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Second-harmonic generation for a dilute suspension of coated particles

P. M. Huil! C. Xu,'? and D. Stroud
IDepartment of Physics, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong
2Department of Physics, Suzhou University, Suzhou 215006, People's Republic of China
3Department of Physics, The Ohio State University, Columbus, Ohio 43210-1106, USA
(Received 17 June 2003; published 13 January 004

We derive an expression for the effective second-harmonic coefficient of a dilute suspension of coated
spherical particles. It is assumed that the coating material, but not the core or the host, has a nonlinear
susceptibility for second-harmonic generati8HG). The resulting compact expression shows the various
factors affecting the effective SHG coefficient. The effective SHG per unit volume of nonlinear coating
material is found to be greatly enhanced at certain frequencies, corresponding to the surface-plasmon resonance
of the coated particles. Similar expression is also derived for a dilute suspension of coated discs. For coating
materials with third-harmoni€THG) coefficient, results for the effective THG coefficients are given for the
cases of coated particles and coated discs.

DOI: 10.1103/PhysRevB.69.014203 PACS nunifer78.20.Bh, 42.65.An

[. INTRODUCTION the properties of nanostructured random media is best re-
flected in the recent compilation by Shalaév.

With the advancements in nanotechnology, it has become A number of theories has been developed for weakly non-
possible to fabricate nanoparticles of various kinds with spelinéar composites?**~** with the focus mainly on third-
cific geometries. For years, random or ordered composit@der nonlinear susceptibility such as the Kerr effect. In pre-
materials consisting of two or more materials with differentVi0uS Works,™ we derived general expressions for
physical properties have been studied intensively, with thdlonlinear susceptibility for the second-harmonic generation
aim of tuning the effective physical properties of the com-(SHG) ‘.i”d t_rr1;]rd-harrr1non|cl ger&erat:oﬁTI;G) ml random.
posite by properly choosing the constituent materials, thgOoMPposites. The authors also developed simple approxima-
structure of the composite, and/or the volume fraction ofiion for the Q|lut(_e concentration limit and e.ffectlve-'medlum
each of the constituents. Ordered composites, for exampldYP€ approximation for arbitrary concentrations. With recent

3

have led to the development of semiconductor heterostru(5’;_1dvancements in the fabrication of coated particles and with

tures and devices, and photonic band-gap materials. Conﬁ)_ossible enhanced local-field effect in mind, we study SHG

posites consisting of small particles of one material ranin @ diluté suspension of coated spheres. Specifically, we
domly embedded in a host medium also show interestin@>Sume th.af[ only the coating material has_ a nonvgnlshlng
behavior The percolation effect that occurs as the volume HG co\t/evfflc&en't. The core anq thef hof]t m‘]';’fd'“m arSe|_|Ilgear 'P
fraction of one component increases leads to a qualitativ ature. We derive an expression for the effective coet-
change in the physical response of a random composite. | cient per unit \_/olume of nonll_near materlgl in the system. It

the dilute concentration limit, various physical responses ar found th_at_ with modest choice of material parameters, the
affected by local-field effects due to the inhomogeneous na>HC coefficient can be greatly enhanced at certain frequen-

ture of the system cies. We also study the two-dimensioriaD) version of the

Of particular interest is the optical response of nanoparp][Oblem’d"de_" the SHIC_; coefglment n:ja_ZE_)I d|IutehsuspenS|or_1
ticles and nanoparticles with specially designed geonfetry. © c%at?Nh |scsh|n a medar ost, Elmh simiiar-en z_inrt]:_emgrnlit'g
For example, using a nanoshell geometry on patrticles, it ha@un 1. When the coated material has a nonvanishing T|
been found that the effective Raman scattering can be eﬁ:_oefﬂment, we give the resulting expression for the effective
hanced by as much as 10 The surface-plasmon resonance THG coefficient per unit volume of nonlinear material in
is found to be shifted in nanoparticles coated with golthe bOt_Ir_'hsD land ?Ii)hrandom pomp?sllltes. In Sec. Il deri
optical properties of nanoparticles may also be affected b¥ € pian of the paper 1S as Toflows. In Sec. 1l, We derive
quantum size effectsin general, it is expected that the local- he eﬁec'qve S.HG coefficient Ina dilute suspension of coated
field effects play a significant role in the nonlinear responS(-:*gphere?f In abllnear _r(ljosp We |IIu:(sjtrTlte the po?S|bIg ?nhanche-
in composites consisting of small particles as the respons@ent eftect by considering a model system of particles wit
depends on high powers of the fiflGreatly enhanced non- & metall_lc core and coatec_i by a nonlinear ma’genal. In Sec.
linear response in composite systems, when coupled with W, we give the qurespondlng results for a o dilute suspen-
fast response time, could lead to applications in the design ofon of coated discs. Results for the effective THG coefl-

switching devices and optical communication systems. Arfientin both 3D and 2D cases are given in Sec. IV, together

excellent review on the nonlinear optical properties of ran-W'th a summary.

dom media has been given by Shald®an up-to-date ac-
count on problems related to computational electromagnetics
in dielectric heterostructures has recently been given by We consider the effective susceptibility for second-
Brosseau and Berou#l.The current status on research on harmonic generatiofSHG) of a dilute suspension afoated

Il. FORMALISM
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particles embedded in a linear host in both 3D and 2D. Inwhere
3D, the system consists of coated spheres; while in 2D, the

system consists of coated cylinders with aligned a@s &=T'sEo, ()
coated discs The spherescylinderg are supposed to have 3
inner radiusr; and outer radiug,. The core medium is Ps=Asr1T'sEo. (6)

supposed to havépossibly complexdielectric constant;,  Herel', and )\, are given by
the coating has dielectric constasy, and the host has di-

electric constants. In addition, the coating, but neither the r 3es 7
host nor the core, has a nonlinear susceptibility for second- ST eyt 2€3+2(€x— €x)Nol ps’ @
harmonic generation. This susceptibility is, in general, a ten-

sor of rank thre® and is denoted byij(—20w;w,w) or €1— €

dij(w,w), with each of the subscripts running over the three (8)
Cartesian indices. Note that the elementglahay be com-
plex. The total volume fraction of coating material in the where u, is related to the ratio of the outer to inner radii
composite if, andf<1 is assumed.

Hui and Stroud have derived a general expression for ps=(ro/r1)° 9
the effectivenonlinear SHG susceptibilitgliy (—2w;®,0)  The electric field in the coating medium can then be explic-
of a composite, under the assumption that the nonlinearity ifly evaluated with the result

t

weak. When applied to the system considered here, the resul

Ng= ,
s El+2€2

may be written in the form . 3(xZx+yzy+7222) 122
Es=Ez+ = s (10
fik=Tdemn(Ki¢(20)Kpj( @)K @)). 1) r
Here wherer is the distance from the center of the sphere to the
point under consideration inside the spherical shell. Note that
En(X o) ps has dimensions of a dipole moment, and it is the dipole
Ko @)= Egx(w) @ moment of the coated particle in the linear limit. Comparing

with results of a single dielectric sphere in a host, the coated

is the possible local-field enhancement factor givingrite  gphere behaves as a sphere with an effective dielectric con-
component of the local electric field at positianand fre- stante. of the form
S

guencyw when the applied field, is in thekth direction at

frequencyw. (- --) denotes an average over the volume of -~ 1+2N\e/ps

the nonlinear shelland the average is to be calculated in the €= TN . 2 (11
linear limit. We use the convention that repeated indices are sihs

summed over. with \g and u given by Egs(8) and(9). It can be immedi-

Equations(1) and(2), as well as all the results below, are ately seen from Eq(11) that the surface-plasmon resonance
also obtained in the quasistatic approximation, according tof a coated particle can be tunddoy the material param-
which the local electric field may be written as the negativeeters\  and the geometrical parameteg of the particle.
gradient of a scalar potential. This approximation is most To proceed and for the purpose of illustrating the possible
accurate when the particle radii are small compared to botenhancement in SHG, we will make the assumption that of
the wavelength of light in the medium and the skin depth ofthe possible components dfin the shell, onlyd;; are non-
metallic particles. The quasistatic approximation neglectsero and that these are all equal, i@;=d(—2w;w,®)
such effects as radiative losses, which may become impoe=d,, , (i = x, y, or z). Depending on the symmetry of the
tant at shorter wavelengths; it also omits diffuse scatteringnonlinear materials concerned;;, would have vanishing
as discussed further in the last section of the paper. components for certain combinations of the indices. For ex-

We consider the 3D case of coated spheres in a lineample, one may also have .0 only for i+j#k. Our
host. In the dilute concentration limit where the interactioncalculations can also be carried out for the latter case. Using
between particles can be neglected, the electric field in thgq_ (1) in the dilute concentration limit gives
coated shell can be calculated using standard electrostatics.

The electric field in the spherical shély, where the sub- o 2
scribe denotes the spherical shell with the coating medium, dw,w:fdw'wi:%l (Kzi(20)Kiz(@))shen,  (12)
in the presence of an external fielz is related to the

electric potential via where we have denoted the surviving SHG coefficiafy,

by d, , for simplicity. The brackets- - -)spe denote the
Es=—Voq (3 average of the enclosed quantity over the volume of the
spherical shell, anlis the volume fraction of coating mate-
rial in the system.
It is easily shown that only thie=z term in the above sum
pscosﬁ, (4) contributes, when a suitable angular average is carried out
2 over the volume of the shell. In order to evaluate that re-

with

D (r,0)=—& cosh+
r
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maining term in Eq(12), we need to calculate the average nonlinear shell and metal core ( 3D )
over the shell volume of the quantity
372 r2 37212 2 0 J\%
E(2w)+ 5 Ps(20) || E(w) + 5 Ps(w) | , 3
r r oz
(13 % -2x10°%
ke
where we have indicated the frequency at which the field and g i
the dipole moment are to be evaluated explicitly. Defining a0t BT
Bs=(3z2—r?)/r®, the average is easily evaluated by noting
that ~ 2x10%f
Ea"
(Bs)shen=0, :g. .
S
gy _g_ b [1 1)i6x £ (
< S>She”_82_vshe|| rf rg 15"’ -2X103'
B3 e 1 1 1\327 14 0
< S>She||_S3_UShe” r? rg 105 ( ) r\g
E
Herevgne= (4/3)(b3—a%) is the volume of the spherical L §-1x10%
shell. Carrying out the average of express{d8), the effec- 3
tive SHG susceptibility is then given in terms of these quan- @ J w20
tities by 2107
de 1 1x10°%
- E(2w)E3(w) + S E(2w) p3(w s |
s Exza Bl o0 CH TS ELZIR) T j
g
£
+26{(@)Ps(20)py(®) ]+ S3ps(20) PE(w)). (15) T
Equation(15) is the main result of this section. The left-hand = -1x10% |
side of Eq.(15) gives the effective SHG susceptibility of the . ; ;
compositeper unit volumeof the nonlinear coating material 0 %M
normalized by the SHG susceptibility of the coating material. ~
Here pg(w) and pg(2w) are the dipole moments that would i
be induced in dinear particle when an electric field is ap- "\'—% 150
plied at frequencies or 2w. k)
The magnitude of the right-hand side of Ed5) thus @ -300f u=100
gives the possible enhancement in the effective SHG coeffi-
cient due to the geometry of the particlepated particles 150l
and the host medium through the factg. As a model ~
system, we consider spherical particles in which the inner 2
core is a Drude metal, which has a dielectric constant of the ~ _ & 0 A
form E f
-150}
N (16) 01 02 03 04 05 06

[
[]

FIG. 1. The real and imaginary parts of the effective SHG co-

efficientd;, ,/(fd, ,) per unit volume of nonlinear coating material

numbers that corrgspond to bulk alumlnum. Note tdag?r as a function of frequency/ w,, for a dilute suspension of particles
~100-200 are typical of metals. The nonlinear shell is 8Syith metallic core coated with a nonlinear material. Results for

sumed to have a frequency-independent dielectric constagiree dgifferent ratios of the outer to inner ragi of the particles
€,=2.52, while the host medium also has a frequency-re shown.

independent dielectric constaey=1.76. These numbers are

typical of nonconducting materials. Figure 1 shows the reathe order of 18 can be achieved at suitable frequencies. At
and imaginary parts ofl§, ,/(fd,, ) for this model system certain resonance frequency of the coated particle, the local-
as a function of frequency/w, and for different ratios of field in the shell region is sufficiently large to drive a much
outer to inner radii. We note that an enhancement factor oénhanced SHG susceptibility. This frequency corresponds to

with w, being the plasma frequency andthe relaxation
time. We takew,=2.28x10"°s™* and 7=6.9x10 *°s,
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the surface-plasmon resonance of the coated particle, tH&2) for the effective SHG susceptibility, except that we need
value of which depends on the core material, the coatingo evaluate the average over the sta#a of the quantity
material, and the host medium. The frequency can also be

tuned by properly selecting the material parameters and/or 2x2—r2 2X°—r 2
by tuning the ratio of the outer to inner radii. We see in Fig. |&c(20)+ ——7—p:(20) || &(w)+ —— pc(w)] ;

1 that as the ratio increases, the resonance shifts to lower r ' (24)
frequency. We also note that higher enhancement per unit

volume of nonlinear coating material is achieved for thinnerinstead of the expressiofl3) in 3D. Defining B,=(2x?
coating. Therefore, one would expect a dilute suspension of r?)/r4, the average is easily evaluated by noting that
spherical particles coated with a thin layer of nonlinear ma-

terials will give the largest enhancement per unit volume of (B&)shen=0,

nonlinear material.

2 2

~ 1 1 1\=w

: (B shei=S= —_ =

Ill. 2D CASE: COATED CYLINDERS c/shell a > 2|2
shell\I'; I3

A two-dimensional random composites on thg plane,
for example, can be considered as a random dispersion of (B ghen=0. (25
cylindrical particles in a host medium, with the axes of cyl- . ) _ )
inders aligned in the same direction perpendicular to thd1€T€asneii is the area of the circular sheling) of coating.
plane. A cross section of the system consists of circular discs 1ne effective SHG susceptibility is then found to be
embedded in the host. A calculation of the electric figldn " .
the coated shell of a cylinder in the presence of an applied 0,0 _ [50(2w)5§(w)+52(56(2w)p§(w)

field Egx can be carried out in a way similar to the 3D case  fdu, B Eo20E0.0

using standard electrostatics. Instead of Bd) in 3D, we )
have for the 2D case +2&(w)pe(20)pg(w))]. (26)

(xR XV — 1 2% Equation(26) is the result in 2D, analogous to E(L5) in
E.=E&x+ (XX+xyy)—r°x 1 3D. It gives the effective SHG susceptibiliper unit areaof

(9 CX 4 pC ’ ( 7) . . . . .
nonlinear coating medium normalized to the SHG suscepti-

. . , . bility of the coating medium in a 2D dilute suspension of
wherer is the distance from the center of a digc cylinden coa¥ed discs in a Ii%ear host P

to the position under consideration inside the coating shell. Figure 2 showsdf,'w/(fdw,w) as a function of frequency

Here, in the 2D case, for the same model system considered in the
E.=IE, (18) preceding section. The features are similar to those in the 3D
c oo case. The enhancement factor tends to be larger in 2D than in
3D for the same set of model parameters. For discs coated
(19 N . :
with thin layer of nonlinear material, the SHG response per
unit area of nonlinear material can be driven by the local

r

Pc= AcrircEO’

2 : : .
[.= €3 , (20) field to achieve an enhancement of 1@br modest choice of
€2+ €3+ (€2~ €3)Ne/ e material parameters.
€17 €
== ° IV. DISCUSSION
¢ 61"!‘ 62’ (21)

It is straightforward to generalize the formalism to

ry|2 THG.?! For coating nonlinear material in which the leading

M= (r) ; (22 nonlinear response is THG with the THG coefficient denoted

! bY Xu 0., We can again use the local electric field at the
and the subscript is used to indicate that the case of coatedshell region to drive an enhanced THG response per unit
cylinders or discs is being considered. Comparing with revolume of nonlinear material in a dilute suspension. The
sults of a single dielectric circular disc in a host, a coatedderivation is similar to that in Sec. Il, although somewhat

disc behaves as a disc with an effective dielectric constant tedious. The result is
of the form

e
Xw,w,w _

23 Xowe Eo(30)Edw)
+ 38255((0) ps(w)(gs(w) pS(Bw) + 55(3‘1’) ps(w))

I [£4(3w)E(w)
T

with A and u. given by Egqs(21) and(22).

To obtain an expression for 2D similar to EG.5), we +S3p2(w) (3E( ) ps(30) + E(3w) ps( @)
make the same assumption for the SHG coefficient of the 3
coating material. This leads to an expression similar to Eq. +S4ps(3w)ps(w)], (27)
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nonlinear shell and metal core ( 3D )

2x10° 1x10°
0 ~ 4|
= %F § 5x10
bad
o -2x10% - 0
g -
E ) 4
T -ax10%t s -5X10%
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2 3 4
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(n/u)p u)/oup

FIG. 2. The real and imaginary parts of the effective SHG co-  F|G. 3. The real and imaginary parts of the effective THG co-
efficientd, ,/(fd,, ) per unit area of nonlinear coating material as efficientx® ,, ./(fXv.0.0) PET unit volume of nonlinear coating ma-
a function of frequencyw/w,, for a dilute suspension of discs with terial as a function of frequency/w, for a dilute suspension of
metallic core coated with a nonlinear material in a 2D system. Reparticles with metallic core coated with a nonlinear material. Re-
sults for three different ratios of the outer to inner radji of the  syits for three different ratios of the outer to inner radij of the
discs are shown. particles are shown.
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where Finally, we briefly comment on the validity of the low-
concentration approximation used to obtain Ed®), (16),
S = (B 1 (1 1)|\64n 28 (27), and (29). These equations are obtained by calculating
2= (Bs) = Ushen| r? r3) 105 28 the fields and displacement vectors as if the coated particles

) ) ) ) feel a uniform applied field. In actuality, the local-field
for a dilute suspension of coated spherical particles. ghouyld include the dipole fields produced by the other par-
In the 2D case of coated discs of nonlinear THG coating;c|es. These fields may start to become significant when the
material, the result is dipole field due to one particle, calculated at the position of a
neighboring particle, becomes comparable to the applied

e
f);“’""'“’ = . = [E(3w)EX(w) electric field. Although this condition may be satisfied near
w0 Eo3w)Ew) resonance even fof<1, the large enhancements we find
- may still persist at highef, because the interaction fields,
+3S58c(@)Pe(@)(Ec(@)Pe(3w) +E(3w)Pe(@))  even though they can be substantial, may approximately can-
= 3 cel out if the environment of a particle can be approximated
TSape(30)pe(@)], (29 as isotropic. The local-field factors at higher concentrations
where can be estimated using such methods as the Maxwell-Garnett
or effective-medium approximations.
T g 1 (1 1\ 30 Our results for SHGEgs. (15) and(26)] and THG[Egs.
4= (Be) ashen|ré r§) 8" (30 (27) and (29)] are applicable to other possible structures of

coated particles, as long as the composite is in the dilute
To illustrate the enhancement in THG susceptibility, weconcentration limit and SHG originates from the coating ma-
use the same choice of material parameters as our modgrial. One could use a dielectric core and a metallic shell
system and calculate the enhancement factor correspondingth a nonvanishing SHG coefficieftt.In general, careful
to Eq. (27) for spherical particles. Results are shown in Fig.choices can be made so that the local electric field in the
3. Since the THG is driven by higher power of the local- coating region is enhanced. This enhanced local-field can
field, the enhancement factor is found to be of the order Othen be used to drive the SHG response. In addition, it is
10° at resonance frequency, for our choice of parameters. possible to tune the local-field by tuning the core size and the
Note that, when we calculate the effective SHG and THGghel|| thickness. For composites of higher concentrations, the
susceptibilities in the present work, we do so by treating theaxwell-Garnett approximation and the effective-medium
medium as effectiveljromogeneoyswith effective proper-  approximation can be invoked in estimating the local-field
ties. Thus, our calculation would lead to a collimated beanyactors. In higher concentrations, percolation effects can also

of harmonic emission when this effective medium is used ir]ea_d to possib|e enhancement in SHG and other nonlinear
an SHG experiment. Besides this collimated emission, somgssponse.

diffuse scattering at the second-harmonic frequency is also
expected, because of the inhomogeneity of the medium. In-
deed, such diffuse SHG scattering has been observed in a
recent experiment, carried out near the percolation threshold
of a random metal-insulator composffein addition to the This work was supported in part by a grant from the Re-
collimated beam described here. This diffusive scatteringearch Grants Council of the Hong Kong SAR Government
should have an intensity varying as a power of the particlehrough the Grant No. CUHK4129/98P. One of (3.S)

radius. The present approach would need to be extended &xknowledges the support from the National Science Foun-
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