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Collapse of the coherence gap in Kondo semiconductors
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~Received 13 March 2003; revised manuscript received 11 July 2003; published 31 December 2003!

Kondo semiconductors exhibit a gap in their low-temperature excitation spectra, and can be modeled by the
Anderson lattice model at half filling which shows a hybridization gap. The mixed-valent Kondo semiconduc-
tor SmB6 also shows in-gap magnetic excitations that exhibit the temperature dependence and dispersion that
are expected from magnetic excitons. The gaps measured in the Kondo semiconductors are extremely sensitive
to doping in which thef ions are substituted by non-f ions. Recent measurements on YbB12 shows a feature
similar to that of the magnetic exciton in SmB6. Furthermore, the concentration dependence of the features
observed in inelastic neutron-scattering spectra of doped YbB12 is different from the concentration dependence
found in measurements of thermodynamic and transport properties. The impurity concentration dependence of
the gap and the spin-exciton features are investigated. The spectroscopic properties are calculated for the
Anderson lattice model at half filling, in which the disorder is treated in the coherent potential approximation.
The results are compared with the recent experiments.
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I. INTRODUCTION

The low-temperature thermodynamic, transport, and sp
troscopic properties of Kondo semiconductors, or heavy
mion semiconductors1,2 such as Ce3Bi4Pt4 ~Ref. 3!, SmB6
~Ref. 4!, or YbB12 ~Ref. 5! are dominated by extremely sma
temperature-dependent gaps of the order of tens of deg
Kelvin. In contrast to ordinary semiconductors, the e
tremely small magnitude of the low-temperature gap is
tributed to renormalization caused by the strong electr
electron interactions between the electrons in thef shell.
Gaps have been observed in inelastic neutron-scatterin6–9

and optical-absorption10–13measurements at sufficiently low
temperatures. Inelastic neutron-scattering experiments on
low-temperature state of strongly mixed-valent mate
SmB6 ~Ref. 7! show the existence of sharp branch of disp
sive magnetic excitations within the gap. Similar featu
were also found in polycrystalline samples of YbB12.8,9 At
temperatures higher than the gap energy, the thermal p
lation of electron-hole pairs participate in quasielastic sc
tering. This results in that the gaps observed in optic
absorption10–13 and inelastic neutron-scattering spectra6–9

vanish. In this high-temperature regime, the properties of
Kondo semiconductors resemble those of a heavy-fermio
mixed-valent materials.

Compounds such as CeNiSn~Ref. 14!, CeRhSb~Ref. 15!,
and FeSi~Ref. 16! are materials that are closely related to t
Kondo semiconductors. Careful studies of high quality cr
tals of CeNiSn~Ref. 17! have revealed that although th
compound does have a pseudogap structure in the quas
ticle density of states, the material is very anisotropic a
metallic.17 Recently, theT2 term in the low-temperature re
sistivity of CeNiSn has been found to have a large coe
cient, and Shubnikov–de Haas oscillations have b
measured.18 These recent observations confirm that CeN
is a semimetal. The appropriateness of describing
transition-metal compound FeSi as a Kondo semicondu
has also been called into question,19–21 since thed band has
a width which is comparable to the width of the gap an
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therefore, the simple Kondo picture used in this work mig
not apply.

The properties of the Kondo semiconductors are reas
ably well described by those of the Anderson lattice mode
which the semiconducting state occurs when the hybrid
tion gap straddles the Fermi energy.22,23 The hybridization
gap is subject to many-body renormalizations that produc
temperature-dependent reduction of its magnitude which
consistent with the behavior of the gap determined exp
mentally from transport measurements.24 The behavior of the
gap has been investigated in a series of experiments in w
the f ions have been substituted with non-f ions.3,25–27Sub-
stitutional doping has the effect of collapsing the gap str
ture in the density of states. The hybridization gap is a dir
manifestation of the coherence of thef ions, and the intro-
duction of substitutional disorder has been shown to prod
impurity states within the gap.28,29 The theoretical
description28–31 is quite consistent with the experimental
observed specific heat and resistivity. Thus, for example,
existence of impurity states roughly 3 meV below the upp
edge of the hybridization gap quite naturally explai
resistivity32,33 and tunneling measurements34 on SmB6,
while optical11 and point-contact spectroscopy35 indicate that
the magnitude of the overall hybridization gap is of the ord
of 20 meV.

The sharp dispersive mode within the gap found in
magnetic response of SmB6 ~Ref. 7! has the same dispersio
relation and temperature dependence as predicted for s
exciton excitations.36 Spin-exciton excitations can be envi
aged as bound states of electron-hole pair excitations ca
by the strong antiferromagnetic exchange. Alternatively,
spin-exciton excitations can be thought of as continuation
the antiferromagnetic paramagnonlike excitations which
cur at energies above the threshold of the continua
electron-hole pairs. The antiparamagnon excitations usu
only exist as a resonance within the continua of spin-
electron-hole pair~Stoner! excitations which, for metals, ex
tend down to zero energy. Therefore, to a first approxim
tion, antiparamagnons should only exist above the gap
©2003 The American Physical Society13-1
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semiconductor. However, in the Kondo insulators wh
have large strengths of the antiferromagnetic interactio
these branches of excitations soften at low-temperatures
continue within the hybridization gap, thereby forming t
branches of spin-exciton excitations. Since the widths of
antiparamagnon resonances are caused by an electron
pair decay channel, the broad antiparamagnon peaks und
significant narrowing at energies below the threshold of
Stoner excitations.

While analysis of transport measurements5 of YbB12
yields an activation energy of 10 meV, presumably dom
nated by the pinning of the Fermi level to impurities, t
optical absorption measurements13 indicate that the magni
tude of the intrinsic gap is about 20 meV. Earlier inelas
neutron scattering measurements on YbB12 ~Refs. 8 and 9!
showed the existence of magnetic scattering peaks aroun
and 20 meV. The temperature dependence of the 15 m
peak is indicative of it having a many-body origin, perha
being a spin-exciton excitation. The results of recent inela
neutron-scattering experiments37 on YbB12 have been
claimed to indicate a difference in the concentration dep
dence of the gap from that observed in thermodynamic pr
erties. Since YbB12 may also support spin-exciton excita
tions, this discrepancy might be due to the spin-exci
having a different sensitivity to impurities. In this paper, w
shall examine the effects of disorder on the dynamic m
netic response, particularly focusing on the branch of sp
exciton excitations. The heavy-fermion semiconductors w
be modeled by the Anderson lattice model. The effect of
impurities is treated within the coherent potential approxim
tion ~CPA!. We shall compare our results with the measu
inelastic neutron scattering and the thermodynamic pro
ties of the mixed-valent Kondo semiconductors.

II. DISORDERED ANDERSON LATTICE MODEL

The heavy-fermion semiconductors are modeled by
Anderson lattice model at half filling. The Hamiltonian
written as the sum of three terms:

Ĥ5Ĥ f1Ĥd1Ĥ f d . ~1!

The first termĤ f describes the Hamiltonian of the degene
ate localizedf electronic states. It is written as

Ĥ f5(
j ,a

Ef , j f j ,a
† f j ,a1 (

j ,a,b

U f f

2
f j ,a

† f j ,b
† f j ,b f j ,a , ~2!

where the indexa labels the states of theNf-fold degenerate
f level while f j ,a

† and f j ,a , respectively, are the creation an
annihilation operators for anf electron with degeneracy in
dex a at site j. The term proportional toEf , j represents the
binding energy of a singlef electron at sitej and the term
proportional to U f f describes the Coulomb repulsion b
tween a pair of electrons located on the same lattice site.
term Ĥd is the Hamiltonian of the conduction electron stat
It is written as
23521
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Ĥd5(
k,a

e~k!dk,a
† dk,a , ~3!

wheredk,a
† anddk,a are, respectively, the creation and ann

hilation operators for a conduction electron with the deg
eracy indexa in the Bloch state labeled by the wave vect
k. Since all the known Kondo semiconductors have cu
symmetry,1 the dispersion relatione(k) for the conduction
electrons is calculated in the tight-binding approximation
a simple cubic lattice, with hopping matrix elementt. The
bandwidth is denoted byW and is given byW512t. The
term Ĥ f d represents the hybridization which couples the
calizedf levels and the itinerant conduction band states. T
hybridization interactionĤ f d is written as

Ĥ f d5
1

AN
(

k, j ,a
$V exp@1 i k.Rj #dk,a

† f j ,a

1V* exp@2 i k.Rj # f j ,a
† dk,a%. ~4!

The first term represents the process in which an elec
with quantum numbera tunnels out of thef orbital on sitej
into the conduction-band state labeled by Bloch wave vec
k. The second term is the Hermitian conjugate and repres
the reverse process. The quantum numbera is conserved in
the tunneling process and the matrix elementV represents the
strength of the isotropic hybridization. Ikeda and Miyake38

have proposed that CeNiSn can be described by a sim
hybridization gap model, in which the hybridization is high
anisotropic and vanishes for certain directions in the B
louin zone. The vanishing of the gap along these directi
leads to a semimetallic state. A competing theoretical pict
of CeNiSn starts by assuming a spin charge separated sta39

Since the Coulomb repulsionU f f is the largest energy
scale in the problem, we shall take the limitU f f→`. This
limit precludes multiple occupation of thef orbitals at any
site. Thef electron operators are replaced by the productf
quasiparticle operators and slave boson operators. In
U f f→` limit, the Coulomb interaction is treated by enfor
ing a constraint on thef quasiparticle and boson operators.
the mean-field approximation, which is exact in the limit
large degeneracyNf→`, the slave boson amplitude is re
placed by a complex number. Thus, the Coulomb repuls
produces renormalized quasiparticle bands. The Coulomb
pulsion renormalizes the position of thef level, Ef to a new
position Ẽf just above the chemical potentialm, and also
reduces the hybridization strength fromV to Ṽ. These renor-
malizations are expressed22 as

Ef→Ẽf5Ef1l,

V→Ṽ5VA12nf~T!, ~5!

wherenf(T) is the temperature-dependent average num
of f electrons per unit cell, and thef energy shiftl is deter-
mined by a self-consistency condition. The self-consiste
conditions are evaluated as
3-2
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COLLAPSE OF THE COHERENCE GAP IN KONDO . . . PHYSICAL REVIEW B68, 235213 ~2003!
l@12nf~T!#5
1

N (
k,a

E
2`

` dv

p
f ~v!Ṽ* Im Gd f~k,k;v1 id!,

~6!

where the off-diagonal Green’s functionGd f(k,k8;v) is
given in terms of thef quasiparticle Green’s function
Gf f(k,k8;v) via

Gd f~k,k8;v!5
Ṽ

@v2e~k!#
Gf f~k,k8;v! ~7!

and the number off electrons per unit cell is given by

nf~T!52
1

N (
k,a

E
2`

` dv

p
f ~v!ImGf f~k,k;v1 id!. ~8!

The f quasiparticle Green’s function of the homogeneo
system is evaluated as

Gf f~k,k8;v!5d3~k2k8!
@v2e~k!#

~v2Ẽf !@v2e~k!#2uṼu2
.

~9!

The upward renormalization ofEf has the effect of reducing
the number off electrons,nf , and, therefore, minimizes th
effect of the Coulomb repulsion. The renormalization of t
hybridization matrix element represents the average red
tion in the probability that a quasiparticle will tunnel from
the conduction band into anf level, as the Coulomb interac
tion forbids tunneling into a level that is already occupie
The conduction bands and thef quasiparticle bands hybridiz
and form bands with mixed character. The bands are s
rated by an indirect gap of magnitude;4Ṽ2/W in an energy
range centered onẼf . The magnitude of the direct gap
given by 2Ṽ. In the Kondo semiconductors, the lower h
bridized bands are completely filled, and the upper hyb
ized bands are completely unoccupied. Thef character in the
quasiparticle bands has an integrated intensity which is
duced by a factor of (12nf). The remainder of the inte
grated intensity shows up as an incoherent excitation loc
at the position of the baref level Ef ,40 and can be measure
in photoemission measurements. The many-body effects
be calculated for the stoichiometric system, and the effect
the small impurity concentrations on the many-body ren
malizations will be neglected.

We shall denote the various configurations of the impu
ties by the indexg. We shall assume that the impurities a
randomly distributed so that the different sites are indep
dent. Thus, the probability of a particular configuration,Pg ,
is the product of the probabilities for the various sites,pj ,g ,

Pg5)
j

pj ,g . ~10!

A lattice sitej has a probability that the site is occupied by
non-f ion which is given by the concentrationpj ,25c, and
the probability that the site is occupied by anf ion is given
by pj ,15(12c). When a non-f impurity ion is located at site
j, the f level binding energyEf , j at that site is moved abov
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the Fermi energy, leading to thef orbital being unoccupied
The binding energy at the sitej is given by

Ef , j5Ef1DEf ~11!

when an impurity is present,a52, and as

Ef , j5Ef ~12!

when anf ion is located at the sitea51. We shall take the
limit DEf→` which corresponds to the case of La impu
ties in Ce3Bi4Pt3 or Lu impurities in the electron-hole analo
YbB12. When this limit is taken, the effect of the Coulom
shift on DEf can be safely neglected.

III. COHERENT POTENTIAL APPROXIMATION

The effect of disorder is treated within the single-site a
proximation using the CPA In the CPA, the local Green
function Gj j

f f(v) is replaced by the configurational averag

local Green’s functionG̃f f(v), which describes the effective
medium. The configurational averaged local Green’s fu
tion has periodic translation symmetry and, therefore, is
dependent of the site indexj. As a consequence, the Fouri
components of the configurational averaged Green’s fu
tions are diagonal in the Bloch wave vectork. Thus, the
configurational averaged Green’s function can be written
the same form as that of the ordered system, but in whic
complex self-energyS(v) is introduced to replace the reno
malizedf level binding energyẼf . Thus,

G̃f f~v!5(
g

PgGj j
f f~v!

5(
g

Pg

1

N (
k,k8

Gf f~k,k8;v!d3~k2k8!

5
1

N (
k

G̃f f~k,k;v!

5
1

N (
k

@v2e~k!#

@v2S~v!#@v2e~k!#2uṼu2
. ~13!

In the CPA,41–43 the complex self-energy is determined b
the condition that the configurational averagedT matrix for
the entire solid vanishes. This leads to the condition that
single-siteT matrix also vanishes:

Tj~v!5(
g

pj ,g@Ẽf , j2S~v!#

12@Ẽf , j2S~v!#G̃f f~v!
50. ~14!

This condition is simply evaluated as

G̃f f~v!5
c

@Ẽf2S~v!#
1

~12c!

@Ẽf1DEf2S~v!#
, ~15!

where the, site diagonal,f quasiparticle Green’s function i
given by
3-3
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G̃f f~v!5
1

@v2S~v!#
F11

uṼu2

@v2S~v!#
F~v!G ~16!

and

F~v!5
1

N (
k

Fv2e~k!2
uṼu2

v2S~v!
G21

. ~17!

The real and imaginary parts ofF(v1 id), for a fixed real
value ofS, are plotted in Fig. 1. It should be noticed that t
imaginary part ofF vanishes for values ofv nearS due to
the presence of the hybridization gap. Also the real par
the function is approximately linear in this range ofv. In
fact, for v;S, the function has the asymptotic expansion

F~v!52
~v2S!

uṼu2 F11v
~v2S!

uṼu2

1S W2

24
1v2D ~v2S!2

uṼu4
1•••G . ~18!

The coefficient of the third term, (W2/24), is the second
moment of the nearest-neighbor tight-binding conduct
electron density of states. The above set of equations a
be solved for the real and imaginary parts ofS(v) as a
function of v. Before presenting the numerical solution, w
shall examine a number of limits in which analytic resu
can be found.

It is seen that the above equation has the solution

S~v!5Ẽf ~19!

in the limit of vanishing impurity concentrationsc→0, or
equivalently

FIG. 1. Thev dependence of the real and imaginary parts of
function F(v), defined in the text by Eq.~17!, for fixed S. The

renormalized parameters are given byṼ50.4t and Ẽf50.266 66t.
The imaginary part ofF is marked by the solid line. In general, th
imaginary part ofF(v) is zero in the frequency range outside t

band width uvu.6t and inside the hybridization gapuṼ2u.v6t.
The real part ofF(v) is marked by the dotted line. It shows a rap
variation near the edges of the hybridization gap.
23521
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S~v!5Ẽf1DEf ~20!

when c→1. Thus, the CPA is exact in the extreme dilu
limit.

In the limit Ṽ[0, one finds that the solution forS(v)
reduces to

S~v!5
v~Ef1cDEf !2Ef~Ef1DEf !

v2Ef2~12c!DEf
, ~21!

which reproduces the exact configurational averaged ato
limit Green’s function

G̃f f~v!5
1

v2S~v!
5

~12c!

v2Ef
1

c

v2~Ef1DEf !
. ~22!

ForDEf→` and finite but small concentrations, one fin
that there is a region whereG̃f f(v) is approximately linear
in v2S(v):

Re G̃f f~v!;
Z

W2 @S~v!2v#, ~23!

whereZ is a real and large dimensionless coefficient wh
increases monotonically with decreasing hybridization@Z

'1/24(W/Ṽ)4#. This type of behavior of the local Green
function is already seen in the undoped system, shown
Fig. 2. In this region, the CPA self-energy is given by t
approximate expression

S~v!'S Ẽf1v

2
D 7AS Ẽf2v

2
D 2

2
cW2

Z
. ~24!

e FIG. 2. The real and imaginary parts of the localf Green’s
function Gf f(v), defined by Eq.~13!, for the undoped system@c

50, S(v)5Ẽf ]. The real part is shown by the dotted line and t
imaginary part is marked by a solid line. The values of the para
eters used are the same as in Fig. 1. The imaginary part of tf
Green’s function is zero inside the hybridization gap, but peaks
close to the gap edges. The real part of thef Green’s function varies
rapidly close to the gap edges.
3-4
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COLLAPSE OF THE COHERENCE GAP IN KONDO . . . PHYSICAL REVIEW B68, 235213 ~2003!
Thus, the density of states within the hybridization gap
zero, except within a small region of width

WA4c

Z
.uv2Ẽf u, ~25!

which is controlled by the square root of the concentrati
This is in agreement with the findings of previou
investigations29–31although different approximation schem
were used. In this region there is a nonzerof quasiparticle
density of states originating from the impurity-band insi
the hybridization gap. Thef quasiparticle impurity band den
sity of states has the approximate semielliptical form,

r f~v!'
AZc

pW
A12SAZ

c

~Ẽf2v!

2W
D 2

~26!

Hence, the quasiparticle density of states of the impur
band evaluated at the renormalizedf level energy,r f(Ẽf), is
proportional toc1/2 and has an integrated weight equal toc.

Inside thef quasiparticle band, away from the gap edg
uv2Ẽf u@uṼu2/W, the CPA equations can be solved f
small concentrations. In this regime, the self-energy is gi
by

S~v!'
1

12c
@Ẽf2cv6 icpuṼu2rd

0~v!#, ~27!

where rd
0(v) is the bare~unhybridized! conduction-band

density of states:

rd
0~v!5

1

N (
k

d„v2e~k!…. ~28!

A typical form of the exact solution forS(v) is shown in
Fig. 3. It is seen that for large frequencies, the real part of
self-energy depends approximately linearly inv, with a
slope ofc/(12c). In this region, the imaginary part of th

FIG. 3. Thev variation of the CPA self-energyS(v). The real

and imaginary parts of@S(v)2Ẽf #/t are plotted vsv/t, wheret is
the tight-binding hopping matrix element. The self-energy was c
culated with the same renormalized parameters as in Fig. 1. The
part of the self-energy is shown as a solid line and the imagin
part by the dotted line.
23521
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self-energy is finite and small, in agreement with the a
proximate result given by Eq.~27!. The linear dependence o
the real part has the effect of reducing the weight of
quasiparticle bands far fromẼf by an amount proportional to
c. The real part of the self-energy varies rapidly close to
band edges which has the effect of removing states from
energy region. These states reappear as the impurity b
which is found in an energy range inside the gap where
imaginary part of the self-energy peaks up.

The exact solution for the CPA density of states is sho
in Figs. 4 and 5 for various values of the impurity conce
tration. In Fig. 4~a! the f quasiparticle density of states
shown for the pure system, corresponding to the values
the bare parametersEf5210.26t andV51.47t. This set of
bare parameters corresponds to the renormalized param
set Ẽf50.266t and Ṽ50.4t and annf value of 0.926. The
density of states shows the~indirect! hybridization gap lo-
cated aroundẼf . The asymmetry of thef quasiparticle band
density of states aboutEf̃ is a consequence of the deviatio
of nf from unity and, hence, is a direct manifestation of t
mixed valence character of these materials. This can be
by direct comparison of Fig. 4~a! with Fig. 5~a!. The latter is
calculated for the bare parameter setEf525.76t and V
51.22t which corresponds to a mixed-valent value ofnf ,
namely, nf50.831. The f quasiparticle density of state
peaks at energies close to the edges of the hybridization
Van Hove singularities are seen at energies deeper inside
f bands. For small values of the concentrationc,0.05, the
impurity band is centered onẼf and is completely contained
within the hybridization gap. However, for concentrationsc

l-
eal
ry

FIG. 4. Thef quasiparticle density of statesr f(v) as a function
of v for various impurity concentrationsc. The bare parameter
were chosen to beV51.47t andEf5210.26t, which correspond to
a strong renormalization of the hybridization gap. These parame
correspond to the same values of the renormalized paramete
Fig. 1 andnf50.962 for zero concentration of impurities. The ca
corresponding toc50 is shown in~a!. The quasiparticle density o
states for the doped system are shown in~b!, ~c!, ~d!, and ~e!,
respectively, for concentrations forc50.02, c50.05, c50.07, and
c50.10. As the concentration increases, an impurity band deve
in the hybridization gap, and eventually completely fills the gap
3-5
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PETER S. RISEBOROUGH PHYSICAL REVIEW B68, 235213 ~2003!
greater than 0.07, the impurity band spans the entire hyb
ization gap, although a sharp depression occurs just ab
the range of energies corresponding to the gap even w
c50.10. The growth of the impurity band is accompanied
a depletion of the density of states from above and below
hybridization gap edges. The gap width shows only a v
slight increase and the depletion mainly comes from a red
tion of the heights of the peaks. However, the peak structu
at the edges of thef quasiparticle density of states rema
quite prominent until it obtains quite large impurity conce
trations. By contrast, the Van Hove singularities are rapi
smeared out with increasing impurity concentration.

IV. DYNAMIC RESPONSE

The optical-absorption spectrum is given by the real p
of the frequency dependent conductivity tensors i , j (v). The
real part of the conductivity is evaluated as

Re@s i , j~v!#5
2e2

Na3(
k

v i~k!v j~k!E
2`

` dz

p2 Im@Gdd~k,z!#

3Im@Gdd~k,z1v!#F f ~z!2 f ~z1v!

v G ,
~29!

wherev i(k) is the j th component of the velocity of a con
duction electron with Bloch wave-vectork. The summation
over the Bloch wave vectork is transformed into the integra
over the bare conduction-band density of states weigh
with the components of the velocitiesv i(k),

FIG. 5. Thef density of states as a function ofv for various
impurity concentrationsc, in the mixed-valent regime. The value
of the unrenormalized parameters used areV51.22t and Ef

525.76t. This parameters set corresponds to anf occupation num-
ber ofnf50.831 for the undoped system. The quasiparticle den
of states for the pure system,c50, is shown in~a!, while the
quasiparticle density of states forc50.05, c50.1, c50.2, andc
50.3, respectively, are shown in~b!, ~c!, ~d!, and~e!.
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F i , j~e!5
1

Na3 (
k

v i~k!v j~k!d„e2e~k!…

5
d i , j

a3 S 2ta

\ D 2E
0

`ds

p FJ0~2ts!2J1~2ts!

2ts Gcos~se!,

~30!

whereJ0(x) andJ1(x) are Bessel functions. Due to the pre
ence of the Kroneckerd function, the conductivity tensor is
diagonal and isotropic. The real part of the conductivity c
then be written as

Re@s i , j~v!#52e2E
2`

`

dzF f ~z!2 f ~z1v!

v G
3E

2`

`

deF i , j~e!Ad~e,z!Ad~e,z1v!,

~31!

where the conduction electron spectral densityAd(e,z) is
given by

Ad~e,z!

5

1

p
Im S~z!Ṽ2

$~z2e!@z2ReS~z!#2Ṽ2%21@~z2e!Im S~z!#2
.

~32!

In the limit c→0, the self-energy is purely real and equ
to Ẽf . In this limit, the spectral density is equal to th
weighted sum of twod functions and the ac conductivit
reduces to the previously obtained expression:23

Re@s i , j~v!#5
2e2Ṽ2

v2Av224Ṽ2
(
6

F i , j~Ẽf6Av224Ṽ2!

3F f S Ẽf2
v

2
6Av2

4
2Ṽ2D

2 f S Ẽf1
v

2
6Av2

4
2Ṽ2D G ~33!

for v.2Ṽ, and zero if 2Ṽ.v.0. The square-root singu
larity occurs at the threshold energyv52Ṽ which corre-
sponds to the direct gap. However, for the pure syst
electron-electron interactions broaden the singularity into
asymmetric peak. Furthermore, the interactions also resu
largeq fluctuations which assist the electrons in the pho
absorption transitions. These fluctuation assisted transit
result in a long tail to the spectra which extends down to
threshold equal to the indirect gap energy.36,40 For finite im-
purity concentrations, the impurity scattering is the domin
scattering mechanism and the conductivity has a sim
form to that found by including higher-order electro
electron interaction processes. However, while the cond
tivity of the pure system falls to zero below the indirect ga
the conductivity of the doped system is finite and small b
low the indirect gap where the conductivity shows a p

ty
3-6
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COLLAPSE OF THE COHERENCE GAP IN KONDO . . . PHYSICAL REVIEW B68, 235213 ~2003!
nounced minimum. The small but finite value of the condu
tivity at v50 is due to impurity band conduction. The sma
magnitude of theT50 Drude peak is caused by the absen
of thermally activated conduction processes, which limits
conduction processes to states in the impurity band that
almost localized, that is, the states in the impurity band h
a large scattering rate and have low mean-squared veloc
The small magnitude of the mean-square velocity occurs
the impurity band states are mainly formed from the fl
portions of the hybridized bands of the pure system nearẼf .
These states not only have a low fraction of conduction b
character, but also havek values which are close to the top o
bottom of the conduction-band and hence, have small m
nitudes ofv(k)5(1/\@]e(k)/]k#. The frequency dependen
conductivity is plotted in Fig. 6 for various impurity concen
trations, andT50. The concentration dependence is simi
to that found by Okamuraet al. in experiments on
Yb12xLuxB12,27 where the peak was found to broaden a
move to lower energies with increasing impurity concent
tion. Similar results have been found theoretically
Mutou,44 using the same model as in this work and the d
order was also treated within the CPA However, in Muto
work the many-body effects were treated, Fig. 7, within t
dynamical mean-field approximation which neglects the
fect of antiferromagnetic correlations. At finite temperatur
the spectrum shows a thermally activated Drude tail36 which
is dominated by the impurity band states.30 In accordance
with dc transport measurements on (Ce12xLax)3Bi4Pt3 ~Ref.
25! and SmB6 ~Ref. 33! the calculated resistivity shown i
Fig. 8 has an exponentially activated regime which go
through a maximum, and then shows a metalliclike tempe
ture variation at the lowest temperatures. The minimum

FIG. 6. The diagonal component of the frequency-depend
conductivity, at zero temperature, in units ofe2/\a vs the dimen-
sionless frequencyv/t. Forc50 the conductivity has a square-ro

singularity at the threshold energyv52Ṽ, which corresponds to
the direct gap. For finite concentrations of impurities, the singu
ity is broadened into a peak which acquires a long tail that stretc
down towards zero frequency. The parameters used are the sa
in Fig. 4, and the frequency-dependent conductivity is shown in~a!,
~b!, ~c!, and ~d!, respectively, for the concentrationsc50.05, c
50.10, c50.20, andc50.30.
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the resistivity atT50 is due to the energy dependence of t
scattering rate, which decreases for states away from the
ter of the impurity band, as shown in Fig. 2. However, t
calculated resistivity differs qualitatively from the exper
mentally determined resistivity at high temperatures wh
measurements show that the resistivity is roughly indep
dent of the impurity concentration. This discrepancy
caused by the neglect of intrinsic inelastic-scattering p
cesses which, at high temperatures, should dominate ove
elastic impurity scattering rate.

The dynamic magnetic spin-flip response is given by
ronton-pase-approximation-like expression

nt

r-
es

as

FIG. 7. The diagonal component of the frequency-depend
conductivity for V52.686t and Ef5220.38t, for the concentra-
tions c50.05, c50.10, c50.20, andc50.30. This parameter se
corresponds to a valence ofnf50.8614. In addition to the peak a
the direct gap, the tail has a threshold at the indirect gap, be
which a small Drude peak due to impurity-band conduction can
observed.

FIG. 8. The temperature dependence of the electrical resist
r(T) for various impurity concentrations. For temperatures of
order of the indirect gap, the resistivity is thermally activated. Ho
ever, for finite concentrations the resistivity exhibits a maximum
low-temperatures and exhibits a minimum atT50. The parameters
used are the same as in Fig. 4.
3-7
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x12~q,v!5g2mB
2

x0
12~q,v!

12J~q!x0
12~q,v!

. ~34!

wherex0
12(q,v) is the reduced noninteracting quasipartic

susceptibility andJ(q) is the exchange interaction. The r
duced susceptibilityx0

12(q,v) is given by

Im@x0
12~q,v!#5

1

N (
k

pE
2`

`

dz@ f ~z!2 f ~z1v!#

3Af„e~k!,z…Af„e~k1q…,z1v!.

~35!

In this expression thef spectral densityAf(e,z) is given by

Af~e,z!

5
1

p

~z2e!2Im S~z!

$~z2e!@z2Re S~z!#2Ṽ2%21@~z2e!Im S~z!#2
.

~36!

The exchange interaction is calculated as the zero freque
limit:

J~q!5 lim
v→0

1

N (
k

S uVu2

Ef
D 2 R

C

dz

2p i
f ~z!Gdd~k,z!

3Gdd~k1q,z1v!, ~37!

where the contourC encloses all the poles of the Fermi fun
tion f (z). For the stoichiometric system, this reduces to
expression45,46

J~q!5
1

N (
k

S uVu2

Ef
D 2S f 1~k1q!2 f 2~k!

E2~k!2E1~k1q!
D

3uB1~k1q!u2uB2~k!u2, ~38!

whereB1(k) andB2(k) are, respectively, the fractional con
duction electron character of the wave function of the st
with Bloch wave-vectork in the upper (1) and lower (2)
hybridized bands. This exchange interaction is similar to
Ruderman-Kittel-Kasuya-Yosida interaction but, since
system is gapped, all the processes contributing to the m
netic exchange interaction are virtual processes. The vir
interaction proceeds by the moment on thef ion polarizing
the conduction electrons as a result of the Schrieffer-W
exchange interaction of strengthuVu2/Ef . The conduction
electrons transmit the polarization to a second site wher
interacts with the local moment via the Schrieffer-Wolf i
teraction. Due the presence of the conduction electron
ceptibility, and as the conduction band is almost half fille
the intersite exchange interaction has a strong antiferrom
netic character.

Inelastic neutron-scattering experiments on CeNiSn~Ref.
47! have been interpreted as showing that the intersite
change interactions are relatively weak. A possible cause
the relatively weak intersite exchange interaction in the
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Kondo semiconductors is given by photoemission exp
ments where the baref level is found to be about 2–3 eV
below the chemical potential. The large value ofEf in the
denominator of the Schrieffer-Wolf exchange and could
sult in a relatively weak intersite interaction. However,
proper description of the inter-site exchange exchange in
action incorporating the Kondo effect48 is still lacking, and is
an area for further research. As a consequence of the w
exchange, the spin exciton is not expected to be fully form
for Ce systems and the main effect of the doping is throu
the noninteracting quasi-particle susceptibility. The susce
bility is largest for wave vectors near the corner of the Br
louin zone,Q5(p/a)(1,1,1). This is shown in Fig. 9. The
stoichiometric system shows a threshold corresponding
excitations over the indirect gap with a large peak just ab
the threshold energy. The introduction of impurities reduc
the overall intensity of the inelastic peak, and produce
shoulder below the threshold which has an integrated in
sity that roughly scales with the impurity concentration f
small c. The impurities also produce a quasielastic comp
nent to the spectra. The combined effect of the grow
quasielastic component and the widening of the shoulde
that of progressively filling the gap in the spectra, as
impurity concentration is increased. The spectra at the z
center is much less intense, as shown in Fig. 10. The z
center spectrum for the stoichiometric system is domina
by a peak at the direct gap, and has a form similar to
optical conductivity. Forq50, the introduction of small
amounts of impurities produces an inelastic contribut
which peaks in the vicinity of the indirect gap. More pr
cisely, the position of the peak correlates with the peak
ergy of the shoulder in theq5Q spectrum. The magnitude o
this peak is much larger than the corresponding tail in
optical conductivity, since the conduction-band character
the states in the vicinity of the gap is suppressed by a fa
of order of uV/tu2 and the conduction states which are a
mixed have velocities close to zero. It is seen that the im
rities reduce the propensity for antiferromagnetic correlatio
and concomitantly increase the propensity for ferromagn

FIG. 9. The imaginary part of the spin-flip component of t
frequency-dependent susceptibility tensorx12(Q,v) at the corner
of the Brillouin zone and zero temperature for various impur
concentrations. The parameters used are the same as in Fig. 4
3-8
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COLLAPSE OF THE COHERENCE GAP IN KONDO . . . PHYSICAL REVIEW B68, 235213 ~2003!
correlations. This observation is qualitatively consistent w
the experiments on doped (Ce12xLax)3Bi4Pt3 where the
magnitude of the wave-vector averaged response decrea49

while theq50 susceptibility grows by 25–35% on increa
ing x from zero tox50.07.3 However, even for the larges
concentrations, the calculations show that the wave-ve
averaged response is still dominated by the antiferromagn
response. Similar trends to those shown in Fig. 9 were fo
in the inelastic neutron-scattering spectra from polycrys
line (Ce12xLax)3Bi4Pt3 measured by Severinget al.49

By contrast in Yb systems, which are generally mo
mixed valent than the Ce systems, the baref level is expected
to lie just above the chemical potential and, as a result,
local magnetic moments are expected to be coupled v
strong Heisenberg antiferromagnetic exchange interactio
sufficiently strong magnetic exchange is expected to resu
the formation of a spin exciton which lies within the ga
The spin exciton should show a maximum binding energy
the antiferromagnetic zone boundary, as found in SmB6.7 For
values of the exchange interactionJ(Q) smaller than the
critical value, the peak in the spectral density just above
threshold should be enhanced. The theoretical results fo
zone corner susceptibility with finite impurity concentratio
are shown in Figs. 11~a! and 11~b! for values ofJ(Q), re-
spectively, above and below the critical value. The values
the bare parameters areV52.686t, Ef5220.3826t, which
correspond to anf occupation number ofnf50.8614 and the
renormalized parametersṼ51.0t, and Ẽf50.5833t. The
spectral density ofq5Q magnetic excitations of the sto
ichiometric system should show spin-exciton excitations a
sharp Gaussian line within the gap. Since the introduction
impurities produces a shoulder to the gap, the almost sin
lar peak in the real part of the reduced noninteracting qu
particle susceptibility at the threshold is gradually smea
out with increasing impurity concentration. For system
where the spin exciton is fully developed, introduction
impurities results in a broadening and decrease in the bin
energy of the spin exciton, eventually causing the in-g

FIG. 10. The imaginary of the spin-flip component of th
frequency-dependent susceptibility tensorx12(0,v) at the zone
center and zero temperature for various impurity concentratio
The values of the parameters are the same as those given in F
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feature to collapse into the continuum. However, for syste
where the interaction is just below the critical value, t
stoichiometric system should show a peak above thresh
which is enhanced by the magnetic exchange interact
The enhancement of the peak at the threshold is rap
washed out with increasing impurity concentrations. The r
at which the intensity of the peak height is reduced w
impurity concentrations is strongly dependent on the mag
tude of the enhancement. Although the height of the re
nance is rapidly decreased by impurities, the magnetic in
sity in the gap region is not changed substantially.

Recently, high-resolution inelastic neutron-scattering
periments have been performed on polycrystall
Yb12xLuxB12 with x50 andx50.25 ~Ref. 37! andx50.9.

s.
. 4.

FIG. 11. The inelastic neutron-scattering spectra, at the corne
the Brillouin zone, for various impurity concentrations. In~a! the
spectra are shown for a value ofJ(Q)50.7t which is greater than
that the critical value needed to separate the spin-exciton spec
from the continuum. The spectrum shows the spin-exciton fea
within the indirect gap. The effect of increasing impurity conce
trations is that of broadening the spin-exciton peak and lowering
binding energy. For large enough impurity concentrations, the s
exciton only exists as a virtually bound state. The spectra show
~b! are calculated for a value ofJ(Q)50.45t which is just below
the critical value. The continuum spectra are resonantly enhan
near the indirect gap energy. Introduction of impurities rapidly d
crease the enhancement of the peak near the threshold.
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PETER S. RISEBOROUGH PHYSICAL REVIEW B68, 235213 ~2003!
The magnitude of the momentum transferq was sufficiently
large, such that the spectrum is representative of an ave
over the entire Brillouin zone. Thus, the experimental res
may be compared with the imaginary part of the local s
ceptibility. Thex50 spectra shows a large asymmetric pe
at 15 meV just above the threshold of magnetic excitatio
and two other peaks at 23 and 40 meV. Forx50.25, the peak
at threshold has its intensity reduced by a factor of 2, a
there is only a slight change in the spectral density at
threshold energy@see Fig. 12~a!#. Experiments on a sampl
with x50.9 show that the peaks at 15 and 20 meV are co
pletely suppressed, while the peak at 40 meV retains
form. The peaks at 15 and 20 meV were assigned as b
coherent in nature, while the peak at 40 meV was assig
incoherent or single-ion character. The reduction of the
tensity of the 15 meV peak by a factor of'1.9 for an im-
purity concentration of 25% is inconsistent with the loc
susceptibility inferred from the single impurity Anderso
model, as this should scale directly with the number of
atoms. However, the experimentally determined reductio
consistent with the calculated local susceptibility in the a
sence of a magnetic exchange interaction, shown in
12~b!, and indicates the nonlocal nature of the magnetic fl

FIG. 12. The magnetic excitation spectra are shown in~a! for
Yb0.75Lu0.25B12 ~open circles! and YbB12 ~solid circles!, measured
at T510 K. The data are taken from Ref. 54 The form factor d
pendence of the data was divided out. TheT50 limit of the scat-
tering function may be compared with the calculated imaginary p
of the local susceptibility, shown in~b!.
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tuations. The experimentally determined peak is more as
metric than the calculated spectra and falls off more rapi
near the gap. This has the effect that the present calculat
exhibit a larger increase in the spectral intensity in the g
region than seen in the experiments on doped YbB12. The
theory implies that the indirect gap of the stoichiometric m
terial is slightly smaller than 13 meV, and that a truly bou
spin exciton is not formed. However, the large asymmetry
the experimentally determined peak is consistent with a s
stantial amount of exchange enhancement and the forma
of a virtually bound spin exciton. Further high-resolution i
elastic neutron-scattering experiments on single crystals
pear to be necessary to establish theq dependence of the
spectral peak and to definitively answer the question as
whether a spin exciton exists in YbB12.

Substitutional impurities have been introduced in t
semimetal CeNiSn, the properties which have been obse
are qualitatively similar to those described in this paper.50,51

This might have been anticipated, since the Kondo se
metal CeNiSn has been described by a model,38 which is
quite similar to the model used for the Kond
semiconductors.22 On the other hand, the presence of t
anisotropic hybridization gap might result in significant d
ferences with the model considered here, and is a subject
requires further investigation.

V. SUMMARY

The properties of Kondo semiconductors can be descri
by the Anderson lattice model, close to half filling. The sy
tem has an indirect gap between the upper and lower hyb
ized bands. The substitution of non-f impurities on thef sites
produces an impurity band within the gap. On increasing
concentration of the substitutional impurities to a few p
cent, the impurity band spans the entire gap. The electr
resistivity shows an exponential increase, but saturate
low-temperatures to a value which is controlled by the co
centration of impurities. In both the model calculation a
experimental measurements,25,33the resistivity shows a sligh
local minimum atT50. The ac conductivity for the pure
system is dominated by a peak at the energy of the di
gap. On doping, the peak in the conductivity broadens
develops a tail which extends down to the indirect gap. T
peak position is reduced with increasing concentrations,
manner similar to that found in optical measurements
Yb12xLuxB12.27 At finite concentrations, a small Drude pea
appears in theT50 optical conductivity which represent
the conduction processes within the almost localized im
rity band. We have examined the effect of doping on t
magnetic response functions which, since the model is
of an indirect gap semiconductor, behaves markedly differ
for different momentum transfers. The main effect of dopi
is that of reducing the antiferromagnetic correlations and
creasing the ferromagnetic correlations. This trend is con
tent with the observed growth of the static susceptibility w
increased doping.3 It was also found that doping reduces th
gap in the wave-vector averaged spectral density and in
duces states within the gap, as was seen in inelas
scattering experiments on (Ce12xLax)3Bi4Pt3.49 Recent

-
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COLLAPSE OF THE COHERENCE GAP IN KONDO . . . PHYSICAL REVIEW B68, 235213 ~2003!
high-resolution inelastic neutron-scattering measurement
Yb12xLaxB12 compounds37 as a function of doping are in
consistent with the magnetic fluctuations being of local ch
acter. The results appear to be consistent with either the
istence of a virtually bound spin exciton or the enhancem
of the peak near threshold due to a strong antiferromagn
exchange interaction.

Several areas remain ripe for future investigation. Th
include the theoretical description of the introduction of
low density of either electrons or holes into a Kondo insu
tor, a situation which is perhaps realized in the compou
YbAl3;52,53 the adiabatic continuation of the model descr
ing the high-energy excitations~with eitherJ55/2 for Ce or
J57/2 for Yb! to the effective low-energy doubly degenera
model which describes the semiconductor phase; theore
studies of the effect of impurities in the anisotropic Kon
semimetals, such as CeNiSn; and finally, a rigorous theo
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ical description of intersite interactions incorporating t
Kondo effect.
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