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Inverse flux quantum periodicity in the amplitudes of commensurability oscillations
in two-dimensional lateral surface superlattices
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We report strong, amplitude modulated, commensurability oscillations in the magnetoresistance of short
period, square, two-dimensional, lateral surface superlattices with symmetric potentials. The amplitude of the
oscillations is strongly enhanced when one magnetic-flux quantum (h/e) passes through an integral number of
cells of the superlattice. The temperature dependence of the strong oscillations agrees with the theory for
commensurability oscillations in one-dimensional superlattices, but the smaller oscillations between these are
more rapidly attenuated by increasing temperature. Although the structure we observe has the same flux
periodicity as expected for the Landau-level substructure known as the Hofstadter butterfly, such substructure
will not be resolved at the temperatures of measurement~1–10 K!. We compare our data instead to a recent
theoretical model which treats exactly this case, and find significant points of agreement.
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Lateral surface superlattices~LSSL’s!, in which a periodic
potential is applied to a two-dimensional electron syst
~2DES!, have been studied for many years. The most sign
cant feature in their magnetoresistance is generally the s
of oscillations, periodic in reciprocal magnetic field, whic
are called commensurability or Weiss oscillations~CO’s!.1

These can be strong if the modulating potential varies onl
one dimension, but the oscillations are much weaker if
same modulation is applied in two orthogonal directions, a
can have the opposite phase.2

Theoretically, both semiclassical and quantum-mechan
perturbation theories describe the one-dimensional~1D! data
successfully. However when these techniques are extend
two dimensions, both the quantum-mechanical appro
considering only the diffusional term in the conductivity3

and the early semiclassical calculations4 predict that the
CO’s for a 2D pattern with the same modulation in bo
principal directions should be of the same amplitude as in
1D case. This contradicts the experimental evidence.
suppression of the 2D CO’s was ascribed in a comprehen
development of the methods introduced in Ref. 2 to the
fect of the subband splitting resulting from the 2D nature
the potential.5 A more direct, semiclassical picture of 2
LSSL’s based on the motion of the guiding center in r
space6 shows thatasymmetryin the potential landscape i
important in defining the magnitudes of the CO’s that a
observed. If the two principal Fourier components of t
periodic potential are unequal in magnitude, then stro
CO’s are expected for current flowing in the modulation
rection of the larger component, and CO’s should be abs
for current flow in the orthogonal direction. No CO’s shou
be seen at all if the Fourier components are equal, provi
that the mobility is sufficiently high. This picture has be
developed in a more comprehensive calculation7 and experi-
mental studies of a wide range of symmetric and asymme
2D LSSL’s8,9 have confirmed its main features.
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In this paper we describe large, amplitude modula
CO’s in short period LSSL’s withsymmetricmodulation. The
amplitude is enhanced when a quantum of magnetic
(h/e) passes through an integral number of unit cells of
LSSL. The fields at which this modulation occurs point to
quantum-mechanical origin. We shall argue that the modu
tion is a manifestation of structure in the collisional or sc
tering term in the conductivity, which is predicted by a cu
rent theoretical approach10 at these magnetic fields, eve
though the internal structure of the Landau levels due to
Hofstadter butterfly is not resolved.

The LSSL’s considered here were fabricated by pattern
the surfaces of GaAs/Al0.3Ga0.7As heterostructures usin
electron beam lithography and shallow wet etching, to p
duce either 50 nm diameter pillars on a 100 nm period squ
LSSL8 or 40 nm diameter holes in a 80 nm structure.9 Figure
1 shows normal and inverted AFM images of an 80 nm
riod LSSL of holes. The heterostructures contained a 6 nm
strained layer of In0.2Ga0.8As, 10 nm below the surface, an
the depth of the holes~20 nm! was sufficient to cut through
this layer and produce a periodic stress.

The potential in such samples arises from two main
fects, depletion due to removal of material and a piezoe
tric field due to the stress. Interference between these
effects usually breaks the symmetry of the potential,8,9 which
is undesirable in the experiments reported here. We there
forward biased the samples using an overlying gate to eli
nate the depletion effect, leaving only the piezoelectric fie
The mobilities of the samples under these conditions w
typically 70 m2V21 s21. Results from different Hall bars
aligned in the@011# and @011̄# directions on a (100) sub
strate and fabricated in close proximity on the same wa
are reported. For these directions the piezoelectric poten
are equal in magnitude but opposite in sign,11,12 producing a
symmetric square potential displaced by half a superlat
period in one axial direction with respect to the pattern
©2004 The American Physical Society30-1
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the surface. The magnetoresistance of the samples was
sured at liquid helium temperatures using standard alter
ing current~a.c.! techniques.

Magnetoresistance data for the 80 nm period superlatt
are shown in Figs. 2 and 3; similar characteristics were m
sured on two further pairs of devices. The traces for the
orthogonal directions show almost identical structures. At
K ~Fig. 2! the Shubnikov–de Haas oscillations die aw
around 0.8 T leaving the CO’s at lower fields. The minima
the CO’s are in the expected flat-band positions given by
commensurability condition 2Rc /a5k2 1

4 , whereRc is the
cyclotron radius at the Fermi energy,a is the period of the

FIG. 1. AFM images of an etched 80 nm period square LSSL
holes without a gate but after removal of the resist;~a! normal view,
~b! inverted view. The depth of the holes is approximately 20 n

FIG. 2. Magnetoresistance at 5.5 K with10.4 V gate bias from

80 nm period 2D LSSL’s aligned with the@011# and @011̄# direc-
tions and prepared at the same time. The dotted vertical lines
cate the magnetic-field values at which one flux quantum (h/e)
passes through 1, 2, and 3 unit cells of the superlattice, where
magnetoresistance oscillations are enhanced. The vertical bars
cate the expected locations of the CO minima with the correct
nm period for the indices shown.
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superlattice, andk is an integer index. This is shown by th
vertical bars in Fig. 2, which are plotted fork up to 12. We
do not observe the ‘‘antiphase’’ oscillations seen previou
for much longer periods of modulation,2 with maxima at
these positions. The absence of any other minima shows
only the principal period of the LSSL is involved in th
structure; there is no evidence for any diagonal Fourier co
ponents, as are seen in similar samples aligned with the c
axes.8,9

A striking feature of the data is theamplitude modulation:
the CO’s are large close to fields of 0.64, 0.32, 0.21 . . . T. At
these fields the fluxF through one unit cell of the superla
tice obeysF0 /F5a where the flux quantumF05h/e and
a51,2,3, . . . . Inother words, one quantum of magnetic flu
passes through an integral number of unit cells at th
fields. The strong oscillations can be seen up toa56 at 1.6
K in Fig. 3 and fora51 and 2 the modulation was visible u
to 9 K.

To confirm that the modulation is associated with ma
netic flux, and therefore thearea of the unit cell, we also
studied LSSL’s with 100 nm period~Fig. 4!. Similar structure
was seen but this time at fields of 0.41 T, 0.21 T, . . .
~millikelvin temperatures were required to see the structu
at a53 and 4!. Samples containing a 100 nm square sup
lattices of holes also showed similar amplitude modulation
the same fields. The magnetic fields at which the strong
cillations were seen in LSSL’s of these two periods differ
the ratio of theareasof the unit cell, 16/25. In contrast, th
magnetic field for CO’s depends on thelinear dimension of
the superlattice, which gives a ratio of 4/5. This shows t
the modulation cannot arise from interference between C
associated with different Fourier components of the poten
and supports a relation with inverse flux quantization. A
though the modulation is most pronounced for a symme
potential, it persists to some extent with mild asymme

f
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FIG. 3. Magnetoresistance at 1.6 K with10.4 V gate bias for
the same LSSL’s as in Fig. 2. The dotted vertical lines indicate
magnetic-field values at which one flux quantum (h/e) passes
through 2, 3, 4, 5, and 6 unit cells of the superlattice, where
magnetoresistance oscillations are enhanced. Shubnikov–de
oscillations can be seen above 0.3 T.
0-2
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@Fig. 2~b! of Ref. 8#, especially atF0 /F51, but disappears
completely when the asymmetry is large@see Fig. 2~a! of
Ref. 13!#.

We have studied the temperature dependence of the
plitudes of the CO’s for the 80 nm period samples. Rep
sentative data are given in Fig. 5. For all the large amplitu
CO’s near integer values of the indexa, Fig. 5~a! shows that
the temperature dependence was in excellent agreement
the standard models for 1D CO’s.14,15 Note that the fitting
function usedT/Tasinh(T/Ta), where the characteristic tem
peratureTa5\vca/2pkBlF , vc is the cyclotron frequency
kB is Boltzmann’s constant, andlF is the Fermi wavelength
depends, for a constant perioda, only on the ratio of the
temperature and the magnetic field, which are both kno
Thus the only disposable parameter used in any of the fi
the zero-temperature amplitude. Apart from the points at
temperature and high field, where the Shubnikov–de H
oscillations have a significant systematic effect, the fit is c
sistent with the random errors for all this data. This indica
that the strong oscillations and 1D CO’s depend on the s
energy scale, which is larger than the cyclotron energy b
factor of 1

2 kFa (kF52p/lF).14

The standard model also fits the CO’s betweena51 and
a52 well @see the data for thek56 peak in Fig. 5~a!#.
However, Fig. 5~b! shows that the CO’s die away much mo
rapidly with temperature than predicted between the n
pairs of large amplitude regions (a52,3 anda53,4). This
indicates that a smaller energy scale is involved. In the n
low amplitude region~betweena54,5), the minimum cor-
responding tok520 is entirely absent~see Fig. 3!. The zero-
temperature amplitudes obtained from this fitting proced
are plotted versus the CO indexk in Fig. 5~c!. The enhanced
amplitudes near integer values ofa are clear.

FIG. 4. Magnetoresistance at 25 mK and10.3 V gate bias for a
sample aligned with the@011# direction of 50 nm diameter pillars
on a 100 nm period square superlattice. The dotted vertical l
indicate the magnetic-field values at which one flux quantum (h/e)
passes through 2, 3, and 4 cells of the superlattice, where enha
oscillations are observed. Inset: the same sample measured a
showing the enhanced oscillations atF0 /F51 and 2.
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These observations show that strong CO’s are see
symmetric 2D LSSL’s with short periods. The enhancem
when one flux quantum passes through an integral numbe
cells of the superlattice points to a quantum-mechanical
gin. Superficially it appears to be in agreement with ea
analyses of the problem,3,5 which predict that CO’s of equa
amplitude will occur for transport in the two principal direc
tions in a symmetric 2D periodic potential; their amplitude
reduced when the substructure of the Landau levels
resolved5 but this does not apply to our samples. Howev
these early quantum-mechanical models give no modula
of the CO’s other than the usual monotonic decay with
verse field and therefore do not explain key features of
observations.

The quantum mechanics of a 2DES subject to a symm
ric 2D periodic potential and a perpendicular magnetic fi
have been widely studied since Hofstadter16 predicted a re-
markable self-similar energy spectrum for the limit of a
isolated tight-binding band due to a strong periodic potent
the Hofstadter butterfly. This spectrum is plotted over t
range 0,F/F0,1 and repeats with periodF0 at higher
fields. Within the lowest repeat, the band breaks intoa sub-
bands atF/F051/a, the same fields as the structure o
served in our data. However there is no sign in our data
the reflected structures predicted atF/F05(a21)/a.
Therefore we do not accept this crude application of the H
stadter prediction to our data. A full quantum-mechani
calculation17 predicts magnetoresistance structures atF/F0
5a but does not show inverse flux quantum structure
commensurability oscillations and is therefore not direc
relevant to our work.

Our system lies closer to the opposite limit of isolat
Landau levels in a weak 2D periodic potential. This has t
main features~Ref. 5 and earlier references therein!. ~1! Each
Landau level broadens into a band whose overall width
lows the same commensurability relation as in a 1D LSS
with minima at the flat-band fields given b
2Rc /a5k2 1

4 .18–20 ~2! Within this varying width each Lan-
dau band shows a Hofstadter-like spectrum as a perio
function of theinverseflux quantumF0 /F.

In current LSSL’s the overall width varies more rapid
with magnetic field than the internal structure. Some indi
tions of the internal structure have been seen in hi
mobility samples at millikelvin temperatures in the fie
rangeF0 /F,1.21,22

In our samples the scattering is too strong for us to
solve substructure in the Landau levels directly. Indeed in
higher-temperature experiments, the Landau levels th
selves are not resolved in the field range of interest. In
previous paper Vasilopoulos, Wang, and Peeters10 have ana-
lyzed the conductivity of the 2D modulated system in ju
this limit. As in their previous analysis of the 1D problem,15

they use an evaluation of the conductivity tensor in wh
the diagonal part is divided into diffusive and collision
contributions. The diffusive or band-conduction compone
is dominated by net current carrying states and leads in
case to commensurability oscillations in the usual way. I
however the collisional or scattering contribution due to ho
ping between localized states, which generates conduct

s

ced
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FIG. 5. Temperature dependence of the amplitudes of the CO’s for a 80 nm period,@011# sample at the index numbersk indicated.~a!
Oscillations that obey the standard theory for 1D. The random measurement error associated with each point is typically60.3V. The point
at 3 K for k54 is seriously affected by Shubnikov–de Haas oscillations.~b! Oscillations between integer values ofF0 /F that are more
strongly attenuated than the standard theory predicts.~c! Extrapolated zero-temperature amplitudes for the CO’s~errors estimated a
60.5V). The large amplitudes of the oscillations close to integer values ofF0 /F are clearly visible. Circles mark points for which th
extrapolation is less reliable.
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peaks where one flux quantum intersects an integral num
of cells. These translate to resistivity structures at the sa
magnetic fields, in agreement with experiment.

In Fig. 6 we compare the data of Fig. 2 with the comp
tations of Vasilopouloset al. for the same sample param
eters, assuming a field independent relaxation time~taking a
B21/2 dependence does not greatly affect the comparis!.
The agreement between theory and experiment around
strong peak ata51 is excellent. Betweena51 and 2,
weaker CO structures resulting in the main from the dif
sion term, although reduced in amplitude by the antiph
03533
er
e

-

he

-
e

collisional contribution, are also in good agreement with e
periment. Ata52, another strong collisional peak is pre
dicted and observed, although the agreement between
peak shapes is not as good as ata51, in that the minimum
observed at thek59 flat-band position at a slightly lowe
field is not resolved in the theory. This is not a comple
surprise as the theoretical estimates for the diffusion con
bution use a constant orB21/2 dependence for the relaxatio
time, whereas in practice it may oscillate.2 At lower fields
strong peaks are predicted ata53,4, and 5, but in the ex-
perimental data, these structures are much weaker than
0-4
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INVERSE FLUX QUANTUM PERIODICITY IN THE . . . PHYSICAL REVIEW B 69, 035330 ~2004!
dicted. This is confirmed if the experimental temperature
pendences~Fig. 5! are compared with the theoretical curv
~Fig. 10 of Ref. 10!; the peaks at integera are predicted to
be much more robust than is observed.

Finally, we consider the question of why the enhanc
amplitudes at integer values ofa have not been reporte
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FIG. 6. The data of Fig. 2 replotted together with the theoreti
trace calculated in Ref. 10 for the same parameters, assumi
magnetic-field independent scattering rate. The dotted vertical l
are at fields where one flux quantum (h/e) passes through 1, 2, an
3 cells of the superlattice, and where strong magnetoresist
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before. We believe that there are two reasons for this, b
associated with the short period of our devices. First,
small areas of the cells of the LSSL described here mean
the conditionsa51, 2, etc. occur at relatively high field
and the higher integer structures are not smeared out by
tering, giving the characteristic series of enhanced osc
tions we observe. Second, the accompanying theore
work demonstrates that the structures at integera are intrin-
sically stronger in short period devices. With the benefit
hindsight, one can see enhanced oscillation amplitudesa
51 in many published results.

In summary, we have observed strong commensurab
oscillations in short period, square, lateral surface supe
tices with symmetric modulation. No oscillations should
seen in high mobility samples under these conditions acc
ing to semiclassical theory. We see an amplitude modula
of the oscillations, which are particularly strong when
quantum of magnetic flux (h/e) passes through an integra
number of unit cells. The enhanced commensurability os
lations are thermally robust and obey the existing model
veloped to describe the amplitudes of 1D commensurab
oscillations. A current theoretical analysis predicts simi
enhanced resistivity peaks occurring at the same fie
Theory and experiment are generally in good agreem
though detailed differences do remain.
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