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Free-energy calculations of intrinsic point defects in silicon

O. K. Al-Mushadani* and R. J. Needs
TCM Group, Cavendish Laboratory, University of Cambridge, Madingley Road, Cambridge CB3 0HE, United Kingdom

~Received 21 July 2003; published 5 December 2003!

We study the energetics of various point defects in silicon usingab initio density-functional methods. The
formation free energies are calculated from the harmonic phonon frequencies, which are determined fromab
initio density-functional perturbation theory calculations. We deduce the concentrations of defects as a function
of temperature and compare them with experimental estimates. The localized vibrational modes associated
with the various defects are described.
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I. INTRODUCTION

Intrinsic point defects in silicon have attracted a great d
of interest because of the technological importance of
material. In particular they strongly influence the diffusion
dopant atoms at elevated temperatures during device m
facture. Both experimental and theoretical techniques h
been brought to bear on these defects but fundamental
in our understanding still exist. Unfortunately it has not be
possible to detect silicon self-interstitials directly and w
must rely on theoretical techniques to elucidate their mic
scopic nature. In the case of neutral vacancies, elect
paramagnetic-resonance studies1 have determined unambigu
ously their symmetry to beD2d , which is consistent with a
Jahn-Teller distortion. Positron-lifetime experiments give
value for the enthalpy of formation of a neutral vacancy
silicon of 3.660.2 eV.2

The self-diffusivity can be measured at high temperatu
using radioactive isotopes as tracers, and experimental
mates of the contributions to the self-diffusivity from se
interstitials and vacancies have been made.3,4 The self-
diffusivity DSD can be written as the sum of contribution
from independent mechanisms,DSD5( j f jD jnd, j , where f j

are correlation factors of order unity,D j is the diffusivity,
andnd, j is the concentration of defectj. The situation regard-
ing the separate values ofD j andnd, j for vacancy and self-
interstitial mechanisms is very unclear, with estimates diff
ing wildly.5 This gap in our knowledge is important becau
one requiresD j and nd, j separately to predict the behavio
for nonequilibrium defect concentrations, which occur d
ing the processing of silicon.

In this contribution we calculate the formation free en
gies of intrinsic point defects in silicon, including the vibr
tional contributions, usingab initio density-functional theory
~DFT! methods. From these we deduce the equilibrium c
centration of defects as a function of temperature. We h
studied the neutral vacancy, the hexagonal, and split^110&
self-interstitials, and the fourfold-coordinated defect~FFCD!.
The FFCD has not been detected experimentally, butab ini-
tio calculations indicate that it has the lowest formation e
ergy of any intrinsic point defect in silicon,6 and therefore its
properties are of interest. We also study the localized vib
tional modes associated with the defects.
0163-1829/2003/68~23!/235205~8!/$20.00 68 2352
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II. EQUILIBRIUM DEFECT CONCENTRATION

The total free energy of a solidFtot can be approximated
as the sum of the internal energy at zero temperatureE and
the vibrational free energyFv ib

Ftot5E1Fv ib . ~1!

The change in free energy on introducing a single point
fect is

DFde f ect5Ftot
de f ect2

N1$21,0,1%

N
Ftot

bulk , ~2!

whereN is the number of atoms in the perfect crystal and
quantity in braces takes the value11 for an interstitial, 0 for
the FFCD, and21 for the vacancy. Adding the term from
the configurational entropy of the defect gives the total f
mation free energy,

DFsolid5ndDFde f ect2TScon f@nd#, ~3!

where there arend defects per unit volume. Each defect h
ni degenerate configurations per lattice site, and the t
number of atoms per unit volume isns . The configurational
entropy per unit volume is therefore given by

Scon f52kBlnF ns!

~ns2nd!!nd!
ni

ndG . ~4!

Minimizing DFsolid with respect tond and assumingnd
!nsni gives the equilibrium concentration of defects,

nd* 5nsniexpF2
DF

kBTG . ~5!

III. METHOD

We have performed zero-temperature calculations of
relaxed structures and formation energies of the defects u
DFT methods within the local-density approximatio7

~LDA !. We then use density-functional perturbation theo
~DFPT! ~Ref. 8! to obtain phonon spectra of the defectiv
and perfect crystals from which we deduce the vibratio
free energy. We have adopted a plane-wave pseudopote
framework and all calculations were performed using
ABINIT code.9 The defects were contained within 64-ato
simple cubic supercells subject to periodic boundary con
©2003 The American Physical Society05-1
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tions. A plane-wave cutoff energy of 12 hartree was used
all calculations, which provides good convergence for b
the electronic and vibrational contributions to the free en
gies. We used a Troullier-Martins10 LDA pseudopotential to
represent the Si41 ions. Unless otherwise stated, we used
relaxed LDA cubic lattice constant of 5.387 Å, which is
little smaller than the experimental value of 5.429 Å. T
Brillouin-zone integrations were performed using t
Monkhorst-Pack11 sampling scheme with a 33333 grid of
k points.

The ground-state structures of the defects were obta
by relaxing the structures until the Hellmann-Feynma12

forces on the atoms were less than 531026 eV/Å, which is
an extremely fine tolerance. Small, random displaceme
were applied to the atoms before relaxation to remove
initial symmetry which could otherwise be locked in. Th
forces were calculated using the same energy cutoffs
k-point grids throughout. It has recently been reported13 that
this is important to ensure the correct relaxation of ato
which may otherwise end up in a higher-energy local mi
mum.

Various studies6,13,14 have indicated that large superce
are required to obtain full convergence of the formation
ergies, and even then the agreement between the diffe
studies is not particularly good, with estimates of the def
formation energies differing by several tenths of an eV.
our tests we found that the formation energy of the FFCD
a 54-atom face-centered cubic supercell differed from t
obtained with a 64-atom simple cubic cell by about 0.2 e

The formation energies of the various defects are give
Table I. These results show that the FFCD has the low
formation energy. The FFCD was recently studied usingab
initio DFT methods by Goedeckeret al.,6 although in fact it
corresponds to the interstitial-vacancy defect found in ear
tight-binding calculations.15,16 This defect is low in energy
because it maintains the fourfold coordination of the b
crystal. The hexagonal and split^110& interstitials are essen
tially degenerate in energy as found in previous studies.6,17,18

The vacancy has a higher formation energy than the s
interstitials within the LDA, in agreement with most rece
results.6,19 We have found the hexagonal interstitial to ha
an unstable phonon mode, and on following the displacem
along the corresponding eigenvector we located a st
structure with a formation energy 0.03 eV lower than t
hexagonal interstitial. The displaced hexagonal defect is
rived from the hexagonal defect by a displacement of
interstitial atom, shown in black in Fig. 2, out of the hexag
nal ring by 0.48 Å.

Even after the technical issues of plane-wave cut

TABLE I. Formation energies of the defects.

Formation energy~eV!

Vacancy 3.53
Hexagonal 3.45
Split̂ 110& 3.40
FFCD 2.80
Displaced hexagonal 3.42
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k-point sampling and supercell size have been resolved,
relative energies of the defects are still sensitive to the tr
ment of the electronic correlation. Studies6,17,20 using the
generalized gradient approximation~GGA! to DFT give a
different energy ordering of the candidate defects. The G
formation energies for the interstitial defects are larger th
the LDA ones while the vacancy formation energy is low
so that within the GGA the interstitial defects have the hig
est formation energies. The FFCD remains lower in ene
than the other defects. A diffusion quantum Monte Ca
study21 by Leunget al.20 gave even larger interstitial defec
formation energies.

IV. DEFECT STRUCTURES

Figures 1–4, produced using theSCHAKAL22 package,
show the relaxed structures of the various defects. The n
ber of degenerate configurationsni of each defect per lattice
site can be determined from the symmetries of the structu

FIG. 1. Neutral vacancy defect. The first-nearest-neighbor ato
to the vacancy are shown in dark gray.

FIG. 2. Hexagonal interstitial defect. The interstitial atom
shown in black. The first-nearest-neighbor atoms are shown in d
gray.
5-2
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and is given in Table III. This information is needed to obta
the total defect concentrations using Eq.~5!.

The silicon vacancy probably poses the greatest difficu
for ab initio studies of defects. Previous calculations ha
shown the energy surface near the minimum to be quite s
low. This has meant that various studies have found differ
minimum energy structures. Some dedicat
expositions13,14,23,24have shown how the defect structure
dependent on convergence parameters and how the at
relaxation is carried out. The experimental picture is mu
more conclusive. Electron-paramagnetic-resonance stud1

have shown that the vacancy hasD2d symmetry. The studies
mentioned above also conclude that this is the case w
large supercells and adequatek-point grids are used. The
present study also gives a structure which hasD2d symmetry.
The bond distances between the four ions neighboring
vacancy, shown in dark gray in Fig. 1, are given in Table
We see that these atoms form two pairs with bond length
3.415 Å. The four bond lengths between different pairs
slightly longer at 3.425 Å. This is in accordance with pre

FIG. 3. Split̂ 110& interstitial defect. The interstitial pair of at
oms are shown in black, the first nearest neighbors are in dark
and second nearest neighbors are in light gray.

FIG. 4. The FFCD. The interstitial pair of atoms is shown
black, the first nearest neighbors are in dark gray and second ne
neighbors are in light gray.
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ous findings for aD2d structure having two bonds of on
length and four of another. The present results are, howe
close toTd symmetry as the two distinct distances are clo
in our study than in previous ones. A trueTd structure would
have six identical bond lengths. The number of degene
states of theD2d symmetry defect isni53, corresponding to
the number of independent ways of choosing two pairs fr
four atoms.

For the hexagonal interstitial we found a bond length
2.361 Å between the interstitial and each of its six near
neighbors, which is close to a previous result17 of 2.360 Å. If
the symmetry is perfectly hexagonal we haveni52 for this
defect. This result disagrees with that in a previous pape25

which we believe to be incorrect. The displaced hexago
defect hasni54.

The split̂ 110& defect consists of a pair of atoms sharin
an atomic site of the perfect crystal. The pair, shown in bla
in Fig. 3, are aligned along â110& zigzag chain. The bond
length between the defect pair of 2.432 Å is slightly larg
than the bulk bond length of 2.333 Å, and is very similar
the value of 2.44 Å found in an earlier study.17 The pair of
atoms forming the split^110& defect are both fourfold coor
dinated. The neighboring atoms, colored dark gray in Fig
are fivefold coordinated and their bonds to the defect pair
2.455 Å long, which is close to the value of 2.46 Å found
a previous study.26 The bond distance between the defect p
and the light gray atoms in the zigzag chain is, howev
shorter than the bulk bond length at 2.315 Å. For this def
the number of degenerate states isni56, which corresponds
to the number of ways of choosing two bond directions fro
four.

The FFCD defect consists of a pair of atoms, shown
black in Fig. 4, that have been rotated from their norm
positions within the bulk crystal. The present calculatio
give the bond length between the two defect atoms as 2.
Å, which is close to the value of 2.25 Å found in a GGA
DFT study.6 The other three bonds formed by the defect
oms are longer. There are a pair of length 2.346 Å from
black to the dark gray atoms and one of length 2.457 Å to
light gray atom. The FFCD hasni56.

V. PHONON CALCULATIONS

We calculated the phonon spectra of the same super
used in the ground state electronic structure calculati
within linear-response theory usingab initio DFT. For con-
sistency we used the samek-point grids, pseudopotentia
and plane-wave cutoffs as before. We calculated the dyna
cal matrix at theG point of the supercell, which was Fourie
transformed into real space to give the matrix of interatom
force constants. This was then Fourier transformed back
momentum space to obtain interpolated dynamical matr

ay

rest

TABLE II. Bond lengths between the four atoms neighbori
the vacancy.

1 2 3 4 5 6

Distances~Å! 3.415 3.415 3.425 3.425 3.425 3.42
5-3
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at any point in the Brillouin zone. Diagonalization of th
dynamical matrices yields the phonon frequencies and co
sponding eigenvectors. The responses need only be c
lated at theG point for the defect structures as the large s
of the supercells guarantees convergence of the phonon s
trum. Test calculations on a smaller 54-atom face-cente
cubic supercell showed that the 64-atom supercell is
equate for calculations of defect phonon spectra.

The calculated phonon densities of states for bulk silic
and the defective structures are shown in Figs. 5–10.
bulk density of states shows four main groups of phono
The first group is located between 100 and 200 cm21. This
lies just above the acoustic region in which the density
states increases roughly asv2. The second group has les
weight and builds up slowly from a minimum just abov
200 cm21 to a peak at 340 cm21. The density of states the
falls before building up to form the third group between 3
and 460 cm21. This group has roughly the same cumulati
weight as the second one. Following this the density of sta
increases sharply at 460 cm21 to form the last group which
has considerable weight. This group finishes at roughly
cm21 where the density of states falls to zero.

From Figs. 5 to 10 we see that the densities of states
the 64-atom supercells remain largely unchanged upon in
tion of a single defect. One of the effects of introducing t
defects is that the van Hove singularities observed in
bulk phonon density of states are smeared out. The dens
of states also become more jagged upon introduction o

FIG. 6. Solid line: phonon density of states for a 64-atom
percell containing one FFCD, dashed line: bulk density of state

FIG. 5. Phonon density of states of bulk silicon.
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defect as phonons which were degenerate in the bulk bec
nondegenerate. Of particular interest are the modes w
appear above the highest calculated mode in the bulk, wh
are localized modes in which the associated normali
eigenvectors are dominated by motions of atoms close to
defect. Localized modes for point defects in silicon ha
been calculated before,25 but these calculations used an em
pirical interatomic potential which gives the highest bu
phonon mode at 392 cm21, which is 24% lower than the
experimental value. Ourab initio DFT results, however, give
a much more accurate description of the entire phonon s
trum and it is possible to achieve deviations from experim
tal results of no more than a few inverse cm. An example
this is given by the agreement of the calculated op
mode frequencies at theG point at 517 cm21 with the
experimental27 value of 51868 cm21. It is hoped that re-
sults for the defects will also be very accurate. This sho
be qualified, however, as the choice of lattice constant
have a significant effect on the phonon frequencies. If
experimental lattice constant of 5.429 Å is used then
highest phonon frequency is reduced by 2% to a value
505 cm21. This error is still much smaller than in the em
pirical potential calculations, and since we are only int
ested in free-energy differences we may expect a cer

-

FIG. 7. Solid line: phonon density of states for a 64-atom
percell containing one split^110& defect, dashed line: bulk densit
of states.

FIG. 8. Solid line: phonon density of states for a 64-atom
percell containing one hexagonal defect, dashed line: bulk den
of states.
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FREE-ENERGY CALCULATIONS OF INTRINSIC POINT . . . PHYSICAL REVIEW B 68, 235205 ~2003!
amount of error cancellation. Tests showed that a cance
tion of errors does tend to occur andDF depends only
weakly on the choice of lattice constant, which also indica
that the effect of thermal expansion onDF is likely to be
small.

Localized modes are characterized by large compon
of the normalized eigenvector being associated with ato
close to the defect. For the 64-atom bulk supercell the larg
individual displacement is no greater than 0.215 compare
a value of 1.0 for a completely localized vibration. Desp
not involving the addition or removal of silicon atoms, th
rearrangement of atoms in the FFCD does produce a m
above the bulk cutoff. The pair of rotated atoms forming t
defect have large motions associated with the high
frequency mode at 530 cm21. Each of the defect atoms has
displacement of 0.644 which is substantially above the ma
mum in the bulk crystal. The four next-nearest-neighbor
oms, shown in dark gray in Fig. 4, have the smaller displa
ments of 0.145. The displacements of the atoms falls off w
distance from the defect in this localized mode, although
decrease is not monotonic. Apart from this high-energy m
there are also some resonant modes in the continuum o
density of states which have a localized character. Ther
one mode at 407 cm21 which is localized on a pair of atom
6.6 Å away from the defect pair. Another mode at 511 cm21

seems to be localized on the atoms surrounding the de
pair, shown in light gray in Fig. 4.

The split̂ 110& also has localized vibrational modes. Th
mode with the largest atomic displacement occurs
255 cm21 corresponding to small but sharp peak in the ph
non spectrum of Fig. 7. This resonant mode is centered
the two atoms of the defect pair, shown in black in Fig.
with a displacement of 0.520 for each atom. There is ano
resonant mode at 220 cm21 which may be seen as a sma
spike in the phonon spectrum in Fig. 7. The highest mod
518 cm21 is localized with large displacements of the tw
neighbors of the defect pair colored light gray in Fig. 3. Th
mode resides just above the maximum frequency of the b
phonons.

The hexagonal defect has localized modes at 516 cm21

that appear as a sharp spike in the phonon spectrum give
Fig. 8. These modes are strongly localized on the interst

FIG. 9. Solid line: phonon density of states for a 64-atom
percell containing one displaced hexagonal defect, dashed line:
density of states.
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atom and the hexagonal ring of nearest neighbors as sh
by the black and gray atoms respectively in Fig. 2. There
also a resonant mode at 222 cm21 centered on the interstitia
which gives a small peak in the density of states.

We found the hexagonal defect to be unstable with resp
to a displacement of the interstitial atom perpendicular to
plane of the hexagonal ring of atoms surrounding it. A sin
imaginary phonon frequency persists across the whole B
louin zone. The hexagonal defect is thus shown to b
saddle-point configuration on the energy surface. The co
sponding eigenvector at theG point indicates the direction o
the instability. We displaced the atoms along the direction
this eigenvector and located the minimum in the energy. F
ther structural relaxation at this point using the forces giv
the displaced hexagonal defect. The displaced hexagona
fect has a low frequency resonant mode at 76 cm21, see Fig.
9, which is strongly localized on the displaced interstit
atom. The eigenvector corresponds to a motion out of
plane of the ring with a magnitude of 0.767, indicating a ve
strongly localized mode. There are other resonant mode
201 and 324 cm21 associated with large vibrations of th
neighboring atoms in the hexagonal ring. These modes
not, however, produce such a sharp spike in the densit
states. There is a sharp peak at the top end of the densi
states at 514 cm21. This is associated with the interstitia
and the neighboring atoms. The very highest-energy m
does not seem to be localized in nature, in contrast to
FFCD and split̂110& defects.

The silicon vacancy shows several noticeable differen
compared with the other defects. There is a substantial s
ening of phonons upon introduction of the defect. From F
10, we see that the maximum phonon frequency at 501 cm21

is significantly lower than the bulk value of 517 cm21. The
last group of phonons in the bulk above 460 cm21 has
spread downwards to merge with the lower group
phonons. Using the LDA lattice constant of 5.387 Å we fi
that the acoustic phonons are unstable with one of
phonons having an imaginary frequency over much of
Brillouin zone. When the larger experimental lattice const
of 5.429 Å is used the acoustic phonons become stable. S
behavior is indicative of the extremely shallow nature of t
energy surface associated with the vacancy. As a result o
unstable phonons the phonon density of states be

-
lk

FIG. 10. Solid line: phonon density of states for a 64-atom
percell containing one vacancy, dashed line: bulk density of sta
5-5
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100 cm21 does not have the samev2 dependence as th
other defects and the bulk crystal. By making comparis
between results for the vacancy at both lattice constants
may ensure that this phonon instability does not alter
conclusions. Using this procedure we found that the subs
tial phonon softening observed for the vacancy is not
artifact caused by the instabilities but a real feature of
phonon spectrum for this defect. This softening plays an
portant role in the stabilization of the vacancy, as explored
the following section. The vacancy shows some reson
modes although there are no sharply defined peaks in
density of states as in the other defects. There is a mod
118 cm21 which consists mainly of motions of the four nea
est neighbors of the vacancy which are shown in dark gra
Fig. 1. Each of these atoms has a displacement of 0.
There is another mode at 67 cm21 which is also centered on
the four nearest neighbors of the vacancy. This is sligh
less localized with the four atoms each having a displa
ment of 0.384.

VI. PHONON-FREE ENERGIES

The vibrational contribution to the free energy of a sup
cell containingN atoms within the harmonic approximatio
is

Fv ib53NkBTE
0

`

lnF2sinh
\v

2kBTGg~v!dv, ~6!

where g(v) is the phonon density of states normalized
unity. Inserting Eqs.~1! and~6! into Eq. ~2! gives the vibra-
tional contribution to the formation free energy of a defe
We have decided to separate the vibrational and st
ground-state contributions because of the uncertainty wh
surrounds the latter due to the approximate treatment of e
tron correlation and the size of the simulation cell. It is like
that ab initio DFT methods give a good description of th
vibrational spectra even though the treatment of electron
relation has a large effect on the formation energies, beca
the vibrational properties in the harmonic approximation
produced by infinitesimal displacements of the atomic po
tions that do not involve rebonding.

The vibrational contributions to the defect formation fr
energies for the various defects are shown as a functio
temperature in Fig. 11. We see immediately that the effec
including phonons in the calculations is to lower the def
formation free energy at all temperatures. From Eq.~5! this
lowering will lead to an increase in the concentration of
point defects. The zero-point energy of the phonons in
bulk is significantly larger than in the defective crystals,
that even at zero temperature the vibrational effects incre
the concentration of defects. For the interstitial defects
FFCD this effect arises largely from the broadening of
high energy group of phonons between 460 and 500 cm21

upon the introduction of the defects. From Figs. 6–8 we
that this broadening is asymmetric with most of the weig
moving to lower frequencies just below 460 cm21 where the
group starts in the bulk. A smaller proportion moves
higher energies to form the sharp peaks near the bulk cu
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which are associated with localized modes. The silicon
cancy has an even larger transfer of weight from high to l
frequencies as can be seen from Fig. 10. The substa
softening of the high-frequency modes leads to a mu
smaller zero-point energy for the vacancy compared with
bulk crystal. The reduction in the formation free energy
the vacancy is much larger than for the other defects, es
cially at elevated temperatures, because of the phonon
ening. By calculating the phonon spectrum of the FFCD i
54-atom face-centered cubic supercell we have been ab
estimate the error on the vibrational free energies of our
fects. At 2000 K we estimate the error in the FFCD fr
energy to be about 0.15 eV. This error halves when mov
to the lower temperature of 1000 K. This is smaller than
observed variations in formation energy seen in ground-s
studies.

From Fig. 12 we see that as the temperature increase
difference between the vibrational energy of the defect a
bulk crystals decreases. This is required by the law of D
long and Petit which ensures in the high-temperature li
the difference vanishes as each mode of vibration contrib
kBT towards the total internal energy. The magnitude of
energy difference is always much smaller than the differe
in vibrational formation free energies. This means that

FIG. 11. Vibrational contribution to the defect formation fre
energy~the split̂ 110& and displaced hexagonal curves are indist
guishable!.

FIG. 12. Vibrational contribution to the defect formation ener
~the split̂ 110& and displaced hexagonal curves are indistingui
able!.
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continual decrease in defect formation free energy with
creasing temperature observed in Fig. 11 must be due to
effects of the vibrational entropy. Figure 13 shows the vib
tional formation entropy of the defects as a function of te
perature. At very high temperatures the formation entro
converges to a positive constant value so that the forma
free energy of the defects decreases linearly with temp
ture. The vibrational entropies of the defective crystals
greater than the entropy of the bulk solid. Such behavior
been observed for vacancies before.28 We see that the va
cancy has by far the largest formation entropy of the defe
examined. This leads to the stabilization of vacancies w
respect to the other defects as temperature is increase
high temperatures the harmonic approximation that we h
used is believed to break down due to an increase in
formation entropy28 so that a fully anharmonic study is re
quired. The primary effect of this is expected to be to furth
lower the defect formation free energies at higher tempe
tures.

Having obtained the vibrational contribution to the form
tion free energy of the defects we now calculate the to
formation free energy of the defects and their associa
equilibrium concentrations. Combining the results for t
formation energies in Table I with the vibrational free en
gies given in Fig. 11 we obtain the total formation free e
ergies shown in Fig. 14. We see immediately that

FIG. 13. Vibrational contribution to the defect formation e
tropy ~the split̂ 110& and displaced hexagonal curves are indist
guishable!.

FIG. 14. Total defect formation free energies.
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split̂ 110& and displaced hexagonal defects are not the m
energetically stable at any temperature. At low temperatu
the FFCD is the most stable and above 1049 K the vaca
becomes the most stable. The vacancy will always domin
at high temperatures because of the larger size of its for
tion entropy. The formation free energy for the vacancy is
broad agreement with the values obtained in a previousab
initio study28 although the latter had a higher value whic
may be explained by uncertainties in the formation ener
The previous study28 gave a zero-temperature formation e
ergy of 4.1 eV for the vacancy which appears to be on
high side for a LDA-DFT calculation. This is most likely du
to the smaller plane-wave cutoff andk-point grid used in that
study. The calculated values for the formation entropy
similar although our study produces a higher value which
important for stabilization of the vacancy at high tempe
tures. Bothab initio studies give estimates of the change
free energy with temperature which are very much lar
than those obtained in earlier empirical potent
calculations.25

We now use the total formation free energies toget
with the numbers of degenerate configurations for each
fect listed in Table III to calculate the intrinsic equilibrium
concentrations from Eq.~5!, takingns55.131022 cm23. We
plot the equilibrium concentrations against inverse tempe
ture in Fig. 15. We see that the concentrations of vacan
and FFCDs are equal at a temperature of 1150 K, with
vacancies predominating at higher temperatures and
FFCD defects at lower ones. Eaglesham5 gives a rough ex-
perimental estimate of the concentrations of interstitials a
vacancies at 1073 K of 531010 cm23. At this temperature

-

TABLE III. Number of degenerate configurations of the defec
per atomic site.

ni

Vacancy 3
Hexagonal 2
Split̂ 110& 6
FFCD 6
Displaced hexagonal 4

FIG. 15. Equilibrium defect concentrations as a function of
verse temperature.
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O. K. AL-MUSHADANI AND R. J. NEEDS PHYSICAL REVIEW B68, 235205 ~2003!
our estimates for the split^110& and displaced hexagonal de
fects are approximately 1010 cm23 which agrees quite wel
with experiment. For the vacancy we have a higher conc
tration of 1012 cm23 which is greater than the experiment
value but is still consistent given the experimental uncerta
ties. Faheyet al.29 give experimental estimates of the defe
concentration at the higher temperatures in the region
1500 K for both interstitials and vacancies. Their results g
concentrations of about 1014 cm23 for interstitials and
1014–1016 cm23 for vacancies. The split^110& and displaced
hexagonal defects again agree with the interstitial value
approximately 1014 cm23. The FFCD has a slightly highe
concentration at 1015 cm23. The vacancy comes in at the to
of the range of estimated values at a concentration
1016 cm23. Overall our results are broadly consistent w
the available experimental estimates5,29 which, however,
vary greatly.

The present study has ignored the effects of electro
excitations which also contribute to the free energy of soli
The greatest contribution is expected to occur for the silic
vacancy which has defect states within the band gap. T
leads to a contribution to the formation entropy which h
been estimated28 to be about 1–2kB or approximately 10%
of the vibrational contribution. This will further increase th
concentration of vacancies at high temperatures.
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VII. CONCLUSIONS

At high temperatures the vibrational free energy asso
ated with a point defect in silicon is of order 1 eV, which
a substantial contribution given that typical formation en
gies are a few eV. This stabilization is especially large for
vacancy which, because of its large formation entropy,
predicted to predominate at high temperatures. At the te
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cies exist in roughly equal measure which agrees with c
rent opinion. The FFCD is more stable than both t
split̂ 110& and displaced hexagonal defects up to very h
temperatures, because of its lower formation energy.
hexagonal defect is unstable with respect to a small displa
ment of the interstitial atom which lowers the formation e
ergy. The phonon spectra of the defective crystals exh
localized vibrational modes.
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