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Crystal-melt interfacial free energies in metals: fcc versus bcc
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The structural dependence of crystal-melt interfacial free energies (g) is investigated for fcc and bcc solids
through molecular-dynamics calculations employing interatomic potentials for Fe. We compute'30–35 %
lower values ofg for the bcc structure, and find that our results cannot be explained simply in terms of
differences in latent heats~L! or densities (r) for bulk bcc and fcc phases. We observe a strong structural
dependence of the Turnbull coefficienta5g/Lr2/3, and find a trend towards lower crystalline anisotropies of
g for the bcc structure relative to fcc.
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In deeply undercooled melts crystallization frequen
proceeds through the nucleation of metastable phase
widely studied example involves the formation of metasta
bcc structures in systems with stable fcc solids. This p
nomenon has been observed experimentally in a numbe
metal-alloy systems~e.g., Refs. 1–8! and in simulations for
weakly charged colloids.9 bcc order also has been observ
within subcritical crystalline nuclei and at crystal-melt inte
faces in numerical simulations10 and density-functional-
theory ~DFT! calculations11 for the Lennard-Jones system
although such order is relatively absent for the hard sph
~HS! system.12,13 Metastable crystallization of bcc solids
generally attributed to a lower value of the solid-liquid inte
facial free energy (g) relative to fcc, resulting in a reduce
barrier for nucleation from the melt. The origins of su
crystal-structure dependencies forg are typically discussed
within the framework of the scaling relation proposed
Turnbull14:

g5aTDSfr
2/3, ~1!

whereT is temperature,DSf the entropy of fusion,r is the
solid atomic density, anda is the so-called Turnbull coeffi
cient. From Eq.~1!, structural variatons ing can be associ-
ated with changes in bulk properties (DSf , r), and/or from
explicit crystallographic dependencies reflected in the
rametera.

To date, relatively few direct calculations have been u
dertaken to explore the magnitude of crystal-structure dep
dencies ing. Nucleation simulations for weakly charge
colloids9 and DFT calculations for adhesive hard sphere15

yield values ofg for bcc that are 10–50 % lower than for fc
Interestingly, in the DFT calculations for the HS system
Marr and Gast15 identical values are obtained for the fcc a
bcc Turnbull coefficients, and the lower values ofgbcc are
thus associated entirely with smaller values ofDSf for the
bcc structure. This result differs qualitatively with a key pr
diction of the theoretical model due to Spaepen, Meyer,
Thompson~SMT! ~Refs. 17–19! that has been employe
widely in the interpretation of metastable bcc crystallizati
data for fcc-based alloys. SMT derived expressions fog
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employing a polytetrahedral model for the liquid structure
compute the excess configurational entropy of a melt in c
tact with a rigid solid, obtaininga50.86 for fcc anda
50.71 for bcc. The SMT model thus predicts approximat
20% differences in the Turnbull coefficient for fcc and b
structures, providing an appreciable source for the lower
of gbcc relative to g f cc , even for metallic systems wher
DSf andr are similar for the two structures. While the SM
values for the overall magnitudes ofa are known to be over-
estimates for both the HS system15,16,20and fcc metals~e.g.,
Ref. 21!, the predictionabcc'0.82a f cc has nevertheless
been found to be consistent with numerous experimental
servations related to metastable bcc crystallization in allo
measured boundaries delineating primary crystallization
~stable! fcc and~metastable! bcc phases in Fe- and Ni-base
alloy systems have been well reproduced2–7 on the basis of
classical nucleation theory employing the SMT model for t
structural dependence ofg.

The present study is aimed at providing further insig
into the dependence of solid-liquid interfacial free energ
upon crystal structure in metals with competing fcc and b
phases. We employ direct molecular-dynamics~MD! calcu-
lations ofg for fcc and bcc based upon recently develop
interatomic-potential models for Fe.22,23Calculated values of
g for bcc are roughly 30–35 % lower than those for fcc. W
deriveabcc'0.65a f cc , providing direct evidence in suppor
of a significant crystal-structure dependence of the Turnb
coefficient in metal systems with competing fcc and b
phases.

MD calculations are based upon two different many-bo
potentials for Fe developed by Acklandet al.22 and Men-
delevet al.23 Hereafter these potentials will be referred to
the initials of the authors:ABCH ~Ref. 22! andMH(SA)2.23

Both potentials are of the ‘‘pair-functional’’ form~e.g., Ref.
24! common to the embedded-atom model25 ~EAM! and
second-moment tight-binding model. TheABCH potential
was derived by fitting to static properties of bcc Fe at ze
temperature, whereasMH(SA)2 also incorporates inter
atomic force information for the liquid derived fromab initio
calculations. The latter potential leads to a much be
agreement with experimental measurements for liquid str
©2004 The American Physical Society02-1
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ture factors and melting properties. We employ theABCH
potential to make direct comparisons between fcc and
crystal-melt interfacial properties, and useMH(SA)2 to de-
rive refined values for bcc interfaces. A comparison of res
obtained with these different potential models provides
means for checking the sensitivity of our conclusions to
tails of the form of the interatomic interactions. To inves
gate the role of many-body interactions we repeat calc
tions for the ABCH model using an ‘‘effective’’ pair
potential,24 obtained by expanding the density dependence
the embedding function to second order. The resulting p
potential is shown in Fig. 1, where it is compared to
Lennard-Jones potential with the same equilibrium spac
and well depth; theABCH-derived pair potential is signifi-
cantly shorter in range and less repulsive at short distan
Although it is not considered further in this study, we al
show in Fig. 1 an effective pair potential derived analogou
from theMH(SA)2 EAM model; a comparison between th
ABCHandMH(SA)2 curves illustrates the qualitative differ
ences between these two potentials.

Solid-liquid interfacial free energies were calculated
MD employing the capillary fluctuation metho
~CFM!.21,26–29Here we give a brief overview of the imple
mentation of this method in the present calculations; furt
details will be provided in a future publication. The CFM
based upon an application of the relation between the e
librium height-fluctuation spectrum of a rough crystal-m
interface and itsstiffness: ^uA(k)u2&5kBT/bW(g1g9)k2,
whereA(k) is the Fourier transform of the interface heig
profile, andW and b ~with b!W) denote the length and
thickness of a thin~‘‘ribbonlike’’ ! crystal-melt boundary.g
1g9 defines the stiffness, withg9 denoting the second de
rivative of g(n̂) with respect to the angle of the local inte
face normal relative to its average orientation.

Application of the CFM begins by equilibrating period
simulation cells with coexisting solid and liquid phases at
~zero-pressure! melting temperature. The present stu

FIG. 1. Effective-pair potentials derived from theABCH ~solid
line! andMH(SA)2 ~dashed line! many-body potentials for Fe. Th
inset compares theABCHpair potential~solid line! with a Lennard-
Jones~LJ! potential~dashed! having the same well depth and equ
librium interatomic separation.
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makes use of simulation cells with typical cross-sectio
dimensions of W519 nm and b51.5 nm, and periodic
lengths normal to the solid-liquid interfaces approximate
equal to 2W. Instantaneous positions of the solid-liquid in
terfaces are sampled during~microcanonical! MD simula-
tions employing the structural order parameter introduced
Hoyt et al.26: f i51/n( j urW i j 2rW i j

idealu2, where the sum is ove
then nearest neighborsj of atom i, r i j is the vector connect-
ing sitesi and j, and rW i j

ideal corresponds to the related pos
tions in an ideal crystal. For systems with fcc structures
sum is over then512 nearest neighbors, while for bcc sy
tems it was found that including both first and second nei
bors (n514) led to improved separation in the identificatio
of solid and liquid atoms. With the use of the order parame
f, instantaneous positions of the solid-liquid interface we
identified and Fourier-transformed to deriveA(k,t) at inter-
vals of 0.1 ps for simulations lasting several hundred
From this MD data,̂ uA(k)u2& and associated statistical un
certainties were derived as described in Ref. 27. Interf
stiffnesses were then extracted from the slope of
~weighted-least-squares! fit of ^uA(k)u2& vs 1/k2 using data
for k ranging between zero and 0.22 Å21.

Once the stiffnesses have been calculated for a numbe
crystallographic orientations, interfacial free energies a
their associated crystalline anisotropies are extracted usi
cubic-harmonic expansion of the form

g~ n̂!/g0511e1S (
i 51

3

ni
42

3

5D
1e2S 3(

i 51

3

ni
4166n1

2n2
2n3

22
17

7 D , ~2!

whereg0 denotes the spherically averaged value of the
terfacial free energy,e1 and e2 are anisotropy parameters
and ni denote the components of the interface normal.
previous work it has been shown that Eq.~2! provides an
accurate parameterization of the orientation dependenceg
for a variety of fcc-based systems.26,28,29In the present study
which represents the first application of the CFM to a no

TABLE I. Interface stiffnesses for bcc Fe calculated with t
ABCHpotential. The first column gives interface orientations in t
notation of Ref. 26. Calculated stiffnesses are in the second col
where numbers in parentheses denote 95% confidence interva
the final significant figure~s!. Stiffness values in columns 3 and
are computed from Eq.~2! with parameters derived by fitting, re
spectively, to data for all six orientations and to only the first thr

Orientation Calculated stiffness Fit 1 Fit 2
(mJ/m2) (mJ/m2) (mJ/m2)

001@010# 196 ~16! 192 196

11̄0@001# 198 ~14! 199 198

11̄0@110# 218 ~13! 218 218

111@11̄0# 213 ~21! 215 216

120@001# 193 ~4! 193 197

120@21̄0# 209 ~12! 209 210
2-2
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fcc-based structure, we have confirmed that Eq.~2! also ac-
curately describes the orientation dependence ofg(n̂) for the
bcc crystals considered. In Table I we present results of
rectly calculated stiffness values for bcc interfaces deri
from the ABCH potential, along with values extracted fro
fits of Eq. ~2!. The third column in Table I gives results of
fit of Eq. ~2! to all six data points, while the numbers in th
fourth column are based on a similar fit using only the th
stiffnesses for$100% and $110% interfaces. The calculate
stiffnesses are seen to be accurately reproduced~within esti-
mated statistical uncertainties!, even for the second fit wher
results for$111% and $210% interfaces represent prediction
This finding is similar to that of Hoytet al.26 who found that
stiffnesses for$100% and $110% interfaces were sufficient to
parametrize the full orientation dependence ofg(n̂) for fcc
Ni. In the following, all quotedg values are derived in this
way, fitting Eq. ~2! to three calculated stiffnesses, with th
exception of the bcc results for theABCH potential which
are based on the data for all six orientations given in Tabl

The third and fourth rows of Table II give the main resu
of the present study, listing calculated values of crystal-m
interfacial free energies (g0) and Turnbull coefficients (a)
for fcc and bcc crystal structures. For a given crystal str
ture ~fcc or bcc!, the significant variations in the calculate
g0 values~in particular between theABCH and MH(SA)2

potentials! reflect primarily differences in predicted meltin
temperatures; values ofa for a given crystal structure are i
much better agreement between potentials. For theABCH
many-body and effective-pair potentials both fcc and b
structures are~meta!stable at their equilibrium melting tem
peratures. These models thus allow direct comparisons
tween the properties of the fcc and bcc crystal-melt int
faces derived from the same potential. With both potent
the values ofgbcc are calculated to be lower thang f cc by
30–35 %, while values for the melting temperatures (TM),
DSf and r differ only slightly between fcc and bcc struc
tures.The large differences in the calculated values ofg f cc

TABLE II. Calculated melting and solid-liquid interfacial prop
erties for FCC and BCC structures based upon theABCH,
MH(SA)2 and ABCH-effective-pair~pair! potentials. Numbers in
parentheses denote 95% confidence intervals in the final signifi
figure~s!.

Potential: ABCH ABCH Pair Pair MH(SA)2

Structure: BCC FCC BCC FCC BCC

TM ~K! 2358 2236 2306 2215 1772
L ~eV/atom! 0.218 0.200 0.259 0.212 0.162
g0 (mJ/m2) 206~10! 319~12! 221~14! 311~14! 175~11!

a 0.32~2! 0.55~2! 0.29~2! 0.50~2! 0.36~2!
g1002g110

2g0
0.4~4! 2.8~4! 0.5~5! 2.4~4! 1.0~6!

~%!
g1002g111

2g0
0.5~4! 3.9~4! 0.4~6! 3.4~5! 1~2!

~%!
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and gbcc are thus found to be associated primarily with a
explicit dependence of the Turnbull coefficient upon crys
structure.

Two additional features of the results in Table II warra
further discussion. First, the many-body and effective-p
forms of theABCH potential show relatively minor differ-
ences in the calculated values ofg0 and associated anisotro
pies. This suggests that many-body contributions to the
teratomic interactions have a relatively small effect on
calculated crystal-melt interfacial properties in metals. F
thermore, theABCH results in the final two rows show sub
stantially lower anisotropies ing for bcc relative to fcc. In-
terestingly, equilibrium crystal-shape measurements30,31 for
the transparent organic materials succinonitrile~SCN! and
pivalic acid~PVA!, yield fourfold anisotropies forg that are
a factor of 5–10 lower for the bcc SCN structure relative
fcc PVA. While further data is needed to confirm this tren
these results combined with those of the current study s
gest a tendency towards reduced anisotropy ing for bcc
relative to fcc crystal structures.

Figure 2 shows a comparison between the present re
for fcc and bcc Fe, and previous calculations for fcc bas
EAM metals.21,28 In this plot of ĝ5g0r22/3 vs latent heat
(L5TMDSf) the Turnbull coefficient is given by the slope o
the solid and dashed lines representing least-squares fi
the fcc and bcc results, respectively. The present results
fcc Fe are seen to be consistent with previous calculations
other fcc-based EAM systems. The best fit line for the
data corresponds to a Turnbull coefficient ofa f cc
50.54(2). As discussed in Ref. 21, this value is in goo
agreement with previous analyses of experimental meas
ments for elemental fcc metals, and it is very close to
value ofa50.51 calculated for the HS system.16,20The three
different bcc results derived in the present study are foun

nt

FIG. 2. Normalized interfacial free energies (ĝ) vs latent heat
~L! from calculations for EAM metals. The circles denote the f
data, while the squares are for bcc. With the exception of
present data for Fe, results are obtained from Refs. 21 and 281

and Fe2 denote results from theABCH many-body and pair poten
tials, respectively, while Fe3 corresponds toMH(SA)2. Solid and
dashed lines represent best fits through the fcc and bcc data, re
tively.
2-3
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obey the Turnbull scaling relation quite well. A fit to all thre
bcc results yields a value ofabcc50.32(3) while fitting only
to the two results for the many-body potentials yieldsabcc
50.34(2). These estimates are 30–35 % lower than our c
culateda f cc .

Experimental estimates ofg for Fe have been derive
from several maximum undercooling measurements.14,32,33

Due to the large variation in reported maximum underco
ings, estimated values ofa for Fe vary between roughly 0.4
and 0.57.33 Our present results for fcc Fe are within th
range, while those for bcc Fe fall somewhat below. Sinc
quantitative comparison with experiment remains proble
atic, we wish to emphasize instead our observation of a c
tendency towards the lowering ofa andg anisotropy going
from fcc to bcc. These trends are found to be relatively
sensitive to the detailed form of the interatomic potenti
employed in this work. Very recently, the same trends h
been observed by Davidchack and Laird34 for the repulsive
1/r 6 potential, which gives rise to~meta!stable bcc and fcc

*Permanent address: Institute of Solid State Physics, Acade
Sinica, 230031-Hefei, China.
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solid phases with very small bulk free-energy differenc
Interestingly, the repulsive part of theABCHpair potential in
Fig. 1 is found to be well modeled by a 1/r 6 form. The
present results and those of Davidchack and Laird combi
suggest that the tendencies towards lower values ofa andg
anisotropy for bcc relative to fcc are general trends for s
tems where these two solid phases are competitive.
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