
PHYSICAL REVIEW B 69, 014504 ~2004!
Role of spinon in the presence of spinon singlet pair excitations on phase transitions
in d-wave superconductors
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We examine the roles of massless Dirac spinon and spin singlet pair excitations on both quantum and
classical phase transitions in extreme type-IId-wave superconductors. We discuss that the massless Dirac
fermion ~spinon! excitations in the presence of the spin singlet pair excitations do not alter the nature of the
quantum phase transition atT50, that is, the XY universality class, while at finite temperature they are seen
to induce an additional logarithmic interaction potential between vortices, further stabilizing vortex-antivortex
pairs at low temperature forKT transition for lightly doped high-Tc samples.
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Recent thermal Hall conductivity measurements1 suggest
the existence of vortices in the pseudogap~PG! phase. This
implies that preformed pairs are present in the PG phase2 In
the PG phase, vortex-antivortex pairs remain broken to ca
a state of globally incoherent but locally coherent Coo
pairs. Vortex-induced phase transitions in underdoped reg
have been an issue of great interest.3–8 In this paper, by
applying a duality transformation we extend the U~1! gauge
Lagrangian9 obtained from the slave-boson mean-fie
theory10,11 in order to examine how vortex-induced pha
transitions ind-wave superconductors at low energy are
fected by the presence of both the massless spinon
spinon singlet pair excitations. In other studies,7,8 the flavor
number of the massless Dirac fermions in the absence o
spinon singlet pair excitations is shown to alter the nature
the phase transition. According to this study,7 as the flavor
number increases, the type-II superconductivity is preferred
showing the second-order phase transition which devi
from the XY universality class. In the case of small flav
number it leads to the type-I superconductivity and the tr
sition becomes first order owing to the strong fluctuations
the massless gauge field. Our present study differs from o
previous studies,7,8 in that in our case the U~1! effective
gauge field of interest becomes massive as a result of
spinon ~spin! singlet pair excitations. Particle-hole excit
tions of the massless Dirac spinons lead to the renormal
kinetic energy of the U~1! gauge field4,12,13@the second term
in Eq. ~3!#. Based on the effective Lagrangian involved wi
the massive gauge field caused by the presence of the sp
singlet pair excitations, Eq.~3!, we discuss zero- and finite
temperature phase transitions in the extreme type-II lim14

First, we find that the (211)D XY universality class atT
50 is not altered despite the presence of the massless D
fermions~spinons!, as long as the spinon singlet pair excit
tions exist in the underdoped highTc cuprates and thus th
effective gauge particle@Eqs. ~5! and ~12!# remains suffi-
ciently massive.15 Second, it is shown from the present stu
that at finite temperature the interaction potentials betw
vortices are modified to bring an additional logarithmic i
teraction@Eqs. ~13! and ~23!# as a consequence of the ma
sive gauge field, thus maintaining theKT transition.
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Our primary focus is to examine how low-energy excit
tions, specifically the Dirac spinon excitations in the pre
ence of spinon singlet pair excitations affect the vorte
induced phase transition. Here the low-energy excitati
refer to the phase fluctuations of both the spinon singlet p
and the single holon order parameter and the massless D
spinon excitations near thed-wave nodes of the spinon sin
glet pair. Gauge-field fluctuations16 are introduced to allow
the presence of internal flux responsible for the stabilizat
of the system by energy lowering. Thus considering gau
fluctuations and proper phase fluctuations~involved with
fsp5eiusp andfb5eiub) for the spinon pairing order field
and the single holon order field, respectively, we rewrite
low-energy effective Lagrangian of Lee9 in compact form

L5
Kb,m

2
u]mub1am2Amu21

Ksp,m

2
u]musp12amu2

1c1
†@]t1vFt3i ]x1vDt1i ]y#c11~1→2,x→y!1 iJ f m

3~]musp12am!1 i r̄sp~]tusp22]tub12A0!, ~1!

where Kb,m[(1/ub ,Kb ,Kb) with 1/ub (;1/t), the com-
pressibility and Kb (;2tx0d), the phase stiffness o
the single holon field andKsp,m[(1/usp ,Ksp ,Ksp) with
1/usp (;1/J), the compressibility andKsp (;JD0

2), the
phase stiffness of the spinon pair order field.cns

5(
eiusp/2ess8 f

ns8
†

e2 iusp/2f ns ) is the renormalized Nambu spinor asso

ated with the d-wave gap nodesn. vF (;Jx0) and
vD (;JD0) are the Fermi and gap velocities of the Dira
spinons, respectively. Jf m5 1

2 ((ncns
† t3cns ,ivFc1s

† c1s ,
ivFc2s

† c2s) is the three-current of the spinon quasipartic

and r̄sp is the average density of spinon pairs.
By introducing the gauge shift~unitary gauge! ãm52am

1]musp , we rewrite Eq.~1! as

L5
Kb,m

8
u]mup2ãm12Amu21

Ksp,m

2
ãm

2 1 iJ f mãm

1c1
†@]t1vFt3i ]x1vDt1i ]y#c11~1→2,x→y!

1 i r̄sp~]tup12A0!, ~2!
©2004 The American Physical Society04-1
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where up5usp22ub . up is the phase of the Cooper pa
order parameter DCooper(k)5uDCooper

0 (k)ufp , where
DCooper(k) 5 ^ck↑c2k↓& 5 ^b* f k↑b* f 2k↓&;^ f k↑ f 2k↓&^b* &2

5uD0(k)uu^b* &u2fspfb*
2 and thus fp5eiup5fspfb*

2

5eiuspe2 i2ub. ãm is the massive effective gauge field asso
ated with the phase fluctuations of spinon singlet pair or
parameter and the original internal U~1! gauge fieldam . The
massma,m of the effective gauge fieldãm is defined by the
phase stiffnessKsp,m of the spinon pairing order paramet
involved with the PG phase of the doped Mott insulator.
the above equation, the fluctuating fields ofup , ãm andcn ,
are U~1! gauge invariant,16 thus satisfying Elitzur’s
theorem.17

Integrating over the Nambu spinor fields and expand
the resulting logarithmic term up to second order inãm ,4,12,13

we get an effective U~1! Lagrangian involved with the mas
sive gauge fieldãm ,

Z5E DupDãmexpS 2E
0

bdtE dx2LD ,

L5
K̃b,m

2
u]mup2ãm12Amu21

N

16
~]3ã!

1

A2]2
~]3ã!

1
1

2
ma,m

2 ãm
2 1 i r̄sp~]tup12A0!, ~3!

where K̃b,m5Kb,m/4 andma,m
2 5Ksp,m . N is the number of

flavors~i.e., the number of nodal points! of the Dirac fermi-
ons. The kinetic-energy term~the second term! of the effec-
tive gauge fieldãm originates from the massless excitatio
of the spinon quasiparticles~Dirac fermions!.4,12,13The Berry
phase contributioni r̄sp]tup is related to the Cooper pa
boson density.18,19 In (211)D the chiral-symmetry breaking
is expected to occur and the fermions get a dynamically g
erated mass.6,12,20,21This will not alter the XY universality
class atT50 owing to the presence of the spin singlet p
excitations but will change the interaction potential betwe
vortices. This will be discussed later.

In passing we would like to briefly discuss a nodele
case. That is, we ignore the Dirac spinon quasiparticles
thus consider only theN50 flavor limit ~which corresponds
to the isotropics-wave superconductivity!. It is then obvious
that the kinetic-energy term of the gauge field in Eq.~3!

disappears. Integrating over the effective gauge fieldãm in
Eq. ~3!, we obtain

L5
Kp,m

2
u]mup12Amu21 i r̄sp~]tup12A0!, ~4!

where Kp,m5K̃b,mKsp,m /(K̃b,m1Ksp,m). This reveals that
the phase stiffnessKp,m of the Cooper pair field is in a ‘‘re-
duced mass’’ form22 between the holon and the spinon pa
and the usual logarithmic type of interaction between vo
ces arises under a duality transformation.

Now for the case of NÞ0 flavor, the duality
transformation3,5,18,19,23of Eq. ~3! with the introduction of
01450
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vortex mass and self-interaction terms leads to an effec
Lagrangian for the vortex field,

Z5E DcpVDcmDãmexpS 2E dx3LD ,

L5u~]m1 icm!cpVu21mpV
2 ucpVu21

upV

2
ucpVu4

1
1

2K̃b,m

u]3cu21 i ~]3c!m~ ãm22Am!2m~]3c!t

1
N

16
~]3ã!

1

A2]2
~]3ã!1

1

2
ma,m

2 ãm
2 , ~5!

where mpV
2 ;K̃b2K̃bc;d2dc , with K̃bc as the critical

phase stiffness of the holon~boson! field, d the hole doping
concentration, anddc the critical hole doping concentratio
and m52ũbr̄sp with ũb;4t. cpV represents the Coope
pair vortex field andcm the dual gauge field to mediate in
teractions between vortices. Noting thatm is analogous to an
applied ‘‘magnetic field’’Hz and (]3c)t to Bz ,18,19the sixth
term in Eq.~5!, 2m(]3c)t ~Refs. 18 and 19! which results
from the Berry phase termi r̄sp]tup is analogous to interac
tion energy2HzBz associated with the vortex field. We no
that in case ofd,dc vortex condensation occurs.

In association with the Lagrangian, Eq.~3! it is of interest
to examine the instanton contribution resulting from t
compactness of the original gauge fieldam in the expression
of the unitary gaugeãm52am1]musp . The Cooper pair field
is ‘‘charge’’ neutral and can not couple with the U~1! gauge
field am . In the following we discuss the conservation
vortex current to show that the contribution of instanton d
appears. We rewrite our dual Lagrangian, Eq.~5! in the first
quantized representation,

L5
1

2K̃b,m

u]3cu21 icmJp,m
V 1 i ~]3c!m~ ãm22Am!

1
N

16
~]3ã!

1

A2]2
~]3ã!1

1

2
ma,m

2 ãm
2 2m~]3c!t ,

~6!

whereJp
V5]3]up is the Cooper pair vortex three curren

From this we obtain the equation of motion for the du
gauge fieldcm ,

2
1

Kb
]3]3c5Jp

V2~]3ã!12~]3A!. ~7!

Thus we obtain

]•Jp
V5]•]3ã5]•]3~2a1]usp!52rM1Jsp

V , ~8!

whererM5]•]3a is the instanton~‘‘magnetic’’ monopole!
density19,23 associated with the original gauge fieldam and
Jsp

V 5]3]usp , the spinon pair vortex three current. Takin

r̃M5]•]3ã with r̃M , the monopole density of the effectiv
4-2
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gauge fieldãm , we write]•Jp
V5 r̃M for the relation between

the vortex current and the monopole density.19 Since the
spinon pair vortex current carrieshc/2ẽ flux quantum, where
ẽ is the internal~gauge! charge,]•Jp

V5 r̃M52rM1]•Jsp
V

50 must hold. This indicates that the instanton contribut
disappears to conserve the vortex current of the Cooper p
Thus the compactness ofam and thusãm does not alter the
(211)D XY universality class.

We now prove that 2rM1]•Jsp
V 50. Performing the du-

ality transformation of the starting Lagrangian, Eq.~1!, we
obtain

Ldual5
1

2Ksp,m
u]3csp1Jf u21 icsp,mJsp,m

V 2 i ~]3csp!m2am

2ms~]3csp!t1
1

2Kb,m
u]3cbu21 icb,mJb,m

V

2 i ~]3cb!m~am2Am!2mb~]3cb!t1Lc , ~9!

where msp52uspr̄sp with usp;J and mb5ubr̄sp with ub
;t are the applied magnetic fields for the spinon pair a
holon vortices, respectively, andLc5c1

†@]t1vFt3i ]x

1vDt1i ]y#c11(1→2,x→y) is the Dirac fermion Lagrang
ian. Jsp(b)

V is the vortex three-current of the spinon sing
pair ~holon! andcsp(b),m the dual gauge field to mediate in
teractions between the spinon pair~holon! vortices. From the
above dual Lagrangian we obtain the equations of motion
csp,m andcb,m , respectively,

2
1

K sp]3~]3csp1Jf !5Jsp
V 12]3a,

2
1

Kb]3]3cb5Jb
V1]3a2]3A. ~10!

Thus we obtain

]•Jsp
V 12]•]3a5]•Jsp

V 12]•b5]•Jsp
V 12rM50,

]•Jb
V1rM50. ~11!

The above result proves that the instanton contributionr̃M

52rM1]•Jsp
V for the effective gauge fieldãm is zero. In-

stantons associated witham and thusãm do not affect dynam-
ics of the Cooper pair field and thus the vortex field since
is a gauge neutral particle. On the other hand, instantons
expected to affect dynamics of the gauge noninvariant
jects~i.e., spinon pairs and holons! since instantons act as th
source of the spinon pair vortex and holon vortex curre
respectively@see Eq.~11!#. If we consider the dynamics o
spinon pairs and holons to examine the confinement phy
involved with the opposite charges for these particles,
must consider the instanton effect. The issue of the instan
effect on the confinement physics and the superconduc
phase transition will be discussed in a later study.

Integrating over the effective gauge fieldãm in Eq. ~5!, we
get
01450
n
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Z5Z0
aE DcpVDcmexpS 2E d3xLe f fDLe f f

5u~]m1 icm!cpVu21mpV
2 ucpVu21

upV

2
ucpVu4

1
1

2K̃b,m

u]3cu21
1

2
~]3c!

1

N

8
A2]21ma,m

2

~]3c!

2 i ~]3c!m2Am2m~]3c!t ,

Z0
a5E DãmexpS 2E d3x

N

16
~]3ã!

1

A2]2
~]3ã!

1
1

2
ma,m

2 ãm
2 D . ~12!

The fifth term represents an additional kinetic energy of
dual gauge field resulting from the presence of the mass
Dirac spinon field and the spinon singlet pair field whi
results in the massive effective gauge fieldãm . In the case of
weak external fieldm, the nature of the XY universality clas
at T50 will not be affected in the extreme type-II limi
despite the contribution of the massless Dirac fermions~as
shown in the fifth term! as long as the mass of the gau
field, that is, the phase stiffnessKsp of the spinon singlet pair
order parameter is substantially large; the lower the temp
ture, the larger is theKsp in the PG phase.

Thus far we discussed the zero-temperature phase tra
tion which maintains the (211)D XY universality class in
the presence of negligible magnetic fluctuationsAm . Now
we examine the finite-temperature phase transition by c
sidering dimensional reduction. We calculate the dual gau
field propagator to obtain the interaction potential betwe
vortices. The dual field propagator involved with the four
and fifth terms in Eq.~12! is obtained:

Pi j ~q!5P~q!S d i j 2
qiqj

q2 D
P~q!5

K̃bS q1
8

N
ma

2D
q2S q1

8

N
ma

21
8

N
K̃bD 5Kp

1

q2
1

Kb

4
zJ

1

q~q1M2!
,

~13!

where Kp5KbKsp /(Kb14Ksp), M5A8/N(Ksp1Kb/4),
andzJ5Kb /(Kb14Ksp). i , j 51,2 denotes the space comp
nent index (x,y). In the real space, the above equation lea
to the total interaction potential between a vortex and
antivortex:

V~x2x8!52pKplnux2x8u2p2K̃bzJ~StruveH0~M2ux2x8u!

2Y0~M2ux2x8u!!;2pKplnux2x8u

1p2K̃bzJlnux2x8u for M2ux2x8u!1, ~14!
4-3
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;2pKplnux2x8u2
2pK̃bzJ

M2

1

ux2x8u
for M2ux2x8u@1,

~15!

whereY0(x) is the zeroth-order Bessel function of the se
ond kind and StruveH0(x) represents the zeroth-order Stru
function.24 The additional interaction in Eq.~15! shows a
power-law behavior (ux2x8u21) showing its decrease a
large vortex separation distances while it is logarithmic
nature at short separations as shown in Eq.~14!. In Fig. 1, we
plot this interaction potential as a function of distance in
underdoped region.25 As shown in Fig. 1, the additional at
traction between vortices does not introduce a signific
change in the net attractive interaction and shows virtu
no change particularly at large separations. It is noted
the additional attractive interaction combined with the ori
nal logarithmic term results in the renormalized form of a n
logarithmic interaction, 2pK8lnux2x8u, where K85Kp

1(p/2)K̃bzJ , with K8;Kp particulary at low doping~in the
limit of zJ→0) in the underdoped region. The vorte
antivortex unbinding transition temperatureTKT(d) as a
function of hole dopingd is expected to linearly scale wit
the phase stiffnessKp of the Cooper pair field. ForKsp
@Kb , Kp is seen to be linearly dependent ond particularly
in the lightly doped region. On the other hand, the strength
the additional interaction@the second term in Eq.~15!# shows
a nonlinear~quadratic! dependence ofd owing to the linear
doping dependence ofKb(;d) and zJ(;d) in the lightly
underdoped region.25

Now we discuss the case of the chiral-symmetry break
in the (211)D systems and show that this will not alter th
XY universality class only in the presence of negligible ma
netic fluctuationsAm ,14 but change the strength of intera
tion between the vortices. Introducing the massive Dirac
mions for the case of the chiral-symmetry-brok
phase,6,12,20,21we rewrite the effective Lagrangian, Eq.~2!,

L5
K̃b,m

2
u]mup2ãm12Amu21

1

2
ma,m

2 ãm
2 1 i r̄sp~]tup12A0!

1c̄ lgm~]m2 i ãm!c l1mc̄ lc l , ~16!

FIG. 1. The total interaction energy~solid line!, logarithmic in-
teraction energy~dashed line!, and additional interaction energ
~dotted line! ~in the unit oft) at underdopingd;0.035 as a function
of vortex distanced ~in the unit of t21).
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wherem is the mass of the Dirac fermion. Integrating ov
the massive Dirac fermions6,12,21and performing the duality
transformation, we obtain the low-energy effective Lagran
ian

Z5E DcpVDcmDãmexpS 2E dx3LD ,

L5u~]m1 icm!cpVu21mpV
2 ucpVu21

upV

2
ucpVu4

1
1

2K̃b,m

u]3cu21 i ~]3c!m~ ãm22Am!2m~]3c!t

1
N

12pm
u]3ãu21

1

2
ma,m

2 ãm
2 . ~17!

Note that the kinetic energy of the gauge field is proportio
to q2, but not toq as in the case of the chiral-symmetr
phase. After integrating over the massive effective gau
field, we obtain

Z5E DcpVDcmexpS 2E dx3LD ,

L5u~]m1 icm!cpVu21mpV
2 ucpVu21

upV

2
ucpVu4

1
1

2K̃b,m

u]3cu21
1

2
~]3c!

1

N

6pm
~2]2!1ma,m

2

3~]3c!2 i ~]3c!m2Am2m~]3c!t . ~18!

In the long-wavelength limit 1
2 (]3c)@1/(N/6pm(2]2)

1ma,m
2 )#(]3c) is reduced to (1/2Ksp,m)u]3cu2 as in the

case of the chiral-symmetric phase. Thus the supercond
ing phase transition atT50 falls into the XY universality
class in both cases of chiral-symmetry and chiral symme
breaking in the extreme type-II limit.14 Only the interaction
between vortices is affected as a result of chiral-symme
breaking. In the chiral-symmetry broken phase the inter
tion potential is obtained to be, from Eq.~18!,

Pi j ~q!5P~q!S d i j 2
qiqj

q2 D ,

P~q!5

K̃bS q21
6pm

N
ma

2D
q2S q21

6pm

N
~ma

21K̃b! D 5Kp

1

q2
1

Kb

4
zJ

1

q21M2
,

~19!

with m the mass of the Dirac fermion andM the effective
mass of the effective gauge field defined byM2

5(6pm/N)(ma
21K̃b). In real space this is expressed as
4-4
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TABLE I. Comparison of the interaction potential between vortices ins-wave andd-wave superconduct-
ors.

s-wave superconductors d-wave superconductors

L5
Kp

2
u]upu2 L5

Kp

2
u]upu22 izJJf]up1c̄ lg]c l

Ldual5
1

2Kp
u]3cu21 icJV (JV[]3]up) Ldual5

1
2Kp

u]3cu21 icJV1
N

16
zJ

2JV

1

A2]2
JV

V(q)5
Kp

q2
V(q)5

Kp

q2
1

NzJ
2

8q

V(x)5Kplnuxu V(x)5Kplnuxu2
N

8
zJ

2 1
uxu
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V~r !52pS Kpln r 2
Kb

4
zJK0@Mr # D , ~20!

wherer is the separation distance between a vortex and
antivortex andK0@x# is the modified Bessel function, whic
is *0

`dtcos(xt)/At211, wherex.0.24 In the limit of large
separation we obtain24

V~r !52pS Kpln r 2
Kb

4
zJA p

2M

e2Mr

Ar
D . ~21!

At a large separation distance the correction term is inef
tive to alter the nature of phase transition. Thus owing to
main contribution of the logarithmic term particulary at lo
temperature, the classical transition isKT type as in the case
of the chiral-symmetric phase.

To grasp the origin of the additional attractive interacti
between vortices in a different angle, we now take a differ
procedure. Integrating over the effective gauge fieldãm first
in Eq. ~2!, we obtain the effective Lagrangian9 involved with
the U~1! gauge-invariant particles and the Doppler ene
shift term,26 zmJf m]mup ,

Z5E DcDupexpS 2E
0

bdtE dx2LD ,

L5
Kp,m

2
u]mup22Amu22 izmJf m~]mup22Am!

1c1
†@]t1vFt3i ]x1vDt1i ]y#c11~1→2,x→y!

1
1

2

Jf m
2

K̃b,m1Ksp,m

, ~22!

with Kp,m5Kb,mKsp,m /(Kb,m14Ksp,m)[(1/up ,Kp ,Kp) the
phase stiffness of the Cooper pair order parameters anzm
5Kb,m /(Kb,m14Ksp,m)[(zr ,zJ ,zJ) the effective charge o
the spinon quasiparticles,9 as mentioned earlier. The abov
Lagrangian is the low-energy effective Lagrangian of t
d-wave BCS theory with the doping dependent phase s
nessKp (;d) and effective chargezJ (;d).9

To see the effects of the Dirac fermions on the ph
fluctuations of the Cooper pair fields, we integrate over
01450
n

c-
e

t

y

f-

e
e

Dirac fermion fields ignoring the local interactions of th
Dirac fermions and the temporal fluctuations in Eq.~22! to
find

L5
Kp

2
u“up22Au21

N

16
zJ

2~“3“up22“3A!

3
1

A2¹2
~“3“up22“3A!. ~23!

The resulting additional attractive interaction between vo
ces leads to the second term in Eq.~15! ~Ref. 27! as a result
of the supercurrent affected by the massless Dirac-ferm
involved with the Doppler-shift termzmJf m]mup . For a brief
guidance we list differences in interaction potentials betwe
vortices in thes-wave and thed-wave superconductors in
Table I and a comparison of thed-wave BCS theory and the
present theory in Table II. We note that in the limit of larg
M, M2@q in Eq. ~13!, the interaction energy between vort
ces obtained by the gauge theory is the same as that obta
by the d-wave BCS formalism@Eq. ~23!#. This limit corre-
sponds to the case in which the local interactions@the last
term in Eq.~22!# of the massless Dirac fermions are ignore
The additional interactions may affect the vortex latti
structure.28 Since our present theory is able to handle t
doping dependence of vortex interactions, it is advantage
to study in the future how the vortex dynamics and latt
structure vary with hole concentration.

In this paper we examined the nature of both the quan
(T50) and the classical (TÞ0 phase transitions at low tem
perature in the lightly doped region of high-Tc cuprates.
First, we note that the quantum phase transition in und
doped cuprates14 falls into the XY universality class or the
inverted XY ~IXY ! universality class29 depending on the
strength of magnetic fluctuationsAm . This situation of XY
or IXY transition will not be altered even in the case of th
massless spinon quasiparticle as long as there exists the
sive gauge fieldãm which results from the spinon singlet pa
excitations. It is known that high-Tc cuprates ~such as
YBa2Cu3O72d) of extreme type II obey a 3D XY scaling a
they have high values of Ginzburg-Landau parameterk in
the range of 70–100 in which case the magnetic fluctuati
play no significant role.14 On the other hand, the inverte
(211)D XY transition29 may occur for weakly type-II
4-5
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TABLE II. Comparison of the interaction potential between vortices in thed-wave BCS formalism and in
the present gauge theory formalism.

d-wave BCS theory Our theory

L5
Kp

2
u]upu22 izJJf]up1c̄ lg]c l L5

K̃b

2
u]up2ãu21

N

16
(]3ã)

1

A2]2
(]3ã)1

1
2 ma

2ã2

Ldual5
1

2Kp
u]3cu21 icJV Ldual5

1

2K̃b

u]3cu21 icJV

1
N

16
zJ

2JV

1

A2]2
JV (JV[]3]up) 1

1
2 (]3c)

1
N

8
A2]21ma

2
(]3c)

V(q)5
Kp

q2
1

NzJ
2

8q
V(q)5

Kp

q2
1K̃bzJ

1

q(q1M2)

V(x)5Kplnuxu2
N

8
zJ

2 1
uxu V(x)5Kplnuxu2

N

8
zJ

2 1
uxu for q!M2

V~x!5SKp1
p

2
K̃bzJDlnuxu for q@M2
a-
th
a

e
e
n
n
e

ed

s

be
ur
of

n-
udy
-
be

ful
superconductors.14 Second, we show that at finite temper
ture the massless Dirac fermions in the presence of
spinon singlet pairs induces the additional attractive inter
tion of a logarithmic behavior (p/2)K̃bzJlnux2x8u at short
distances and of a power-law behavior2(K̃bzJ /M2)ux
2x8u21 at large distances. As shown in Fig. 1 of our pap
the additional attraction between vortices did not introduc
significant change in the net attractive interaction a
showed virtually no change particularly at large separatio
It is noted that the additional attractive interaction combin
with the original logarithmic term results in the renormaliz
form of a net logarithmic interaction 2pK8lnux2x8u, where
K85Kp1(p/2)K̃bzJ , with K8;Kp particulary at low dop-
ing ~in the limit of zJ→0) in the underdoped region. It i
g

nd

g,

s.
.

01450
e
c-

r,
a
d
s.
d

then expected that the nature of phase transition will not
altered since no marked change of vortex fugacity will occ
particulary in the low doping spin gap phase region
present interest.30 For a detailed analysis renormalizatio
group calculation is needed in the future. The present st
has been made based on the U~1! slave-boson theory con
cerned with the single holon order parameter. Thus it will
of great interest to apply our recent SU~2! holon pair boson
theory31 in the future.
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