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Persistent spin currents in mesoscopic Haldane-gap spin rings
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Using a modified spin-wave approach, we show that in the presence of an inhomogeneous magnetic field or
an in-plane inhomogeneous electric field a mesoscopic antiferromagnetic Heisenberg ring with integer spin
(i.e., a Haldane-gap systerexhibits a persistent circulating spin current. Due to quantum fluctuations the
current has a finite limit on the order of-(Qug)c/L at zero temperature, provided the staggered correlation
length ¢ exceeds the circumferenteof the ring, in close analogy to ballistic charge currents in mesoscopic
normal-metal rings. Hereis the spin-wave velocity is the gyromagnetic ratio, ands is the Bohr magneton.

For £<L the current is exponentially suppressed.
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I. INTRODUCTION e/ O Q
l=(— —|1—-——], O<—<1, 2

In a recent papérhenceforth referred to as I, we have
shown that the mesoscopic persistent current in a normalvherec is the spin-wave velocity. Her8 is the solid angle
metal ring threaded by an Aharonov-Bohm flux has an anaen the unit sphere traced out be the locaeNeector as one
log in spin rings: specifically, we have calculated the persismoves once around the ring. Such a state can be produced by
tent spin current in thermal equilibrium that circulates a an inhomogeneous magnetic field, as depicted in Fig. 1.
ferromagnetic Heisenberg ring subject to a crown-shape&imilar to the case of a ferromagnet discussed in I, the mag-
magnetic field with magnitudgB|. Within linear spin-wave netization current is carried by magnons which are subject to
theory we have shown that the associated magnetization cumesoscopic interference due to the geometric phase associ-
rentl ,=(gug/f)ls (Whereg is the gyromagnetic ratio and ated with the inhomogeneous nature of the classical ground
wg is the Bohr magnetoris of the fornf state. Due to quantum fluctuations, the ring is endowed with

an electric dipole moment even in the ground state. The ab-
sence of true long-range order in one-dimensional Heisen-
gup Uy berg antiferromagnets leads for integer spio a finite spin-
In== L 4 elathhm_q" (D correlation length¢ and a Haldane gap of the orderf€/¢
between the ground-state energy and the lowest triplet exci-
tation. These features are correctly captured by a modified
wherelL is the circumference of the ring, is the energy spin-wave theory” which we use here to calculate the spin
dispersion, and =% "1de,/dk is the velocity of the mag- current in Haldane-gap systems. Note that this approach is
nons,|h|=gug|B|, andT is the temperature. In the presence only appropriate for integeB, where the low-energy excita-
of a crown-shaped inhomogeneous magnetic field the diredions can be viewed as renormalized spin waves. In contrast,
tion of the magnetization in the classical ground state coverfor half integerS the spectrum is gapless and spin correla-
a finite solid angle),, on the unit sphere as we move oncetions decay algebraicalf.The elementary excitations are
around the ring. Then the Bloch wave vectors are quantizethen spinons, so that the modified spin-wave theory does not
as k,=(2#/L)(n+ Q. /27), where in the continuum ap- correctly reproduce the low-energy physics. In this case the
proximation the allowed values efaren=0,=-1,+2,.... effective low-energy theory is a Tomonaga-Luttinger model.

The magnetization currerif) vanishes folT—0. Physi- Recently Meier and Lodaused such a model to discuss the
cally, this is due to the fact that no quantum fluctuations arespin current inS=1/2 antiferromagnetic spin chains for a
present in a ferromagnet, so thatTat 0 there are no mag- two-terminal geometry.
nons to carry the spin current. It is thus tempting to speculate While Eg. (1) is the bosonic analog of the persistent
that the analogous current for an antiferromagnetic Heisercharge currefi in a normal one-dimensional metal ring
berg ring will be finite even af =0 due to quantum fluctua- threaded by an Aharonov-Bohm fluk, Eq.(2) is formally
tions. In this work we shall show that this is indeed the casddentical with the persistent charge current in a ballistic
and present a quantitative calculation of the current inmetal ring at zero temperature. Recall that for spinless fer-
Haldane-gap antiferromagnets(i.e., antiferromagnetic mions at constant chemical potentialthe charge current in
Heisenberg rings with integer sp8) using a modified spin-  the ballistic regime can be written‘ds
wave theory ™ Our main result is that the ground state of a
Haldane-gap spin ring subject to an inhomogeneous mag- —e E Uy

netic field supports a finite magnetization current, which in le L
the limit where the staggered correlation lendths large

compared withL has a sawtooth shape as a function of theHere e, is the energy dispersion ang is the corresponding
geometric flux(l, velocity of an electron in the state with wave nhumkebue

()

T elemiTyq’

0163-1829/2004/68)/0353137)/$22.50 69 035313-1 ©2004 The American Physical Society



FLORIAN SCHUTZ, MARCUS KOLLAR, AND PETER KOPIETZ PHYSICAL REVIEW B69, 035313 (2004

Il. SPIN-WAVE THEORY
A. Spectrum

We start with a nearest-neighbor antiferromagnetic (
>0) Heisenberg ring in an inhomogeneous magnetic field

N

H=2, [38-S.1-hS], ®)
FIG. 1. Classical ground state of an antiferromagnetic Heisen- ) ) )

berg ring in a crown-shaped magnetic fietd® and m® are the ~Where§ are localized spin operators at sitgsof a one-

directions of the spins on sublatticésand B. dimensional lattice with lattice spacing=L/N, and &

=S(S+1). Periodic boundary condition§y,;=S; are

to the Aharonov-Bohm flux the wave vectors are quantized'S€d:Ni=9ugBi, andN is assumed to be even. For a spin-
as k,=(2m/L)(n— ¢/ ), where ¢o=hcle is the flux wave expansion the classical ground state has to be deter-

quantum. For free fermions at zero temperature @yre- ~ Mined by minimizing the energy in E¢S) with S replaced

duces to a sawtooth function. For an even number of eledy Sm;, wherem; is a unit vector. To consider fluctuations,

trons atT=0 one obtains the spin operators are then represented by bosonic creation
and annihilation operators in the standard way,

=S—b'b. et = -1
|c=(—e>”—(1—2—), 0<21, 7 S-m=S-blb;, S-g"'=y2Sh[1+O(SH], ()

wheree" =¢'+ie’, ande ande’ are two unit vectors in the
plane perpendicular tay;, such that{e &, m;} is a right-
where vg is the Fermi velocity. With the replacemengés handed local basis in spin space. There is a local gauge free-
—Qup, Vp—C, and ¢/$o—Q/2m the zero-temperature dom in the choice of the transverse basis vec#rand &
charge current(4) is formally identical with the zero- which can be arbitrarily rotated arountj . With the notation

temperature magnetization curr@} in a Haldane-gap spin  of | the spin-wave Hamiltonian then reads
ring. Finite temperature, disorder, and phase-breaking scat-

tering all have a similar effect on the persistent charge JS ,

current in one dimensiolf. For a weak perturbation, Haw="% 2 AIA+mmg)e@imivimeiniplh, g
they smooth the discontinuity arourd=0 and with increas- '

ing strength higher harmonics are exponentially suppressed —(1—mi.mi+1)ei(‘”iai+1+“’i+1Hi)b;rb;r+1+ H.c]
such that a sinusoidal shape is approached. In the limit of a

very strong perturbation the current is exponentially sup- —2m;-m; 4 (blbj+bl, by ) +h-mblb},  (7)

pressed with the relevant length or energy scale, i.e., the ) ,
current becomes proportional to expl/T*), exp(-L/L,), or where ;. 1S the angle of rotation around; that takesm,
exp(—L/L,) under the influence of a nonzero temperature, <™ N & The transformation to another local right-
strong disorder, or strong inelastic scattering, respectively’anded triad, associated with sitand the bondif) accord-
HereT* is the temperature scale associated with the discretiég to {e.l ,e,2= m;Xm;,m;}, then reads
level spacing,L, is the localization length, and,, is the
phase-coherence length. Below we show that in the case of " =e*vi-jg" . (8)
spin currents in Haldane-gap systems the correlation lefigth
plays a similar role: fors<L the magnetization current is Equation(7) is manifestly invariant under the (1) gauge
exponentially suppressed and becomes sinusoidal. transformationw; ,j— w;_;+ a;, bj—¢€'“b;. We will now
The rest of the paper is organized as follows. In Sec. Il weassume a sufficiently large ring so that the direction of the
apply linear spin-wave theory to an antiferromagnet subjec[nagnetic field varies only slightly on the scale of the lattice
to an inhomogeneous magnetic field. After calculating thespacinga. The classical ground state then locally resembles a
spectrum of magnon excitations, we obtain the spin currentéel state and the local N vectorn;=(—1)'"'m; varies
as a gauge-invariant derivative of the flux-dependent part oc3moothly as a function of position on the lattice and is ori-
the free energy and discuss the resultTer0 in nave spin-  ented almost orthogonal to the local direction of the mag-
wave theory. To justify and generalize the spin-wave aphetic field. We thus haven-m;,;=—1+0O(1/N) and the
proach, we then apply a modified spin-wave theory, wherderms involving the combinatiob{b; ., in Eqg. (7) can be
the absence of long-range order in a one-dimensional antifeneglected to leading order inN/ In this approximation a
romagnet is taken into account. In Sec. Ill an antiferromagdocal spin deviation follows the direction of the classical
net in an inhomogeneouwdectric field is considered. In Ap- ground state as it moves around the ring. It picks up a geo-
pendix A, the classical ground state is obtained explicitly formetrical phase leading to interference of its wave function in
the simple geometry of a crown-shaped field, and Appendixlose analogy to Aharonov-Bohm interference in charge
B contains some mathematical details of the calculation ofransport. The effect of the inhomogeneous field can be in-
the magnetization current. corporated via the gauge transformation
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i-1 o orthogonal to the local N& vector' in analogy to the fer-
aJ-:E (=D @i i1t ®ie10). 9 romagnetic case. To see this more clearly, we consider for
=1 each bondi() two additional sets of local right-handed tri-
The new boundary conditions then become in the bosoni@ds containing the Ne vectorn; instead ofm; . These triads
language are given by{el=e' &@=(—1)""1& n} and {e" &=n;
b, =€, O=ay.., (10) Xn;,ni}, and are related by a rotation around For the

associated spherical vectors this reads
where the upper/lower sign is valid for sublattiééB (odd/ . o
eveni). The resulting quadratic bosonic Hamiltonian is stan- g =e*'vi-ig, (19

dard for an antiferromagnetic ring with nearest-neighbor i — .
interactions where the rotation angles;_.; are given by

o_j=iTmt(=1) e for j=ixl. (20
Haew= 2 [~ IS(bibi. 1 +b{b, 1) +(23S+hoblby], - -

(11) "

except for the twisted boundary conditi@t0). An additional 0= - = Y mod 27 21
staggered fielchg in the direction of the classical ground- Zl (@17 @) ’ D
state vectors has been introduced as a technical tool for the

discussion in Sec. Il GH zry is diagonalized as usual by first )[I;/]Tscrt]hlz g;:\g?ogogm Oggzr\]/ee?:tg]r Iofr?rr];h?)r:g r'[(())ntqr?grl]c%'.atlee
performing Fourier transformations with different signs on ; y 99 .
the two sublattices: vector that is transported around the ring by discrete rota-

tions aroundn;Xn;, 4. Alternatively, a continuous parallel

2 _ 2 ' transport can be used around a path of geodesics connecting
a = \[ﬁ e i, b= \/: e*Mip,, (12)  the unit vectors), on the unit sphereQ is therefore equal to
ieA ieB

the solid angle subtended by this closed path of geodesics.

We can now expresQ as

where the allowed wave vectors are given by
B. Magnetization current

2 Q N
ky=—/|n+=—|, n=0,...,=—1. (13) In | we have shown that the (Il) gauge symmetry asso-
L 2m 2 ciated with the choice of the local transverse basis is con-
The diagonal form oH is then achieved by the Bogo- nected with a conserved current that was identified with the
liubov transformation AFM longitudinal component of the spin current. For an antiferro-
magnet the longitudinal spin current is conveniently defined
ay coshd, sinhé, [ ay in the direction of the local Nad vector and can be written as
b! :(sinhek cosh0k> sl (14)  a gauge-invariant derivative of the free energy
; . oH JF
with =(n-l . )=—(—1)i*1 Wy W
Is <n| ||ﬁ|+l> ( 1) <‘9wi—>i+1> IO
200= "2 " _pas 15 22
tanh(26) = 1+h. 0 ¢ ¢S (15) wherel;_;,,=JS XS, is the spin current from site to

° i+1. Similar to the ferromagnetic case, the presence of a

The diagonal Hamiltonian contains constant terms due t@yngitudinal spin current can be understood semiclassically
quantum fluctuations, as follows. The local spin deviation from the classical ground
state is essentially perpendicular mg and varies slightly
HAFMZE fk(alaﬁ 5l,3k+ 1)-NJY1+hy), (16 fromitoi + 1. The spin deviations on neighboring sites_ are
k therefore in a plane that does not contajn so that their
cross product appearing in_,;, 4 has a nonvanishing com-
ponentl in the direction ofn;. This spin current corre-
e=2JSVA?+sir(ka), A2=hyh+2), (17) spond; to a cu.rren't of magnqtic dipoles that are Ioca}ly ori-
_ _ ented in the direction of the Né vectorn;, which varies
and the free energy is obtained from smoothly as we move along the ring. The spin current gen-
erates an electric dipole field which has the same form as
. €k
2 smhz—_l_
gus 2gup
28BS g

where the quasiparticle energies are given by

Fo(0)=2T> In ~NJS1+hy). (18 discussed in I. For the magnetization current we obtain
K
Thus we have shown that to leading order iN Thermody- Im= 7

namic quantities depend on the inhomogeneity of the field
only via the single phas€). Geometrically() is the an- where c,=%"1de/dk is the velocity of a magnon with
holonomy associated with the parallel transport of a vectowave vectoik andn,= 1/ exp(g./T)—1] is the Bose occupa-

1
ng+ =

S @
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FIG. 2. Magnetization current in a ring with 100 spins for dif-
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a calculation at constant order paraméterthe present con-
text, we introduce the additional constraint

2 (8:m)=0, (25)
which suppresses Neorder on average. This constraint is
enforced via the staggered fidld in Eq. (11) which acts as
a Lagrange multiplier. The expectation value in E2p) can
be evaluated fronmvFg,/dhg, yielding the self-consistency
condition

1

2 (?Ek
N+ E

N2 o,

Although the self-consistently determinéd is itself a peri-
odic function of the geometric fluk, the leading order for

=S ! 26
= +§. ( )

ferent values of the energy-gap parameterThe plots are pro-
duced by numerically evaluating E@3). For A=10"2 the curve is
indistinguishable from the approximate expression in @28), and

Eq. (29) provides a good approximation fdr=2x10"2.

largeN is a constant and can be determined by replacing the
sum in Eqg.(26) by an integral. FoiT =0 the solution of Eq.
(26) yields the Haldane gapJ3A, which is inversely pro-
portional to the staggered correlation length

tion factor. The extra factor of 2 is due to the two degenerate
spin-wave modes. Equatiof23) is the antiferromagnetic
spin analog of Eq(3). It clearly shows that the magnetiza-

tion current is carried by antiferromagnetic magnons, WhiChI'he functional form of the magnetization current shows a

at th|s level of approximation are the o'nlly q.ua.s'pamdescrossover between the two qualitatively different reginjes
available for transport. The current has a finite limit, even for. ;

o . > andé<L (see Fig. 2 In the former cas& <27/N and
vanishing Bose occupation factors, due to quantum fluctuaélt most one wave vector can be in the regiom <k< A
tions. From Eq(23) the current is clearly seen to be a peri- : . . . 9 .

. . - where the dispersion relation deviates strongly from the dis-
odic function of(2, so that the finite momentum sum can be

further evaluated using the Poisson summation forrfula. Fs)ier}]rs:gn\,\l,g\fgevléﬂé? :isO.taVIl/:nenirH]oe ;ggéﬁ?#t'gg far?an':elthlswe
Some details of the calculation are given in Appendix B. Forobt%in P Y
a vanishing staggered field in the zero-temperature limit we

obtain the simple result announced in the Introduction,

A=4 e TSt ) &

. 2
V2¢ 27

I'm sin(2Q/N) Q
<= — -—, —7<Q<mw. (28
. o) o) Im 2VA +Sln2(Q/N) m
=1 1——], 0<-—<L1. 24 . .
m m( T 2 249 In the caseA =0 this reduces to Eq24), providedN>1.

Thus, the effect of a finitA is to remove the discontinuity at
Herel2=—gugc/L is the magnetization current carried by (=0,27r. On the other hand, in the limg<L manyk val-
a single magnon with the spin-wave velocity=c,_,o+ at  ues are affected by the energy gap. An analytic result for the
the center of the Brillouin zone. The sawtooth shégee the  spin current can nevertheless be derived as described in Ap-
solid line in Fig. 2 of the current in Eq(24) is reminiscent  pendix B. We obtain the scaling form
of Eq. (4) for charge transport. Indeed, for=0 Eq.(23) is 2
formally equivalent to Eq(3) for charge transport when the \F L
Fermi edge is replaced by the lower edge of the magnon ;( E) exp( - \/—Tg

implying that the sinusoidal magnetization current is expo-
nentially suppressed in the bulk limit> ¢.

Im
s
Im

sin(Q)), (29

band.

C. Modified spin-wave theory

The usual spin-wave theory employed so far is inconsis-
tent when zero modes appear. Although the spin current re-
mains finite, the sublattice magnetization diverges in the Moving magnetic dipoles represent an electric dipole
limit Q—0. This failure is related to the absence of long-moment?and are therefore affected by electric fields. Due to
range order in one-dimensional systems. It can be resolveithis relativistic effect, which is essentially equivalent to spin-
by a modified spin-wave theory which was first used by Ta-orbit coupling, the magnetic moments acquire an Aharonov-
kahashi for a one-dimensional ferromagnand then ex- Casher phas¥. For localized spin systems described by a
tended to various spin systems without long-range order, inHeisenberg Hamiltonian, the electric field can be taken into
cluding antiferromagnetsThe constraint that is introduced account phenomenologically by a substitution in the interac-
in these theories was recently shown to follow naturally fromtion term,

Ill. ELECTRIC FIELD
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i - electric field with ¢; ;. ;=2x/N and an additional homoge-
neous magnetic field tilted with respect to thexis can be
formally mapped onto a crown-shaped magnetic field alone
via the transformation

Té, It is also interesting to note that the situation of a radial

. o
el T B
E S’ — e(ZW/N)erS . (36)

It would therefore be interesting to further investigate the
combined effect of arbitrary inhomogeneous magnetic and
electric fields on the produced spin currents to find situations

FIG. 3. Antifgrromagnetic Heisenberg ring in the electric field that could be realized more easily in the laboratory for a
produced by a line charge. possible experimental detection of the effect.

[/ ¥4
S-§—5-e%7s, (30) IV, SUMMARY AND OUTLOOK

as long as the electric field varies only weakly on the scale of

| : In the last two decades, a lot of theoretical work focused
the lattice spacing. Here,

on persistent equilibrium currents in mesoscopic normal-
metal rings>®® In the 1990s, the experimental difficulties
for the detection of the currents were overcome and an os-
cillating magnetization as a function of the magnetic flux
was observed under various conditidAs? In the ballistic
ande? denotes the S@) rotation matrix acting on a vector regime, the main features of the experintéman be under-
m according td* stood within a simple model of free fermiofsput in the

o . o diffusive regime a generally accepted explanation of the

e”m=6(6-m)-+(6xm)sind— @x (6xm)coss, (32 experiments”*8is still lacking.

- In this work, we have shown that persistent magnetization
with 6= 66. For ferromagnetic coupling, inhomogeneouscyrrents are present in antiferromagnetic Heisenberg rings in
electric fields can lead to persistent magnetization curfents inhomogeneous magnetic fields as well as in a radial electric
and a spin analog of the Hall effect was also shown to exisfie|d. Quantum fluctuations lead to ground-state currents, but
in electric fields fluctuations in low dimensions also produce exponential

We now consider the antiferromagnetic ring in an E|eCtriCdamping when the circumferende of the ring becomes
field in thex-y plane, e.g., produced by a charged line in thejarger than the staggered correlation length. We have ob-
z direction (see Fig. 3 The rotation vectorsé ;,; tained explicit expressions for the currentlat O in the two
= 0;i+1€" are then all parallel to the axis and the Hamil-  |imits L< & andL> ¢ within a modified spin-wave approach
tonian for vanishing magnetic field becomes valid for integer spins, i.e., for Haldane-gap systems. The
determination of the current for half-integer spin rings re-
mains an interesting open problem. Also, we have only con-
sidered clean systems in this work, i.e., we have focused on
the ballistic regime. Since for persistent charge current dis-
The classical ground state is easily shown to be a doublgrder is known to be important, it would also be very inter-

degenerate N state withm; =+ €. The spin-wave expan- esting to consider persistent magnetization currents in the
sion is thus straightforward. If a gauge transformation is usediffusive regime of disordered magnets.

to eliminate the phase factors, we again obtain the standard |n the past few years a new field of reseattspintron-
bosonic HamiltoniarH 4py Of Eq. (11) with the boundary ics”) has emerged, where the spin degree of freedom is used
condition (10), where() is replaced by the total Aharonov- as a medium to transport informatiéhFor technical appli-
Casher phase cations(such as quantum computatjdhis important to con-
trol the quantum coherence in mesoscopic spin systems. The
guB persistent spin current discussed in this work can be viewed
QAC:zi 6’i’iﬂzﬁ_cz fﬁ di-[€XE(D)]. (34 as a quantitative measure for the degree of quantum coher-
ence in the ground state of the system. Similar to the ferro-
The spin current then only haszacomponent which can be magnetic case discussed in |, the magnetization current cir-

written as a gauge-invariant derivative of the free energy, culating a Heisenberg antiferromagnet generates an electric
dipole field. Due to screening effects, the corresponding volt-

IF AEM age drop may be rather difficult to detect experimentally.
Im==—5 - (35 However, in view of the rapid development of the field of
spintronics, it does not seem unreasonable to expect that be-
This leads again to Eq23) with ) replaced by(),c and all ~ fore the end of this decade new experimental techniques will
the results derived in the previous sections are also applibe available to detect persistent spin currents in Heisenberg
cable in this context. rings.

|.
a;%ﬁ’mxan, (31)

1 B
H=JEi S(e%ins s +He)+ S8, (33
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APPENDIX A: CROWN-SHAPED MAGNETIC FIELD

Here we determine the classical ground state of an anti-
ferromagnetic ring in the crown-shaped magnetic field de-
picted in Fig. 1, i.e., a field with

h;=h[sin(¥)coq 27Il;/L),sin(F)sin(2l;/L),cogI)].
(A1) A

For very strong magnetic fields the classical unit vectors ny
will be aligned parallel to the field and the ground state will
have the full rotational symmetry of the applied field. Below
a critical spin-flip fieldh.(9) it will be energetically favor-
able to form two sublattices with different anglé4§/® to the

z axis (see Fig. 4 Introducing the relative and average
angles

FIG. 4. Definition of angles for the description of the classical
ground state of an antiferromagnetic Heisenberg ring in a crown-
shaped magnetic field.

where f(k)=d/d(ka)(e/2JS) is a periodic function of its
argument withf (x+ 7)) =f(x) = — f(—x). Consequently
S=1(9P—98) 9=1(A+98) A2 is a periodic function of) and we can proceed by calculat-
2 (V= O 2 (V) (A2) ing its Fourier coefficientE,, in
a minimum of the classical energy is reached for

_ Js — ' S i
Sin(9— 9)c0g §) = — T~ _sin(29), (A3) T‘TZ > Ce. (B2)
m
— . IS By appropriate substitution in the corresponding integral one
cog¥—B)sin(é) =+ Fe+5|n(25), (A4) " eliminates the finite momentum sum and obtains
where we have definee.. =1+ cos(27/N). For very strong 27
magnetic fieldsh>h., we haves=0 and Eq.(A3) reduces C =— VN_ gn(—A72) (B3)
to its ferromagnetic analogee Eq(14) in 1]. For §#0 the . 2i 77 '

two equations can be combined to give
whereg,, ., 1 iS zero andy,, is given by

siN2(9—9)]=— h
Thus for large rings the magnetic fiehd-JS/N necessary to
produce an inhomogeneous classical ground state is well be-
low the spin-flip fieldh,~JS. For h~JSN<JS we have 7|z 1
6~ /2 and the classical ground state locally resembles a - | 4 2Fa| 1= 2"
Neel state as assumed in Sec. Il.

2JS)2_ -
— | sirP(27/N)sin(29). (A5)

2md .
9(2)= f %\/1— zsirfwe 2@
0

+1'2I 1;
5 +15z

—(~1)I=Z G| (B4)
APPENDIX B: CALCULATION OF SPIN CURRENT i z—1)

In this appendix we present some details of the calcula—U . ot . ¢ the h i
tion of the functional form of the spin current at zero tem- sing an asymplolic expansion o € nypergeometric

perature. Equatiof23) can be written in the form functior?® for largel, we derive an expression for the spin
‘ current for large system sizes. In particular, the condition that

| N2=1 o, ) the leading term in the expansion be sufficient can be shown
o= > f(— n+— ) (B1) to be equivalent td./£>0(1). After some algebra we ob-
Iy =0 N 2m tain Eq.(29).
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