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Reflection phase of scattering electrons in a single-channel atomic wire
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A theoretical study of the phase property of the reflection coefficient of a single-channel quantum system is
presented. This reflection phase information is required for a complete characterization of the scattering
problem in the system. It is found that the phase of the reflection coefficient of the system shifts abruptly byp
when the reflection probability passes through a zero. It is also found that in certain systems this phase
discontinuity can appear even when no zero and no phase discontinuity are present in the transmission coef-
ficient. Possible experiments for the observation of the reflection phase discontinuity are discussed.

DOI: 10.1103/PhysRevB.68.241306 PACS number~s!: 73.63.2b, 03.65.Nk, 73.50.Bk
ce

n

-
o

co
f

et

th
e
t-
to

-
tro
an
e
ca

ro
ire
m
d
m
a
n

tu
ire
th
n
e

fe

a

w
n
th
a
in
in

m

e
sion
fic
ere

ed on
on-

e for

es of

ies
e-

har-
. In
b-

ent
be

be-
ults
ill
re-

ain
nti-
fi-
ions

he
ans-
by a
n-
As the characteristic feature size of electronic devi
continues to shrink, interest has focused on the nature
electron transport through essentially one-dimensio
nanometer-scale channels such as atomic wires1–8 and car-
bon nanotubes.9–12 It is now well known that quantum ef
fects have significant influence on the electric properties
nanometer-scale devices. A notable example is that the
ductance of atomic point contacts, in which a ‘‘neck’’ o
atoms between two electrodes is just a few atomic diam
wide, is quantized in units of 2e2/h.1–7 Both the atomic
point contacts consisting of only a single-atom neck and
consisting of a 20-Å-long single-atom chains have be
observed.1–7 A link between the chemical valence of the a
oms and the number of conductance channels in single-a
wires has also been demonstrated.4 These findings are remi
niscent of the properties of phase-coherent ballistic elec
transport in semiconductor mesoscopic point contacts
have shown that it becomes possible to study the influenc
quantum effects on electron transport using nanometer-s
atomic systems.

One of the current interests in the study is the phase p
erties of scattering electrons in single-channel atomic w
containing a quantum confinement structure. Such an ato
system can be fabricated by, e.g., local probe metho
which, as demonstrated in Ref. 13, allow us to build syste
of the same complexity as used by nature. It w
discovered14,15that the phase of the transmission of electro
in a single-channel quantum wire with an attached quan
dot exhibits two interesting features: first, the phase acqu
by electrons traversing the quantum dot increases smoo
by p along a resonance peak; second, the phase cha
abruptly by p in the tail of the resonant peak, where th
transmission amplitude of the system vanishes. The first
ture was explained by Schusteret al. in Ref. 14 using the
Breit-Wigner resonance formula, while the second one w
totally unexpected. Several theoretical models16–26 have
been proposed to explain the observed phase drops. It
shown,16,17 based on analytical and numerical calculatio
for quantum dots embedded in a single-channel wire, that
sharp phase drops occur exactly when the transmission
plitude vanishes. Later, it was shown that identical vanish
of the transmission amplitude can occur generically
single-channel systems if the time reversal is a good sym
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try, and that the Friedel sum rule is not strictly valid for th
systems as a result of the appearance of the transmis
zeros.20,21 In addition, models that take into account speci
properties of the dot states in a semichaotic structure w
also proposed and a mechanism for the phase drops bas
large differences in the coupling of the dot states to the c
tinuous states of the leads was discussed.22,24 Very recently,
studies of the transmission phase have also been mad
quantum dot systems with Kondo correlations.27,28However,
all these studies have not addressed the phase properti
the reflected electrons.

In this work, we report on a study of the phase propert
of the reflection coefficient of single-channel quantum d
vices. This phase information is needed for a complete c
acterization of a scattering problem in a quantum system
a two-terminal device, the reflection amplitude can be o
tained from the transmission amplitude using the curr
conservation law. However, the reflection phase cannot
found from the transmission phase, unless the relation
tween the two phases is known. We will present our res
for the reflection phase found by direct calculations. We w
show that the phase discontinuity can also occur in the
flection coefficient of quantum devices, and that in cert
systems this discontinuity can occur even when no disco
nuity is present in the transmission coefficient. We will
nally discuss possible devices for experimental observat
of the reflection phase discontinuity.

It is worthwhile to recall some generic properties of t
transmission phase of a quantum system. The electron tr
port in single-channel atomic systems can be described
unitary 232 matrix, which can be expressed in a most ge
eral way as

S5S r t 8

t r 8
D 5eiuS ieiw1sinf eiw2cosf

e2 iw2cosf ie2 iw1sinf D , ~1!

with real parametersu, w1 , w2, andf.20–22 When the sys-
tems are symmetric under time reversal,t5t8 andw2 can be
set to zero. The scattering matrixS is linked to the chargeQ
of the system via the Friedel sum rule,

dQ/e5@d ln Det~S!#/2p i . ~2!
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Thus, the phase of the transmission coefficientu t , as in t
5utueiu t, and the Friedel phaseuF are not independent,

u t5uF2
p

2
2pQ~2cosf!, ~3!

whereQ(x) is the step function ofx.20–22 It is seen that in
difference from the Friedel phase, which is a continuo
function, the phase of the transmission coefficient may
hibit discontinuity. A prerequisite for the occurrence of t
discontinuity is the existence of transmission zeros, at wh
cosf50.

Calculations and analysis have shown that transmis
zeros can appear in a system with a multilevel quantum
coupled to two one-dimensional leads, provided that all
coupling elements between the dot and the leads are t
into account.18,26However, it has been rigorously proved th
the transmission coefficient of a double barrier confined,
line, one-dimensional wire with multiple quasibound sta
does not have zeros at energies for which the leads are
for conduction.21,23A deep understanding of the physical o
gin of transmission zeros is then needed in order to res
these seemingly contradictory results. If a detailed analys
made, one can find that in each of the models used in R
16–23 there exist at least two coherent paths for electr
passing through the confined dot region from one lead to
other one. Thus the transmitted wave is a result of inter
ence between different coherent electron paths. Howeve
the system consisting of an in-line double-barrier confin
one-dimensional wire, there exists only one coherent path
the electrons passing through the confinement region, w
can be the one associated with resonant tunneling or the
at off-resonance. Thus no effect of multiple-path interferen
can be seen in the transmitted wave of the system. The a
analysis leads us to conclude that zeros in the transmis
through a confined region arise from interference betw
different coherent paths that contribute to the transmiss
This conclusion can be generalized and stated as follows
wave emitted from a confined region consists of contrib
tions from different coherent paths, destructive interfere
can lead to zero wave emitting.

A chain of single monovalence atoms can be conside
as a single-channel quantum wire. By creating two we
coupling junctions inside the chain or at the connections
tween the chain’s ends and two conducting leads, one r
izes an in-line one-dimensional double-barrier structu
Thus, the transmission of the system can show resonan
cillations, but certainly should not have zeros between re
nant peaks. As a consequence, no phase discontinuity
appear in the transmission of the system. The situation
be different if the single-atom chain contains a cavity, su
as an atomic cluster or an attached conducting molecule
this case, the transmission can have zero and phase dis
tinuity, as a result of the presence of multiple coherent e
tron paths in the cavity region.

For a single-channel quantum wire, it can be derived t
the phases of the reflection coefficients,u r andu r 8 , as inr
5ur ueiur and r 85ur 8ueiur 8 are given by
24130
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u r5uF1w12pQ~2sinf! ~4!

and

u r 85uF2w12pQ~2sinf!. ~5!

It is seen thatu r2u r 852w1. Similar to the transmission co
efficient, a prerequisite~but not a sufficient condition! for the
occurrence of the discontinuities in the two reflection pha
is the existence of reflection zeros, at which sinf50.

It is interesting to see whether or not reflection zeros c
appear in an in-line one-dimensional double-barrier struct
made from a single-atom chain. We have discussed, in
above, that such a resonant atom-chain structure does
possess the transmission zeros, as a result of that there e
only one coherent path for electrons passing through the c
fined region. The situation becomes different when the
flection of the electron wave is considered. Here, the refl
tion wave is a result of interference between two coher
paths: direct reflection from first barrier and resonant refl
tion from the confined region. Thus the reflection coefficie
can be zero if the interference is fully destructive. In fact
fully destructive interference does exist in the reflection
in-line one-dimensional double-barrier systems symme
under mirror reflection. Thus, a symmetric, resonant ato
chain system can have reflection zeros.

The question is then that will the phase of the reflect
coefficient of an in-line one-dimensional double-barr
structure made from a single-atom chain be discontinuou
the reflection zeros? We will answer this question with n
merical calculations. In the calculations, we employ a tig
binding model. The model consists of three regions: a fin
chain of single monovalence atoms, i.e., a confinement
gion ~C!, and two single-channel semi-infinite leads on t
left ~L! and the right~R!. The Hamiltonian of the system i
given by

H5 (
n(n, n11P C)

@«Can
†an2l~an11

† an1H.c.!#

1 (
n(n, n11P L,R)

@«0an
†an2l~an11

† an1H.c.!#

2vL~anL

† anC
1H.c.!2vR~anR

† anC
1H.c.!, ~6!

wherean
† (an) is the creation~annihilation! operator for an

electron at siten, «C and «0 are the on-site energies in th
confined region and the two leads, andl is the hopping
integral. The first term is the Hamiltonian of the finite atom
chain; the second term is the Hamiltonian of the two lea
the couplings between the finite atomic chain and the t
leads are given by the remaining two terms with coupli
parametersvL and vR and site indicesnCPC, nLPL, and
nRPR.

The transmission coefficients of the system,t and t8, can
be calculated as in Ref. 23 using, e.g., the Fisher-L
relation.29 The reflection coefficients,r andr 8, can be calcu-
lated using a procedure as described in Ref. 30. For an
line double-barrier structure, it can be shown that the refl
tion coefficientr can be written as
6-2
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r 52
E2 «̃1le2 ikLa

E2 «̃1leikLa
, ~7!

where«̃5«C1«S with «S given by

«S5
vL

2

E2«C2
l2

E2«C2
l2

�

l2

E2«C2SR~E!

. ~8!

In the above equation, the self-energySR(E) can be found
from

SR~E!5vR
2GR~E!, ~9!

where

GR~E!5@E2«R2l2GR~E!#21 ~10!

is the Green’s function at the first site of the right-hand-s
lead. A similar expression can also be derived for the refl
tion coefficientr 8.

Figure 1 shows the results of the calculations for an
line single-channel double-barrier model with a chain of
atomic sites, sandwiched in between two single-chan
leads with an in-line configuration. In the calculations, t
on-site energies,«C and«0, are assumed to have a value
2l. The coupling parameters are assumed to bevL5vR
520.5l. Thus the system is symmetric with respect to t
direction of the current. The transmission and reflect
probabilities of the system are shown in Figs. 1~a! and 1~b!,
respectively. It is seen, as expected, that the transmis
probability exhibits ten resonant peaks of unit height, a
that the reflection probability exhibits ten zero reflecti

FIG. 1. Scattering parameters of the single-channel symme
double-barrier structure. The confined region is modeled by a w
of ten single on-site energy sites and is coupled to two semi-infi
leads in an in-line configuration.
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dips, occurring at the same energies as of the correspon
transmission peaks. The phase shifts of the transmission
reflection coefficients of the system are shown in Figs. 1~c!
and 1~d!, respectively. It is seen that the phase shift of t
transmission coefficient is continuous. This result is cons
tent with the fact that there exist no zeros in the transmiss
probability, and is in agreement with previous studies.21,23

However, in strong contrast, the phase shift of the reflect
coefficient exhibits discontinuities; it drops abruptly byp
precisely when the reflection probability passes throug
zero.

It is of interest to ask the question that can both the d
continuity of the transmission phase and the discontinuity
the reflection phase be observed in a single monovale
atom wire device? For an answer to this question, we c
sider a single-channel device model with a different str
ture. The same finite wire of ten atoms as in Fig. 1
assumed in the model. However, instead of the in-line str
ture, the wire couples to the two semiinfinite leads in a cro
bar configuration. Figure 2 shows the results of the calcu
tions for the system. It is seen that the transmiss
probability exhibits eight peaks with unit height, but oscilla
ing widths. This result can be understood in terms of
local density of states on the finite wire.30 In principle, the
system has ten states localized within the finite wire. Ho
ever, not all the ten states appear as resonances in the t
mission. This is due to the fact that two of these states h
their energies outside of the conduction band of the leads
interesting feature seen in these calculations is that z
appear in both the transmission and reflection probabilit
As we have already discussed, these zeros can be under
as arising from destructive interferences between cohe
electron paths. An important result found in these calcu
tions is that both the transmission phase and the reflec
phase show abrupt phase drops byp at the corresponding
transmission and reflection zeros. The co-occurrence of
transmission zeros and the sharp transmission phase dro

ic
e

te

FIG. 2. Scattering parameters of the quantum-confined sin
channel wire structure. The confined region is modeled by a wire
ten single on-site energy sites and is coupled via tunneling junct
to two semi-infinite leads in a crossbar configuration.
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in agreement with the experimental observation by Schu
et al. and previous calculations. However, the presence
both the transmission phase drops and the reflection p
drops in a single-quantum system, as predicted in this w
has not yet been observed. We have also done the cal
tions for a number of other crossbar single-channel ato
wire devices and the same phase properties of the trans
sion and reflection coefficients as in Fig. 2 have been fou

It is challenging to measure the phase of the reflect
coefficient of a single-channel quantum-wire system,
though the measurement of the transmission phase has
successfully carried out for a single-channel system with
attached quantum dot. The phase drops of the reflection
efficient are very sensitive to the symmetry of quantum-w
systems. For example, in a single-channel double-ba
confined atom-wire system, a tiny difference between
two barriers will destroy the reflection zeros and theref
the reflection phase discontinuities. A simple, but promis
system for the observation of the discontinuities in the refl
tion phase is the one obtained by attaching a finite piec
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