .2(
k

(
q

t1ata2t2btb3~ uuk
au22uvk

au2!~uq
bu22uvq

bu2!

Ek
aEq

b~Ek
a1Eq

b!
.

~A19!

The summations over momenta can be performed, for
stance, provided that for instance (Ek

a1Eq
b) is replaced byEk

a

or Eq
b . This yields

uT2Cot8 u,U(
k

(
q

t1ata2t2btb3~ uuk
au22uvk

au2!~uq
bu22uvq

bu2!

~Ek
a!2Eq

b U
;t1ata2t2btb3

nS
2

D
lnW/D. ~A20!

One therefore sees that the latter contribution is smaller t
that of Eq.~A11! by a factorDEn1nan2nbn3

(n121)na(n211)nbn3/D. Recall

that throughout this work, charging energies are assume
be smaller thanD.

Finally, we evaluate some processes contributing to
Josephson tunneling amplitudes~pair tunneling from b to a
via the central dot 2!. The transport properties of a Josephs
junction containing an impurity level~with charging energy!
in the tunnel barrier have been detailed in Ref. 34. Two s
ations are considered here. First, assume that dot 2 is em
The transitions involve an initial staten1002n3 and a final
state n1200n3. This transition necessarily involves~at the
beginning and at the end! two intermediate statesn1011n3
andn1110n3 with one quasiparticle into dot a or dot b. Th
third intermediate state then has two possibilities: eithe
involves a quasiparticle in both dots a and b which give
tunneling amplitude

TJ2
(1)'2(

k
(

q

tb2
2 t2a

2 uq
avq

auk
b* vk

b*

Eq
a~Eq

a1Ek
b!Ek

b
;2

tb2
2 t2a

2 nS
2

D

~A21!
2-14
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or it implies double occupancy of the central dot:

TJ2
(2)'2~DEn1002n3

n1020n3!21(
k

(
q

tb2
2 t2a

2 uq
avq

auk
b* vk

b*

Eq
aEk

b

;2
tb2
2 t2a

2 nS
2

DEn1002n3

n1020n3
. ~A22!

When one imposes a phase difference between dot a an
b, the fact that the central dot is empty at the initial st
makes this junction a ‘‘0’’ junction. On the other hand, if d
2 is initially occupied, we look for transitions such a
n1012n3→n1102n3→n1111n3→n1201n3→n1210n3:

TJ2
(3)'(

k
(

q

tb2
2 t2a

2 uq
avq

auk
b* vk

b*

Eq
a~Eq

a1Ek
b!Ek

b
;2TJ2

(1) . ~A23!
d

r,

cu
L.
nc
v.

,

R

H.

rs

y
e,
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On the other hand one can have the sequencen1012n3
→n1102n3→n12(21)2n3→n1201n3→n1210n3 with the
amplitude

TJ2
(4)'~DEn1012n3

n12(21)2n3!21(
k

(
q

tb2
2 t2a

2 uq
avq

auk
b* vk

b*

Eq
aEk

b

;
tb2
2 t2a

2 nS
2

DEn1012n3

. ~A24!

The latter two transitions lead to ap-junction behavior. Note
that all the Josephson processes either involve three po
of the superconducting gap in their denominators, or they
proportional toD22 times the inverse of the Coulomb char
ing energy for double occupancy of normal dot 2. The cho
of normal dots with a small total capacitance therefore
lows to neglect these processes when compared to the~reso-
nant! teleportation amplitude.
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