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Dynamic quasi-energy-band modulation and exciton effects in biased superlattices driven
by a two-color far-infrared field: Disappearance of dynamic localization

Kenta Yashima, Ken-ichi Hino, and Nobuyuki Toshima
Institute of Materials Science, University of Tsukuba, 1-1-1 Tennodai, Tsukuba, Ibaraki 305-8573, Japan

~Received 28 May 2003; revised manuscript received 31 July 2003; published 23 December 2003!

A theoretical study of the optical and electronic properties of semiconductor superlattices in ac-dc fields,
termed the dynamic Wannier-Stark ladder~DWSL!, is done. The biased superlattices are driven by two far-
infrared fields with different frequencies and relative phase ofd. Here, the frequency of the first laser is equal
to the Bloch frequencyvB of the system under study, while that of the second laser is equal to 2vB .
Quasienergies of the DWSL are calculated based on the Floquet theorem, and the associated linear photoab-
sorption spectra are evaluated. Ford50, a gourd-shaped quasi-energy structure characteristic of both dynamic
localization~DL! and delocalization~DDL!, similar to the usual DWSL driven by a single laser, appears. By
changing the ratio of the two laser strengths, however, the width of the quasi-energy band and the locations of
both DL and DDL vary noticeably. As fordÞ0, on the other hand, band collapse and the associated DL do not
necessarily follow. In fact, DL vanishes and the quasi-energy degeneracy is lifted in a certain range ofd. Just
DDL remains over the entire range of the laser strength, eventually resulting in a plateaulike band structure in
the linear absorption spectra. The basic physics underlying this phenomenon, which can be readily interpreted
in terms of a closed analytical expression, is that all quasi-energies for given crystal momenta are out of phase
with each other as a function of laser strength without converging to a single point of energy. This is a feature
of this DWSL which sharply distinguishes it from a conventional DWSL generated using a single laser to drive
it. Furthermore, an exciton effect is incorporated with the above noninteracting problem, so that exciton
dressed states are formed. It is found that this effect gives rise to more involved quasi-energy structures and a
more pronounced release of the energy degeneracy of DL, leading again to the formation of a band structure
in the absorption spectra. These are exclusively due to unevenly spaced exciton energy levels.

DOI: 10.1103/PhysRevB.68.235325 PACS number~s!: 78.67.Pt
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I. INTRODUCTION

Since the early studies on Bloch oscillation,1 Zener
tunneling,2 and the Wannier-Stark ladder~WSL!,3 the prob-
lem of a Bloch particle under an external field in an optic
or semiconductor superlattices has been thoroug
investigated.4 Specifically, quantum systems exposed
strong time-dependent fields provide a variety of intrigui
phenomena, such as dynamic localization~DL! and band
collapse,5–10 the dynamic Franz-Keldysh effect,11–13 THz
radiation14–16 and THz photocurrent resonance17 in com-
bined static and THz fields, inverse Bloch oscillation,18,19

complex energy spectra in interacting WSL resonance,4 and
chaotic scattering,4,20 all of which are in conjunction with
photon-assisted tunneling~PAT!.21,22 Incorporation of an ex-
citonic effect allows further enrichment of the physics und
lying driven quantum systems. For instance, an excitonic
traband polarization is prolonged for much longer than
intraband dephasing time,16 and the exciton effect in time
integrated four-wave mixing results in a shift of the DL-pe
position, with accompanying extra peaks and shoulders.23

A biased superlattice driven by a far-infrared field, whi
we shall discuss below, is usually called a dynamic W
~DWSL!.24 There is an analogy, the well-known Hofstadt
problem,25 between the quasi-energy spectra of a DWSL a
the energy spectra of a Bloch electron in a constant magn
field, because of the existence of a certain matching rati
the system parameters in each case.24 In the former, the elec-
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tric matching ratiog, represents the ratio of two fundament
space-time areas, 2pd/v and h/eF0, whereF0 , d, and v
are the static electric field, the superlattice period, and
frequency of the far-infrared field, respectively, andh ande
are the Plank constant and the elementary electric charg
the latter, the magnetic matching ratio is given by the ratio
the two fundamental areas,l 2 andhc/eB, whereB, l, andc
are the constant magnetic field, the lattice constant, and
speed of light, respectively. Note that both the electric a
magnetic matching ratios play significant roles in govern
the localization behavior in each problem and the cor
sponding energy spectra result in a self-similar structure.

To the best of our knowledge, DL in periodic motion u
der the influence of a sinusoidal electric field~without a
static electric field! was first discussed by Dunlap an
Kenkre,5 who pointed out that the localization occurs wh
the special relation ofJ0(eFd/\v)50 is satisfied, whereF
is the strength of the ac-field andJ0 is a zeroth-order Besse
function of the first kind with\5h/2p. Later, Holthaus6

showed that the quasi-energy as a function ofeFd/\v is a
repeated gourd shape, and band reformation and band
lapse are accompanied by dynamic delocalization~DDL! and
DL, respectively. Furthermore, Zak9 pointed out that a simi-
lar property also holds in the DWSL and that DL occu
when Jn(eFd/\v)50, wheren is an integer equal to the
electric matching ratio

g5vB /v, ~1!
©2003 The American Physical Society25-1
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where vB5eF0d/\ is the Bloch frequency of the system
concerned, andJn is a nth-order Bessel function of the firs
kind.

In a DWSL withg5n, the WSL energy states of adjace
sites ~wells! are strongly coupled to each other due to P
through a resonant transition, and hence conspicuous b
reformation with a large bandwidth is realized around
DDL positions. In the case of a DWSL whereg5p/q is a
rational number andp andq are prime numbers,24,26the WSL
states of each (q21)th site interact and the neares
neighboring sites no longer couple to each other, leading
reduction in the band structure and a narrower bandwidth
the extreme limit ofq→` the bandwidth is zero and all th
features in the quasi-energy spectra are just due to DL.
spite the superficial difference between each type of DW
i.e., g being an integer or a fraction, the physics underlyi
them is basically the same and is fully explained by
magnitude of the hopping matrix elements modulated by
external laser field. The spectra of DWSL’s have recen
been observed in the optical lattices of ultracold atoms,27–32

where two counterpropagating laser beams were use
form a standing wave corresponding to the superlattices
where either a tunable frequency difference between th
counterpropagating waves or even gravity introduced a c
stant force corresponding toeF0. Incidentally, it is worth
noting that there is a similar phenomenon to DL in natu
called the coherent destruction of tunneling.22,33 An appro-
priately designed coherent cw-drive can bring the cohe
tunneling between two locally stable wells to an almost co
plete standstill. This arises from the crossing of two sta
comprising the tunneling doublet.

To the best of our knowledge, all the studies on DWS
have thus far been devoted to WSL’s driven by asingle far-
infrared field. One is tempted to see what happens t
DWSL under the influence ofa couple ofsimultaneous far-
infrared fields, and how the results thus obtained are alte
by the exciton effect. In this paper, a two-color far-infrar
field F(t) at time of t is introduced to the system, where th
frequencies of the first and the second monochromatic las
denoted byv1 and v2, are set equal tovB and 2vB with
strengths ofF10 andF20, respectively:

F~ t !5 (
j 51,2

F j~ t !, ~2!

with

F j~ t !5F j 0cos~v i t1d j !, ~3!

and d150 and d25d. Accordingly the respective electri
matching ratiosg j5vB /v j are given byg15 1 and g2
51/2. Moreover, it is understood that there is a phase dif
enced between these two lasers. Intuitively, one can spe
late that in this system the properties of DWSL’s withg
5g1 and g2 coexist, and as a result the bandwidths of t
quasi-energy spectra attributable to DDL are enlarged
some extent due to the twofold character of PAT, where
way is dominated by the coupling of each adjacent site of
WSL and the other is dominated by the coupling betwe
every other site. As will be shown later, in fact, the spec
23532
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are rather more involved and the bandwidths are sensitiv
the ratio ofF20 to F10 and the relative phased. In particular,
in a certain range ofd the DL, which characterizes th
DWSL in single-laser driving, vanishes entirely. This is
contrast to the conventional understanding that the DL
ways manifests itself in a DWSL driven by a single laser.
order to distinguish a DWSL without an exciton effect fro
the one with it, we shall use acronyms NI-DWSL~noninter-
acting DWSL! for the former case and EX-DWSL~excitonic
DWSL! for the latter. Overall, the primary feature, i.e., th
disappearance of DL, is still preserved in an EX-DWS
though the resulting quasi-energy-band structure is blurre
a certain extent from that of the corresponding NI-DWS
The linear absorption spectra of the present system obta
by introducing a weak probe field serves to deepen the
derstanding of the EX-DWSL.

This paper is organized as follows. Methods of calculat
the excitonic quasi-energy spectra and the associated li
spectra are given in Sec. II. The results and discussion a
Sec. III. In the first half of this section the basic properties
DWSL’s driven by a single laser are reviewed, taking t
exciton effect into account. This is instructive for unde
standing both the similarity to and the difference from t
two-color laser driven DWSL discussed in the latter ha
where the exciton effect is also addressed. In addition to
results of these numerical calculations, an analytical exp
sion for a two-color laser driven NI-DWSL is derived i
order to explore the underlying physics leading to the dis
pearance of DL. In a straightforward extension, an analyt
solution for a DWSL driven by a multicolor laser is als
given and discussed. The conclusion is given in Sec. IV.
Appendix is also included to supplement the text. To help
reader, all acronyms defined in this paper are summarize
Table I. Semiconductor superlattices of undoped 45
GaAs/45 Å Al0.3Ga0.7As are adopted as samples here and
sinusoidal electric fieldF as well as the static oneF0 is
introduced along the crystal growth direction~the z axis! to
form the DWSL. A schematic view of the present DWS
system is depicted in Fig. 1. Atomic units are used throu
out unless otherwise stated.

II. METHOD OF CALCULATIONS

A. Excitonic quasi-energy spectra

First a set of coordinates$r,ze ,zh% is defined for the
present system withr5(uru,f) representing the in-plane

TABLE I. Summary of acronyms used in the text in alphabetic
order and the corresponding meanings.

Acronyms Meanings

DDL Dynamic delocalization
DL Dynamic localization
DVR Discrete variable representation
DWSL Dynamic WSL
EX-DWSL Excitonic DWSL
EX-WSL Excitonic WSL
NI-DWSL Noninteracting DWSL
PAT Photon-assisted tunneling
WSL Wannier-Stark ladder
5-2
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relative vector between an electrone and a holeh with the
in-plane angular coordinatef, and ze and zh being thez
coordinates ofe andh, respectively. Here the center-of-ma
motion of an exciton in the plane of the layer is remove
Moreover valence-band mixing is neglected and, for simp
ity, the contribution of light holes is omitted, so that just t
s-radial symmetry of the heavy-hole exciton is taken in
account. The complete HamiltonianH is given by

H~r,ze ,zh ,t !5Hwsl~r,ze ,zh!1F~ t !~ze2zh!, ~4!

whereHwsl represents the effective-mass Hamiltonian of
exciton WSL~EX-WSL! given by

Hwsl~r,ze ,zh!52
1

2mi
¹r

21V~r,ze2zh!1hwsl~ze ,zh!,

~5!

and the second term represents the dipole interaction
tweene andh with F in the z direction. In Eq.~5! mi is the
in-plane reduced mass ofe and h, and V is the Coulomb
potential between them expressed as

V~r,ze2zh!52
1

eAr21~ze2zh!2
, ~6!

where e is the static dielectric constant of the medium.
addition hwsl represents the Hamiltonian of the WSL for
combined subband ofe andh and is defined by

hwsl~ze ,zh!5 (
j 5e,h

hwsl
( j ) ~zj !. ~7!

Here

hwsl
( j ) ~zj !52

1

2mz
( j )

]2

]zj
2

1uj~zj !6F0zj , ~8!

FIG. 1. A schematic diagram of the geometry of the DWS
under study. The static electric fieldF0 and the time-dependent fiel
F(t) are applied along the crystal growth direction. The reson
transitions mediated byv1 andv2 are depicted. These give rise t
a DWSL withg5g1 andg2, respectively. When a weak laser prob
is introduced, a vertical transitionn50 and oblique transitionsn
561 occur, wheren is the WSL index.
23532
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where it is understood that the sign in front of the last ter
which indicates the dipole interaction of a particlej with F0
applied in thez direction is1 for e and2 for h. Moreover,
mz

( j ) is a mass of the particlej in thez direction anduj is the
periodic potential of the associated superlattices for the m
tion of j.

The time-dependent Schro¨dinger equation for the EX-
DWSL is given by

F i
]

]t
2H~r,ze ,zh ,t !GC~r,ze ,zh ,t !50. ~9!

Because of the periodicity ofF(t), namely, F(t1T)
5F(t), whereT is the period of the system defined asT
52p/v with v5min(v1,v2) and in light of Floquet’s
theorem,34 we look for a particular solution of the form

C~r,ze ,zh ,t !5exp~2 iEt !c~r,ze ,zh ,t !. ~10!

HereE is a conserved quantity denoting a quasienergy, anc
is a periodic function satisfying the relation that

c~r,ze ,zh ,t1T!5c~r,ze ,zh ,t !. ~11!

The general solution of Eq.~9! is given by a superposition o
the Floquet states of Eq.~10!, upon which suitable initial
conditions can be imposed. The equation of motion forc is
cast into the form

F i
]

]t
1E2H~r,ze ,zh ,t !Gc~r,ze ,zh ,t !50. ~12!

In accordance with the relation in Eq.~11!, c can be
expanded as

c~r,ze ,zh ,t !5(
n

exp~2 invt !Fn~r,ze ,zh!. ~13!

Here the basis set$Fn% must satisfy the following equation

(
n8

@$nv1E2Hwsl~r,ze ,zh!%dnn8

2F nn8~ze2zh!#Fn8~r,ze ,zh!50, ~14!

where

F nn85
1

TE0

T

dt exp@ i ~n2n8!vt#F~ t !. ~15!

In order to seek solutions of Eq.~14!, it is convenient to
introduce a basis set$fl%, which is obtained by solving the
Schrödinger equation of the EX-WSL:

@Hwsl2El#fl~r,ze ,zh!50, ~16!

whereEl is thelth energy of the WSL. ExpandingFn once
again with respect to this basis set as

t

5-3
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Fn~r,ze ,zh!5(
l

fl~r,ze ,zh!Cln ~17!

yields the following algebraic equation for$Cln%:

(
l8n8

@~nv1E2El!dnn8dll82F nn8^fluze2zhufl8&#

3Cl8n850, ~18!

with ^•••& denoting integration overr,ze , andzh . This is
feasible by means of a standard diagonalization procedu

It is supposed that the EX-WSL state is formed unde
two-subband approximation~a single-subband-pair approx
mation! in which just the lowest-energy subband pair, co
posed of the lowest subband ofe and the highest subband o
h, is incorporated. Higher-energy pairs are neglected. Mo
over, Zener tunneling and the WSL resonance4 are consid-
ered as minor effects, where the latter is relevant to tunne
through tilted barriers of WSL into continuum states with
finite resonance width, namely, the shape resonance. T
assumptions are warranted in the present system, as is s
later. In addition, excitonic Fano resonance and the rela
multichannel nature are also ignored, though all of the E
WSL states are related to such resonance states as di
from pure bound states, and this effect plays a signific
role in more accurate and quantitative level
investigation.35–39

With following the approximations made above, the E
WSL wave function is written as

fl~r,ze ,zh!5(
m

xm~ze ,zh!Gml~r!. ~19!

Here xm is the mth subband wave function of a combine
WSL given by

xm~ze ,zh!5
1

ANz
(

n
exp~ inKzd!jm1n

(e) ~ze!jn
(h)~zh!,

~20!

wherejn
(e(h)) is thenth WSL-subband wave function ofe(h)

satisfying the Schro¨dinger equation forhwsl
(e(h)) , andKz is the

center-of-mass momentum in thez direction. In factKz is set
zero here, since it does not affect photoabsorpt
spectra.40,41 Nz is the number of periods of the superlattic
included in the calculations. Furthermore,Gml in Eq. ~19! is
defined as

Gml~r!5
1

A2p
exp~ immf!(

l
urummw l~ uru!am ll , ~21!

where mm is the in-plane angular moment pertinent to t
subbandm and is set to zero because only thes-radial sym-
metry is considered. The discrete variable representa
~DVR! is employed for the set of basis functions$w l% and
hence the subscriptl refers thel th abscissa of the Gaussia
quadrature. For details of DVR, consult Refs. 42–46. Util
23532
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ing this recipe enables one to greatly reduce the comp
tional burden of seeking the solutions$fl% of Eq. ~16! with
high accuracy owing to the DVR ansatz

E duruw l~ uru!Vmn~ uru!w l 8~ uru!'Vmn~ url u!d l l 8 , ~22!

whereVmn is an effective potential defined by

Vmn~ uru!5E dzedzhxm* ~ze ,zh!V~r,ze2zh!xn~ze ,zh!.

~23!

$am ll% is the set of unknown coefficients to be determine
The remaining task is to obtain the WSL-subband wa

functionsjn
( j ) for j 5e,h used in Eq.~20!, satisfying

@hwsl
( j ) ~zj !2«n

( j )#jn
( j )~zj !50, ~24!

where the energy is given by«n
( j )5«0

( j )1nvB with the WSL
index denoted byn. Because of the two-subband approxim
tion used here, the subband index to be attached tojn

( j ) and
«n

( j ) is uniquely given and then omitted. This wave functio
is further expressed by the superposition of the wave fu
tions hk

( j ) of the associated superlattices with the Bloch m
mentum k52pn/Nzd for n52Nz/2,2Nz/211, . . . ,Nz/2
22,Nz/221 (Nz is even! in the following equation:

jn
( j )~zj !5(

k
hk

( j )~zj !bkn
( j ) , ~25!

where

hk
( j )~zj !5

1

ANz
(
lm

exp~ ikld !Bm1Nbsl ,k
~zj !cm

( j ) , ~26!

and$bkn
( j )% and$cm

( j )% are sets of expansion coefficients. He
Bi ,k(z) represents thei th normalized basis-spline (B-spline!
function of the orderk.47 The advantages of employing suc
a piecewise basis set are described below. The knot sequ
for the set ofB splines ranges over the whole superlatti
crystal, and it is understood thatNbs knots are introduced pe
unit cell so as to satisfy the relation

Bi ,k~z1nd!5Bi 2Nbsn,k~z!, ~27!

wheren an integer. This ensures the Bloch theorem forhk
( j ) ,

that is,

hk
( j )~zj1nd!5exp~ iknd!hk

( j )~zj !. ~28!

In Fig. 2, the wave functionj0
(e) is depicted along with the

geometry of the present WSL for a typical value ofF05 11
kV/cm. jn

(e) is readily obtained fromjn(ze)5j0(ze2nd). It
is clearly found that the wave function is well localize
within just a couple of sites and the tails of it are negligib
small. This justifies the above-mentioned approximation
neglecting the WSL resonance. Furthermore, disregard
Zener tunneling was justified numerically by comparing t
energy obtained within the present single-subband-pair
5-4
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proximation with that evaluated by including the two lowe
energy subband pairs. The latter shifts just slightly from
former and therefore the contribution from Zener tunnel
is considered to be minor. However, it should be remar
that for a still largerF0 both the WSL resonance and Zen
tunneling would be more significant so that a more sophi
cated description of the WSL would be required.

Conventionally, with the single-subband-pair approxim
tion, eachjn

( j ) and «n
( j ) is given one by one in terms of th

Kane representation in conjunction with the Kronig-Pen
model for superlattices with rectangular period
potentials.41,48Practically, this recipe is limited to the squar
well potential and the situation in which multiple subba
pairs are not strongly coupled. On the other hand, the pre
B-spline method is more flexible and can be applied to a
type of potential, regardless of whether this is smooth
discontinuous. In fact, for the rectangular potentials w
which we are concerned here, this method allows one
evaluate a large number of eigenvalues with high accurac
one stroke by introducing knot multiplicity47 to the positions
where the potential is discontinuous, i.e., at the bounda
between the wells and the barriers. With minor changes,
same computer program can be readily applied to, for
stance, a sinusoidal potential that models the WSL of opt
superlattices.27–32Furthermore, it is straightforward to appl
this to the more formidable problems of the Zener tunnel
whenF0 is relatively strong. The extension of this method
other systems is beyond the scope of the present paper, a
will be discussed elsewhere.

B. Linear absorption spectra

The EX-DWSL state is probed by introducing a we
monochromatic test laser with a vector potentialeApexp
(2ivpt) under the dipole approximation, whereAp is the
amplitude of the laser,e is the polarization vector assume
here to be in the plane of the layer~TE polarization!, andvp
is the frequency. Time-dependent perturbation theory is u
to find the dipole-transition amplitude of theath excited
state,Ca

(cv)(r ,t), with a quasienergyEa in the remote future
(t→`) and this is expressed as

FIG. 2. The EX-WSL wave function ofj0
(e) for F0

511 kV/cm. The geometry of the present WSL is also depicted
23532
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ba~ t5`!52 ie•ApE
0

`

dtDa0~ t !exp~ i @Ea2E02vp#t !.

~29!

Here theath state is excited from the ground state of cryst
C0(r ), which has energyE0 at t50. Moreover, the dipole
moment of the transition is given by

Da0~ t !5^Ca
(cv)~r ,t !upuC0~r !&, ~30!

wherer is a group of the position vectors of all the partic
pating electrons,p52 i“ r , and thet dependence of the ex
cited DWSL state is explicitly represented inDa0 andCa

(cv) .
As usual,C0 is expressed by the Slater determinant of t

valence-band Wannier functions$aR
(v)(r )%,49 whereR is the

crystal position given here byR5(r,ze ,zh) with the unim-
portant center-of-mass motion in the plane of the layer be
omitted, as stated in Sec. II A.Ca

(cv) is cast in the form49

Ca
(cv)~r ,t !5

1

AN
(
R

ca~R,t !LR
(cv)~r !, ~31!

whereLR
(cv) is also given in terms of the Slater determina

composed of$aR
(v)(r )% and the conduction-band Wannie

functions $aR
(c)(r )%, N is the total number of lattices con

cerned, and the envelope functionca is the same as tha
already defined in Eqs.~10! and ~11!, but with the labela
added. PuttingC0 andCa

(cv) into Eq. ~30! yields

Da0~ t !5
1

AN
(
R

ca* ~R,t !dR
(cv)'

1

AN
d0

(cv)va~ t !, ~32!

where

dR
(cv)5^aR

(c)~r !upua0
(v)~r !&, ~33!

and

va~ t !5E dzca* ~r50,z,z,t !. ~34!

The second equality in Eq.~32! is due to the fact thatR50 is
dominant for dipole-allowed transitions. Therefore Eq.~29!
can be recast as

ba
K~`!52 i ~e•d0

(cv)!
Ap

AN
(
l 50

NT E
lT

( l 11)T

dtva~ t !

3exp~ i @Ea2E02vp#t !

52 i ~e•d0
(cv)!

ApT

AN
(

l

3exp~ i @Ea2E02vp2Kv# lT !Ma
K

522p id~Ea2E02vp2Kv!~e•d0
(cv)!

Ap

AN
Ma

K .

~35!
5-5
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In the first equality, the wholet domain is divided intoNT
pieces each with an intervalT and assumingNT→`. In the
second equality, the relation of Eq.~11! has been employed
Moreover,K(Þ0) refers to the number of the photon sid
band ~replica! relevant to the exciton Floquet statea and
K50 corresponds to the parent band.Ma

K is of the form

Ma
K5

1

TE0

T

dt exp~ iKvt !va~ t !5E dzFaK* ~r50,z,z!.

~36!

For the second equality, Eq.~13! has been used. ThusK is
identical to the number of dressing-field photons particip
ing in the formation of the statea. TheK dependence play
the role of Umklapp processes in the temporally perio
system.

FIG. 3. ~a! Quasi-energies for a NI-DWSL driven by a sing
laser withg5g1 as a function ofF10. The positions of WSL, DDL,
and DL are specified by arrows. The numbers in parentheses re
sent the parent bandnb50 and the photon sidebandsnb561.
Dashed lines indicate the numerical errors incurred by incorpora
of a finite number of superlattice sites (Nz520) in the calculations.
~b! The same as~a! but for a NI-DWSL withg5g2 as a function of
F20.
23532
t-

c

The transition probabilityPa to a per unit time and unit
cell ends up as

Pa5(K
uba

K~`!u2

NTT
52pu~e•d0

(cv)!u2
Ap

2

N

3(K d~Ea2E02vp2Kv!uMa
Ku2. ~37!

The absorption coefficienta(vp) is, needless to say, propo
tional to the expression in the above equation. Note t
similar expression is given in Ref. 24, however, without de
vation nor with the exciton effect.

III. RESULTS AND DISCUSSION

The present section consists of DWSL’s generated b
single dressing field and by a two-color dressing field. It
assumed that the contribution of the bound states of the W
exciton to the expansion given in Eq.~17! dominate and the
contribution from the continuum states is negligibly sma
Inspection of the linear absorption spectra of the EX-WS
which shows that the continuum contribution is usua
much smaller than that of the bound state, implies that thi
a reasonable assumption and the continuum contributio
unimportant unless the Fano resonance and particular ef
of the continuum are taken into account.35,36,39This assump-
tion is undoubtedly desirable in order that the spectra of
EX-DWSL can be compared with those of the NI-DWSL o
an equal footing in terms of the corresponding quasi-ene
curves in theE-F j 0 plane as is shown below. If all the con
tributions of the continuum are incorporated in Eq.~17!, the
quasi-energies become homogeneously distributed over
whole plane with the measure zero, that is, within the z
distance between the nearest-neighbor quasi-en
positions.50 In this case, it would no longer be possible
understand the EX-DWSL on an equal footing with the N
DWSL. In the present calculations, a couple of the lowe
lying exciton bound states pertaining to each WSL site
incorporated. The energy levels of states with larger W
indices become evenly-spaced and identical to the assoc
subband energies. Hereafter, the setup parametersNz520
and F0511 kV/cm are adopted for the calculations of th
DWSL.

A. Single-laser driving

This section presents the basic properties of DWS
driven by lasersF1(t) andF2(t), taking account of the ex-
citon effect. The results of the NI-DWSL are shown in Fig.
where the parent band is labelednb50 and the photon side
bands are labelednbÞ0. At F j 050( j 51,2), this label is
equivalent to the WSL index. The NI-DWSL withg5g1 in
Fig. 3~a! is shown by the gourd-shaped structure of t
quasienergyE as a function ofF10, and the repetitive behav
ior of both DDL and DL are evident with increasingF10. By
use of the nearest-neighbor tight-binding model for a sup
lattice miniband

re-

n
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«~k!5E02
D

2
cos~kd! ~38!

with the energy of the band centerE0 and bandwidthD, the
quasi-energy can be obtained from a single-cycle averag
the instantaneous energy«@k2(1/c)A(t)#:

Enb
~k!5

1

TE0

T

dt«S k2
1

c
A~ t ! D1nbv1 , ~39!

wherek is the Bloch momentum, which is a good quantu
number of the system under study, andA(t) is the vector
potential associated with the combined ac-dc field. This
readily reduced to the following analytical expression:6,9

Enb
~k!5E02

D

2
cos~kd!~21!nJnS F10d

v1
D1nbv1 , ~40!

wheren is an integer equal tog1. As F10 increases, first the
band structure is retrieved, with a larger bandwidth a
showing signs of DDL. The width eventually reaches a ma
mum, resulting in the most pronounced DDL, and then
creases. Finally, whenF10 coincides with zeros ofJn , the
band collapses, leading to the formation of a knot betw
adjacent lobes, and DL is realized concomitantly with
Such a tendency is repeated. It is evident that this phen
enon arises exclusively from PAT.

Figure 3 ~b! shows the quasi-energy structure resulti
from the NI-DWSL with g5g2. It is readily seen that the
bandwidth is much reduced compared with the NI-DW
with g5g1, and the DDL character seems to almost van
due to the reduced magnitude of the hopping matrix e
ments. Moreover, two bands appear at an interval ofv2
52vB corresponding to the Brillouin zone of the tempor
periodic system. These observations are similar to th
demonstrated by the nearest-neighbor tight-binding mod24

As noted in Sec. I, the same basic physics governed sim
by the magnitude of the hopping matrix elements modula
by an external laser field, underlies the two DWSL’s w
g5g1 andg2.

The properties of the NI-DWSL are confirmed by exa
ining the associated linear absorption spectra depicted in
4, which were calculated based on Eq.~37!.51 Figures 4~a–e!
show the spectra of the NI-DWSL withg5g1 at five typical
field strengths relevant to the positions of WSL, DDL, a
DL. It is found that contributions from the photon sideban
nb561, are always less significant than the contributi
from the parent bandnb50. Hence, just the parent band
considered. At the DDL positions, the spectral patterns
reminiscent of the spectra of superlattices characterized
the appearance of a plateau with theM0 andM1 Van Hove
singularities.52 The maximum bandwidth of the leftmost lob
is 6.5 meV which is reduced by about 40% of the width
the original superlattices of 11.2 meV. The width of DD
seems less dependent onF0. On the other hand, at the D
positions, a single sharp peak appears in place of the pla
where the peak height is enhanced in comparison with tha
the WSL in Fig. 4~a!, due presumably to an increase in t
density of states ascribable to the quasi-energy degene
23532
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In Figs. 4~f–j!, the spectra of the NI-DWSL withg5g2 are
shown at the same field strengths as above. No DDL spe
pattern is observed, and all spectra feature the DL spec
pattern with an enhancement effect similar to Figs. 4~c! and
4~e!.

As for the exciton effect on these DWSL’s, the qua
energies corresponding to Fig. 3 are shown in Fig. 5, wh
the horizontal arrows indicate the isolated quasi-ene
traces of the exciton bound states, labeled asnb(ns). Over-
all, for the EX-DWSL withg5g1 , in Fig. 5~a!, the gourd-
shaped structure is once again obtained. Aside from t
some curves of the low-lying exciton bound states are fou
isolated from the main spectra, which are ascribable to
higher-lying Rydberg states of exciton. The quasi-energy
generacy is lifted to a certain extent at the DL positions d
to the unevenly spaced exciton levels, resulting in rat
broadened spectra. The profile of the parent band is du
cated exactly in every replica due tov15vB . In Fig. 5~b!,
which shows the EX-DWSL withg5g2, partial removal of
the degeneracy is also seen. However, the profile of the
ent band is different from the adjacent photon sidebands
to v252vB .

The linear absorption spectra corresponding to Fig. 4
shown in Fig. 6. Both EX-DWSL’s, withg5g1 andg2, are
dominated by strong exciton peaks ascribable to the dre
0(1s) state. Moreover, it is found that every peak height
this state is enhanced by the dressing effect from the ass
ated WSL regardless of the DDL and DL positions.53 How-
ever, the band structure can still be perceived at the D
positions of Figs. 6~b! and 6~d!, even though they are smalle

FIG. 4. Linear absorption spectra of a NI-DWSL with~a!–~e!
g5g1 and~f!–~j! g5g2 corresponding to Fig.3 for several typica
field strengths as a function of the irradiated photon energyvp

measured from the bottom of the conduction band. The vert
arrow indicates the WSL index. The horizontal double arrow with
number attached indicates the bandwidth for DDL. The spectra
convoluted with the Lorentzian profile with a homogeneous bro
ening of 0.2 meV to aid the presentation.
5-7
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than the exciton peaks. The variance of the binding energ
the dressed states versusF j 0 is shown in Fig. 7. The energ
is evaluated from the difference between the quasi-ener
of the EX-DWSL in Fig. 5 and the NI-DWSL in Fig. 3. Th
trace of the EX-DWSL withg5g1 in Fig. 7~a! shows that
the binding energy of the 0(1s) state gradually increase
with strongerF10, accompanied by oscillations with an am
plitude of about 1 meV. The DL tends to provide larger bin
ing energies than the DDL, which is similar to the tenden
observed in the EX-WSL when compared with the cor
sponding superlattices withF050.40 On the other hand, in
Fig. 7~b!, the dressing effect on the 0(1s) state gives rise to
a smooth increase of the binding energy of the EX-DW
with g5g2 and the dressing effect on the21(1s) state
gives rise to a smooth decrease of the binding energy.

B. Two-color laser driving

Now we analyze the dressing effect due to a two-co
laser beam composed ofF1(t) and F2(t) with a relative

FIG. 5. The same as Fig. 3 but for an EX-DWSL with~a! g
5g1 and ~b! g5g2. The numbers specified by horizontal arrow
represent the quasi-energy positions of isolated dressed ex
states, wheren50, and61 refer to the 0(1s) and61(1s) states,
respectively, and the symbols with the subscriptr, n r , refer to the
replicas of the states labeledn. The numbers in parentheses repr
sent the parent band,nb50, and the photon sidebands,nb561.
23532
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phase d. The quasi-energies of the NI-DWSL and EX
DWSL and the corresponding linear absorption spectra
presented first based on the full numerical calculations. N
in order to deepen our understanding of the results thus

on

FIG. 6. The same as Fig. 4 but for an EX-DWSL with~a!–~e!
g5g1 and~f!–~j! g5g2, corresponding to Fig. 5. The upper inse
of ~b! and ~d! are enlarged views of the respective main panels
comparison with the spectra of the corresponding NI-DWSL
picted in the lower insets. The horizontal double arrow represe
the bandwidth for DDL.

FIG. 7. Binding energies of the dressed exciton states as a f
tion of F j 0( j 51,2), which were evaluated from Figs. 3 and 5.~a!
The 0(1s) state for an EX-DWSL withg5g1. ~b! The 0(1s) and
21(1s) states for an EX-DWSL withg5g2.
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tained, we also conduct an analysis based on the nea
neighbor tight-binding model, similar to the analysis do
for single-laser driving.

1. Numerical analysis

To begin with, the quasi-energy of the NI-DWSL withd
50 is discussed, based on the calculated results of Fig
which shows the variance of the profiles with respect to
ratio G5F20/F10. It can clearly be seen that spectral widt
and locations of the DL and the maximum DDL vary signi
cantly depending onG. More specifically, the bandwidth o
the first~leftmost! lobe tends to increase by a couple of me
whenG51/2 and 1@Figs. 8~b! and 8~c!#. The widths of the
leftmost lobes are 6.5, 7.8, 8.4, and 7.4 meV forG
50,1/2,1, and 2, respectively. On the other hand, the wid
of the second and the third lobes are clearly reduced, e
cially when G52 @Fig. 8~d!#. Note that, along with these
features, the DL is still evident ford50.

Figure 9 shows the quasi-energy curves for differentd ’s
with G fixed to 1/2 corresponding to Fig. 8~b!. In comparison
with Fig. 9 ~a! whered50, it is readily seen that the knot
between the lobes become blurred and as a result every
disappears in Figs. 9~b! and 9~c!. Following extended nu-
merical calculations, it was found that this tendency in
leftmost knot is maximized in the vicinity ofd5p/4. Thus
far the appearance of DL with sharp knots is considered to
one of the unique characteristics of a DWSL, irrespective
whetherg is equal to eitherg1 or g2. Nevertheless, it is
evident that, with the present two-color laser dressing,
statement cannot always be applied over a certain ranged,

FIG. 8. Quasi-energies for a NI-DWSL driven by a two-col
laser withd50 as a function ofF10, for four typical values ofG
5F20/F10 equal to~a! 0, ~b! 1/2, ~c! 1, and~d! 2. The numbers in
parentheses represent the parent bandnb50 and the photon side
bandsnb561. The ripples, denoted by dashed lines, which
seen, especially, in the higher-field regions of~b!, ~c!, and~d!, are
numerical errors incurred in part by incorporation of a finite num
of superlattice sites (Nz520) in the calculations, and in part by th
limited capacity of the memory and CPU time in the workstati
utilized here.
23532
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and hence it is limited to the case of the single-laser DWS
For d greater thanp/2, the disappearance becomes less p
nounced, and finally ford5p @Fig. 9~d!#, DL is retrieved,
however, with a much reduced bandwidth around
maximum-DDL positions. Furthermore, the profile of th
quasi-energy curves remain unaltered with respect to
phase inversion wherebyd is replaced byd852d. This is
easily demonstrated by the time-reversal relation,cd8

* (t)
5exp(is)cd(2t), wherecd andcd8 are wave functions sat
isfying Eq. ~12! for the relative phases ofd andd8, respec-
tively, ands is an undetermined phase factor. This operat
ensures the invariance ofE.

The quasi-energy structure of the EX-DWSL generated
the two-color laser beam, which corresponds to the
DWSL with d5p/4 andG51/2 in Fig. 9~b!. is shown in Fig.
10. It can be seen that the DL blurs and vanishes more d
nitely than in the NI-DWSL due to the additional effect o

e

r

FIG. 9. Quasi-energies for a NI-DWSL driven by a two-col
laser withG51/2 as a function ofF10, for four typical values ofd
equal to~a! 0, ~b! p/4, ~c! p/2, and~d! p. The numbers in paren
theses and the ripples have the same meaning as in Fig. 8.

FIG. 10. Quasi-energies for an EX-DWSL driven by a two-co
laser withd5p/4 andG51/2 as a function ofF10. The numbers in
parentheses and the ripples have the same meaning as in Fig.
5-9
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the unevenly aligned energy levels of the exciton. Depic
in Figs. 11~a–e! and 11~f–j! are the linear absorption spect
of the NI-DWSL and EX-DWSL generated by the two-col
laser dressing, which are relevant to the quasi-energy tr
of Figs. 9~b! and 10, respectively. Around the dim DL pos
tions of Figs. 11~c! and 11~e!, an obvious band structur
characterized by plateaus with Van Hove singularities
pears. The same is also true of Figs. 11~h! and 11~j!, except
that the spectra are more or less modulated by the exc
effect. In fact the peaks due to the exciton bound states ar
strong that the plateau structures are liable to be concea
This tendency is also common to the well-known excit
absorption spectra of superlattices which have a serie
sharp peaks of exciton bound states followed by a plat
attributed to continuum states. Note that the spectral
hancement effect that makes the DWSL exciton peak con
erably greater than the corresponding WSL peak is
present.

Incidentally, it seems that the overall shapes of the lo
and the isolated bands of Fig. 10 look similar to those in F
5~a! for the EX-DWSL caused by single-laser dressing in
sense that both spectra around the DL positions are blu
due to the exciton effect. However, it should be noted tha
the former the dim appearance of the DL results in a qu
energy band structure@see Figs. 11~h! and 11~j!#, while in the
latter it causes the formation of just a single peak with
any band structure@see Figs. 6~c! and 6~e!#. This distin-

FIG. 11. Linear absorption spectra corresponding to Figs. 9~b!
and 10 for several typical field strengths as a function of the irra
ated photon energyvp measured from the bottom of the conductio
band. The vertical arrow indicates the WSL index and WSL exci
states.~a!–~e! NI-DWSL and ~f!–~j! EX-DWSL. The upper insets
in ~g!–~j! are enlarged views of the respective main panels for co
parison with the spectra of the corresponding NI-DWSL depicted
the lower insets. The horizontal double arrow represents the b
width for DDL. The spectra are convoluted with the Lorentzi
profile having a homogeneous broadening of 0.2 meV to aid
presentation.
23532
d

es

-

on
so
d.

of
u

n-
d-
ll

s
.

e
ed
n
i-

t

guishes the DWSL generated by two-color laser driving fro
the single-laser DWSL. It can be concluded that the dis
pearance of DL in the present case originates from the na
of the NI-DWSL rather than that of the EX-DWSL, and th
the exciton effect plays a subsidiary role.

2. Model analysis

The results of the NI-DWSL in Sec. III B 1 can be inte
preted in terms of the analytical expression for the quas
ergy given by Eq.~39!. In the present case,A(t) is of the
form

A~ t !52cFF0t1
F10

v1
sin~v1t !1

F20

v2
sin~v2t1d!G . ~41!

According to Appendix, the quasienergy is given in a clos
analytical form as follows:

Enb
~k!5E01

D

2 (
l 52`

`

J2l 11~x1!Jl~x2!cos~kd1 ld!1nbv1 ,

~42!

wherexj5F j 0d/v j ( j 51,2). If F20 goes to zero, this im-
mediately becomes identical to Eq.~40! for n51. In this
context, Eq.~42! is considered as the general expression
Eq. ~40!.

Now we discuss thed dependence ofEnb
(k) in order to

understand the numerical results given in Fig. 9 in mo
depth. First the case ofd5np (n—integer! is taken into
account. Thus Eq.~42! is cast into the form

Enb
~k!5E01Z~x1 ,x2!cos~kd!1nbv1 , ~43!

where

Z~x1 ,x2!5
D

2 (
l 52`

`

~21!nlJ2l 11~x1!Jl~x2!. ~44!

Note that the functionZ is independent ofk, which leads to
the important consequence that everyEnb

(k) for a givenk

takes the same value ofE0 mod v1 at positions where
Z(x1 ,x2)50. Such behavior is equivalent to the band c
lapse observed in the single-laser driving of Sec. III A. T
appearance of the DL structure in Fig. 9~a! (d50) and Fig.
9~d! (d5p) can be precisely understood in terms of E
~43!. On the other hand, in the case ofdÞnp, the quasien-
ergy given by Eq.~42! is no longer reduced to the form o
Eq. ~43!. Hence the values of the set ofx1 andx2 at which
Enb

(k)5E0 mod v1 are different for eachk, and this prop-
erty gives rise to the disappearance of DL.

Practical evaluation of Eq.~42! reveals that the infinite
series overl rapidly converges and the degree of precisi
attained by incorporating at most up tou l u5 3 or 4 is to the
tenth digit. Therefore, for the qualitative discussion belo
Enb

(k) can be well approximated by taking only the first fe
terms. That is,
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Enb
~k!'E01

D

2
@J1~x1!J0~x2!cos~kd!

1J3~x1!J1~x2!cos~kd1d!

1J1~x1!J1~x2!cos~kd2d!#1nbv1 . ~45!

Figure 12~a! shows the consequently calculated quasi-ene
for G51/2 and d5p/4 with nb50, whereD511.2 meV
and d590 Å, similar to the numerical calculations of Sec
III B 1. It is readily seen that it does indeed reproduce
result shown in Fig. 9~b!, above all, the disappearance of D
For comparison, the contribution of the first most domina
term in the squared brackets of Eq.~45! is shown in Fig.
12~b!. It is found that this term gives rise to band collaps
whereas the extra higher-order contributions from the sec
and third terms, which stand out exclusively in the vicinity
the DL positions, lift the degeneracy of the quasi-ener
leading to the disappearance of DL. In conclusion, the re
which asserts that the DL vanishes over the whole rang
the laser strength is due to the fact that the quasi-energy
eachk oscillates out of phase as a function ofF10, and the
band collapse is considered to be just a special case of
dental in-phase behavior.

Finally, we discuss an analytical solution of the qua
energy driven by a multicolor laser field. Instead of Eq.~41!,
the vector potentialA(t) in this case is given by

A~ t !52cFF0t1(
j 51

Nd F j 0

v j
sin~v j t1d j !G , ~46!

where Nd represents the number of monochromatic las
included, andd1 is assumed to be zero as before. Repea
applications of Eq.~A2! immediately provide the following
expression:

FIG. 12. Analytical evaluation of the quasi-energies of Eq.~45!
for a NI-DWSL driven by a two-color laser withd5p/4 and G
51/2 as a function ofF10. ~a! Full calculations.~b! Calculations
incorporating just the first term in the square brackets of Eq.~45!.
The quasi-energy is measured fromE0.
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Enb
~k!5E02

D

2 (
l 2 , . . . ,l Nd

52`

`

J2NT
~x1!Jl 2

~x2!•••JNd
~xNd

!

3cosS kd1(
j 52

Nd

l jd j D ~47!

modulov1, whereNT5N11( j 52
Nd Nj l j , xj5F j 0d/v j , and it

is assumed thatv j for j Þ1 is a multiple ofv1, that is,
v j /v1 is equal to an integerNj ( j Þ1) along with N1
5vB /v1. This is a generalization of Eqs.~40! and ~42!.
What is important is that even with multi-color laser drivin
the basic physics of the disappearance of DL is just the s
as for the two-color laser driving case discussed above. T
is, DL takes place only in the special case where( j 52

Nd l jd j

5np (n—integer!, and if not, the features of the quas
energy are always due to band formation with a finite wid
leading to the delocalization of an electron.

IV. CONCLUSION

The EX-DWSL of the biased superlattices driven by
two-color far-infrared field with different frequencies,v1
5vB and v252vB , different field strengthsF10 and F20,
and relative phased was theoretically investigated based o
the Floquet approach for calculating the gourd-shaped qu
energiesE and the linear absorption spectra of the syste
The notable finding of this study is the disappearance of
in the wholeE-F10 plane over a certain range ofd, and this
effect is maximized in the vicinity ofd5p/4. In this situa-
tion, the lobes of the quasi-energy for NI-DWSL are n
longer connected by a sharp knot, and the location of
knot is blurred to some extent. The disappearance of the
results in the formation of the quasi-energy band structure
accordance with the analytical expression for the NI-DW
obtained here, this phenomenon stems from the out-of-ph
behavior of each quasi-energy curve for a givenk with re-
spect to the change inF10, while the band collapse observe
in two-color laser driving withd5np (n—integer! as well
as in single-laser driving is interpreted as a special cas
the in-phase behavior. This feature of the two-color la
driven DWSL is also well understood by resorting to t
corresponding linear absorption spectra. As a matter of f
it has thus far been considered that the appearance of D
one of the peculiar properties of the single-laser driv
DWSL. Nevertheless, this is not always correct for two-co
laser dressing. The same consequence also holds in the
DWSL, except that the unevenly spaced exciton energy
els further blur the knot position of the DL and strong a
sorption peaks ascribable to exciton bound states
revealed along with the band structure.
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APPENDIX DERIVATION OF Eq. „42…

In view of Eq. ~41! we obtain

e2 i (1/c)A(t)5F (
l 52`

`

Jl~x2!ei $(vB1 lv2)t1 ld%Geix1sin(v1t)

~A1!

by use of the relation

eix2sin w5 (
l 52`

`

Jl~x2!eil w, ~A2!

wherew5v2t1d.54 Then Eq.~39! is reduced to
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