PHYSICAL REVIEW B 68, 224520 (2003

Energetics and possible formation and decay mechanisms of vortices in helium nanodroplets
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Though vortices are an unavoidable presence in bulk superfluid helium, they have not been observed to date
in helium nanodroplets. The energy and angular momentum of both straight and curved vortex states of a
helium nanodroplet are examined as a function of droplet size. For droplets in the size range of many experi-
ments, it is found that during the pickup of heavy solutes, a significant fraction of events deposit sufficient
energy and angular momentum to form a straight vortex line. Curved vortex lines exist down to nearly zero
angular momentum and energy, and thus could in principle form in almost any collision. Further, the coales-
cence of smaller droplets during the cooling by expansion could also deposit sufficient angular momentum to
form vortex lines. Despite their high energy, most vortices are predicted to be stable at the final temperature
(0.38 K) of helium nanodroplets due to lack of decay channels that conserve both energy and angular momen-
tum.
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Vortices are an almost unavoidable presence in bulk suered. This suggests that despite their large excitation energy
perfluid helium. There is a rich history of studies of their (compared to the droplet temperatyreroplets with such
properties and interactiodslt is natural to consider their vortices are the lowest possible states with high angular mo-
possible presence in the finite superfluid found 4He  mentum, and thus should in fact be stable to decay.
nanodropleté. The study of helium nanodroplets has been
quite active in recent years, starting with the spectroscopy of | oL LOW-CORE MODEL OF VORTEX LINES
embedded molecules as a probe for properties of nanodrop-
lets, which was introduced by Scoles and co-worRetigw-
ever, despite a now large body of work, no unambiguou
signature of the presence of vortices has yet been reporte
This is perhaps surprising, as a vortex in a nanodroplet ig
expected to bind to a molecular impufiyand likely to
introduce a highly anisotropic interaction potential, though
no explicit calculation of the magnitude of such an aniso'dimensions have largely confirmed its qualitative
tropy has been reported to date. The vortex-induced ams%{pplicability”‘wand it is widely used to describe the prop-
tropy in molecular orientation, if large compared to the rOta'erties of vor,tex lines and rings in bulk superfluid helitm?
tional constant of th.e molecule in liquid helium, will quench The vortex is surrounded by a circulating flow, charar;ter-
:Eetmolecularf rt(;tatlr?r}l andkcollfpsel thel rotatlontal SUUCHUre, o by an irrotational velocity field {Xv=0). In the
heelliulr?] ggﬁoﬁroplit%? marks of maolecular spectroscopy Insimple case of a straight vortex in bulk helium, the magni-

Several calculations have been published for the energy &Pdev pf thle ﬂo;:v v;locny at fanhy given p;omt 'i inversely f
a droplet with a straight vortex, with and without an atom orpropornona to the distance of that point from the center o

L . . . the vortex,u =#/(mr) (m is the mass of &He aton). This
cylindrically symmetric molecule aligned with the L . ; .
2458210 n > . . leads to a kinetic-energy density whose volume integral di-
vortex:">°"*"As in bulk superfluid, these calculations have verges as the vortex is approachad«0). In the hollow-
found the energy of droplets with a straight vortex to be 9 PP H0).

significantly higher than that of vortex-free dropl&tsThis core model, the helium number densitys taken to be zero

result, combined with the failure to observe vortex lines toInSIde a cylinder of radiua and equal to the bulk valug,

_ 73 - - . - .
date, has led some to propose that vortices are unstable m0.0218 A3 outside of this cylinder. Such a discontinuous

helium nanodroplets and perhaps are rapidly expelled. In thghange in density is unphysical, but microcanonical calcula-

There have been several microscopic calculations of the
roperties of straight vortex lines in helium nanodroplets,
oth pure and doped with atomic or molecular
olutes’>8-1919 this work, we exploit the phenomenologi-
cal description known as the hollow-core model. The numer-
ous microscopic treatments of vortex lines in two and three

paper, we revisit the energetics of vortex lines, considerin lons have confirmed a nearly hollow core, though with a

both the straight vortex line down the center of the drople mooth transition of the density to the bulk vakfe” It is

and curved vortex lines that rotate around the droplet due t oted that our model treats the he"“”.‘ density on th_e outer
their own flow field. The stability of straight and curved oundary of the droplet as abruptly going to zero, while it is

vortices in macroscopic droplets with a bulk normal-fluid known that in fact the surface of liquid helium is diffuse,

density has been previously considered by Bated ! The ~ With a thickness of~6-8 A.?° A hollow-core radius ofa
present work extends their treatment to cold nanodroplets=1.00 A was found experimentaffyto best reproduce the
where only surface excitations are of importance. It turns oufneasured energy and velocity of vortex rings in bulk liquid
that the linear and curved vortices contain considerably lesgelium; matching our expression of the velocity of vortex
excitation energy per unit angular momentum than the finafings to the expression in Ref. 19 requires us to use an ef-
states accessible by decay through the mechanisms consfective core radiusa=a/\/e=0.607 A (see Appendix A
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TABLE |. Properties of helium droplets and their vortex solutions as a function of the number of helium

atoms.
He number 1% 10° 10t 10° 10°
Pure droplets
RadiusR (nm) 1.033 2.222 4.785 10.31 22.21
Helium binding energyK) 4.72 6.03 6.63 6.91 7.04
Total thermal ripplon energiK) 0.413 3.56 18.5 87.0 403
L=2 ripplon energy(K) 1.05 0.332 0.105 0.0332 0.0105
Thermal ripplony(L(L+1)) (%) 1.54 8.54 38.7 173 781
Straight vortices through the droplet origin
Vortex energyEper (K) 44.3 129 349 905 2283
Vortex energyEyc (hollow corg (K) 43.4 122 323 827 2064
Vortex angular momenturh,, (%) 10 10° 10* 10° 10°
Enc/Ly (GH2) 56.8 15.9 4.23 1.08 0.270
Lowest ripplonE/L (GH2z) 68.6 21.8 6.88 2.18 0.688
Vortex-induced eccentricity 0.53 0.44 0.35 0.27 0.20
aspect ratidB/A 0.85 0.90 0.94 0.96 0.98
Deformation stabilization energ) 2.00 3.74 6.16 9.22 12.9
Max. L loss by 1 atom evaporatiork § 26 96 345 1198 4090
Max. L loss byn atom evaporation7() 41 222 1213 6561 35000
for evaporation oh= 5 10 25 59 146
Max. L loss by fission £) 28 210 1488 10150 67400
Spherical droplets with curved vortices
Max. L for stable vortex £) 97 997 9995 99992 999986
X, for stability limit of curved vorteR(N)] 0.72 0.76 0.81 0.85 0.89
Min. L for stable vortex ) 17 131 846 5113 29618
Min. E for stable vortexK) 9.15 27.1 61.5 125 240
Max. v for stable vortex (m'st) 56.6 38.8 27.6 195 13.8
Max. kinetic energy of 100 u dopaii) 19 9.1 4.6 2.3 1.1

Any normal-fluid component is neglected as helium nano+or a spherical droplet of N atoms, B=A=R
droplets in this size range have no thermally excited phonon= \/(r JN732+a?, with ro=(47p,/3) ¥°=2.22 A.
excitations?! Further, in our simple model we neglect varia-  Ap interesting question is the extent to which the large
tions in the core radius along the vortex, in particular neangular momentum of the vortex will distort the otherwise
the surface where such variations are expected to be mogpherical droplet. Making the droplet oblate will reduce the
significant. One can get an idea of the magnitude of thi§engih of the vortex line and thus lower its energy. However,

effect from the above references to density functional andys wij also increase the surface energy of the droplet. The
path integral simulations. It is noted that a widening of the e s the product of the surface tension of bulk liquid
core near the surface will further stabilize the vortex and thu?]elium o=0.272 KA~2,22 and the surface area of an ellip-

not interfere with the conclusions of this work. el 5 ) - .
First we consider a straight vortex through the center of asgld,S—quA *(mB/#)In[(112)/(1~)], with the eccen

helium nanodroplet. Because of the loss of spherical symmé['P'Fy £= v1—(B/A)%. The droplet Q|stprt|0n IS found by
try, we will consider the droplet to have the shape of anMinimizing the sum of the vortex kinetic energgiven by
ellipsoid, with axial radiusB and equatorial radiug; the ~ Ed- (1] and the surface energy of the droplet, at constant
density is assumed to be uniform, equal to the bulk valye ~ droplet volumeV=(4/3)(B/A)(A°—a%)” Table | gives
and dropping to zero at the ellipsoidal surface. In this geom'ghe resulting eccentricity and the assom_ated stabilization
etry, the flow field is the same as for the bulk straight vortexenergy(reduction in energy from a spherical droplet of the

described above. The kinetic enerBy, of this straight vor- ~Same volume with vortex It is seen that the distortion from
tex flow field is given by spherical symmetry is small, in the sense thatA

=\1—¢?is close to 1, despite the high angular momentum
of the vortex, and this distortion will be neglected in the rest

£ :hZPbB 1 N A+A?-a%)  JA?-a’ of this paper.
o2mm |2\ A— . JAZ— g2 A Dalfovo et al# used finite range density functional theory
5 (DFT) to calculate the energy and core shape of a straight
_)h ppB | 2A 1| for A>a 1 line vortex for a range of droplet sizesN&50—1000).
27m a ' While their core has a smooth density profile, they report a
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K (s—r)Xds

47 ) vortex |s—r|3

v(r) @

The vortex must either form a closed loop or end at a bound-
ary of the superfluid heliumw(r) must not have a normal
component at any boundary of the superfluid. This implies
that the vortex must intersect a helium boundary at normal
incidence.

A curved vortex will move in its own flow field. When the
local radius of curvature of the vorteR(s) is large com-

052 T T 6 pared to its core radiua, the motion of the vortex core can

10’ 10° 10 10 : : : -
N be calculated using the local-induction approximatisee

Appendix B and Refs. 19 and R6The shape of the vortex
FIG. 1. Energy of the straight vortex line solution as a functioncore surface is determined by the condition of no helium

of the number of He atoms in the droplet, calculated both by theflow across it, and turns out to be circular in cross section as
hollow-core mode(solid line, Eq.(1)] and by finite range density long asa<R. For finite core size, matching this boundary
functional theory(dashed line, Ref.)4 Energies are displayed as a condition requires either that the core shape be altered or that
fraction of the minimum energy required to depolié units of 6 add an irrotational solution to Laplace’s equation that
angular momentum into ripplon excitation modes. corrects the normal component of velocity. It is not evident

to the authors which change to make, and so these errors are
core radius of the order of 1-2 A. Figure 1 shows a plot ofneglected in the rest of the paper. o
the vortex energy calculated by the hollow-core mdd. We now specialize to the case of a vortex line inside a

(1)] as a function of the number of helium atoms in thespherical7 droplet of radiusR. Muirhead, Vinen, and
droplet, along with the same quantity estimated by the denDO"‘m_allyz showed that for any arbitrary vortex shape in a
sity functionaf method. The hollow-core model appears to spherical droplet, the boundary conditions of the flow veloc-

slightly underestimate the vortex energy with respect to pFTIY on the surface of the droplet can be satisfied by continu-

agreement with the DFT calculation can be made almositngl an imag.e vortex out§ide the dr.oplet. Each point on the
quantitative if a value 08=0.56 A is used. The core radius vortex s (s is the magnitude of this vectbgenerates an

. } . . image points = (R/s)?s with vorticity equal to— xs/R. Vor-
used N the_hollow core model is to be n_"nterpreted as ari'city is conserved by attaching to each point along the image
effective radius that reproduces the energetics and velocity ;

experimental vortices, and not more than an estimate of thgj.. jation strength given by the decrease in circulation of
real core radius since it contains all the effects of densnxhe image along its length. These all combine in the Biot-

variations around the vortex. Savart equation to give
The angular momentum associated with a straight vortex
is N7, i.e., one unit per helium atom. Both methods agree P (s—r)xds s (s—r)xds
that the vortex energy per unit angular momentum is lower v(r)= prp 3 R 3
than for any other excitation mode of a pure helium 7 Jvortex| S| |51l
droplet?! Figure 1 shows the vortex excitation energies rela- s-ds XS
tive to the energy required to produdd2 quanta ofL=2 - ) (3
ripplons, which is the lowest-energy state based upon quasi- R Sls—r]*+s|s—r|(R*~r-9)

particle excitations that has the same total angular momenc, .o
tum as the straight vorteX. Table | shows a comparison of

the hollow-core model excitation energy of a straight vortex

and this lowest ripplon, and their energies per unit angular ds=R2(
momentum for droplets of the size range that span most he-

lium nanodroplet experiments. As will be discussed below, it _ _ _ )
is the relatively low energy per unit angular momentum thatT he three terms in the integral arise from the vortex, image

is key to the proposed metastability of vortex line solutions.vortex, and vorticity conserving radial vortex lines, respec-
tively, and make contributions that decrease in magnitude in

the order given.

We seek curved vortex line solutiodx(¢),z(¢)} that
rotate at constant angular velociyaround thez axis, which

We now turn to more general vortex line solutions. Theimplies that these vortex line solutions will have constant
flow field around a general vortex line in bulk helium is shape. Appendix B gives the numerical procedure used to
homologous to that of the magnetic field around a curvedietermine these solutions. Figure 2 shows some of the solu-
wire that follows the vortex line. The “current” in this wire tions for several values of,, the distance of minimum ap-
is proportional to the quantum of circulation=h/m. Thus  proach to thez axis. The corresponding angular velocities
the flow fieldwv(r) is given by the Biot-Savart equatitn are plotted in Fig. 3. In principle, there are other states that

4

ds 2(s-ds)s
@ 4

S S

II. CURVED VORTEX LINE SOLUTIONS
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FIG. 4. Energy(solid line) and angular momentuidashed ling
1 of curved vortex solutions as a function of the distance of closest
1 1 w905 0o o5 approach of the vortex from theaxis. These results are forh
x/R =10" helium atom droplet. The enerds, of the straight vortex is
given in Expressiorl); its angular momentum iky=N7%.

—

FIG. 2. Curved vortex solutions for different values>gf the
distance of closest approach to thaxis, in a droplet oN= 10" He o o )
atoms. Eq. (6) is given by Eq.(3). The origin for vector in Eq. (5)

must be taken as the center of the sphere so that the outer
involve vibrational excitation of the vortex linEsaround surface of the sphere does not contribute to this integral ex-
these Bauer-Donnelly-Vinen vortex solutions, but these willpression. These expressions have neglected a contribution of
not be considered in this work. the integral over the surface of the vortex core, which is

Bauer, Donnelly, and Vinéh showed that the total angu- small as long aR>a as required by our approximations. In
lar momenturL, and kinetic energye, of the helium flow Appendix C, we give explicit expressions for the lowest or-
(which are defined by volume integrals for the correspondingler (in a/R) core surface corrections tq andE, , which are
densitie$ can be reduced to two surface integrals included in the calculations reported below. For the vortices
considered herel., is parallel to thez axis owing to the
symmetry of the vortex and its flow field with respect to
reflection in thexy plane. Calculation oE, requires evalu-
ation of a triple integral, with an integrand that is nearly

singular along one of the edges of the integration domain;

Ev:impb"f v-ds, ®  one of the integrations can be done analytically, leaving a

double numerical integration. In the same way, the double

where the integration is over the region in tke plane integral forL, can be reduced to a single numerical integra-
bounded by the vortex and the surface of the droplein  tjon.

The treatment as yet is for vortex lines as classical objects
with angular momentum pointing in a definite direction in
3 space. By the standard rules of semiclassical quantization,
3 vortex eigenstates can be constructed as linear combinations
3 of the vortex lines with angular momentum pointing in all
3 possible directions, with an amplitude in each direction
given, in the limit asL>1, by the rotational wave
E function of a symmetric tof (6 x|LLM)

5 =L+ 1)/(Br2)Dy (4. 6.%).
Figure 4 shows the calculated vortex energy and angular
momentum for a droplet witiN=10" helium atoms. It is
i seen from this figure that the energy of the vortex drops as
1 the vortex is moved off axis, going monotonically to zero as
the vortex is “pushed out” of the droplet. By energetic con-
FIG. 3. Angular velocity as a function of distance of closest Siderations alone, this would ir_nply that the vortex solutions
approach to the axis, calculated for droplets with=1(?, 10>, ~ are unstable. However, for an isolated droplet, one must also
10°, 1, 10° (bottom to top He atoms. Plotted iswR?  CONServe angular momentum. A vortex can lower its energy
=47OR?/x, a dimensionless quantity. Solid lines are computa-PY producing a ripplon if the derivative of the vortex energy
tions using the model described in Appendix B; dotted lines use th&vith respect to total angular momentué’ (with units of
model of Ref. 11. As discussed in the appendix, the local-inductiorngular velocity is greater than th&/L ratio of theL=2
approximation breaks down ag—R. ripplon. Figure 5 show§)’ for vortices as a function of their

L,= mpbe rxds, (5)
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FIG. 5. Comparison of the vortex “angular velocityQ)’ FIG. 6. Comparison of the computed reduced angular velocity
=dE/dL and the angular velocitie®, =E, /(L%) of the lowest w=470/k (dashed lingsand the quantityw’=(47/x)dE/dL
ripplons L=2,...,7), as afunction of distance of closest ap- (solid lineg for droplets withN=10?10*10° atoms (bottom to

proach to thez axis, for droplets wittN=107,10°,10*,1C°,1C° (top  topy).
to bottom) He atoms. All angular velocities are shown as ratios to

w,= V8ol (3MN). while the vortex core corrections ensure thagt,(xo) = N7
- O(xg), our results folE, (xg) have a small discontinuity in

minimum approach distance to tleaxis, normalized to the the slope ak,=0, as discussed in Appendix C. In the limit
energy per unit angular momentum of the=2 ripplon  that the vortex line moves near the surface of the droplet, our
mode.{)’ was evaluated by calculation of bohandL for  solutions no longer provide meaningful estimates as the vor-
10° values of x, for each droplet size, and usin®’  tex ring radiusR—x, approaches the value of the core radius
= (dE/dxp) /(dL/dxo), with each derivative evaluated by fi- a. In addition to the expected breakdown of the local-
nite difference of the calculated points. It is evident that theinduction approximation in this limit, such a vortex would be
vortex is stable to ripplon productiod)’ <w,) for most of  localized in the region of highly inhomogeneous density near
its range. Straight vortices, as considered in most droplethe helium surface.
simulations to date, turn out to be unstable and quickly as- In order to test that there was no numerical error in the
sume a slightly bent shape. On the other extreme, stronglgvaluation of the integral expressions faqrandE, reported
curved vortices are unstable to complete decay into ripplongn this work, calculations for selected values afR were
Table | list the angular momentum limits of the curved vor- performed with totally independent routines written by the
tex states that are stable to ripplon decay. two authors, using distinct programming packages

Because the energy and angular momentum in the hollowgvATHEMATICA andMATHCAD), and the values d, L., and
core model arise entirely from helium motion, we had antici-E,, were found to agree to six significant figures.
pated that)’ would be equal td2, the angular velocity of
the curved vortex solution around th@xis. For vortex rings
in the local-induction approximation, Rayfield and Reif lll. POSSIBLE SPECTROSCOPIC SIGNATURES OF
found that the vortex velocity satisfiad=dE/dp, wherep MOLECULES BOUND TO VORTICES

is the net helium linear momentum due to helium flow |t is well know in bulk liquid helium that impurities tend
around the vortex ring. This insures thatxas—R (but R to bind to vortex lines or vortex rings. The binding of ions to
—Xp>a so the local-induction approximation still holds vortex rings was the basis of the remarkable experiment of
Q' —Q. For a vertical vortex in a cylindér (whereE andL  Rayfield and Reif that measured many of the properties of
have simple analytical solutionsve have demonstrated that ring vortices. Calculations by Dalfovet al*®~1° and by
Q" =Q. For our solutions of curved vortex lines in a spheri- Draeger and Ceperléfpave demonstrated that atomic or lin-
cal droplet, we however find th&’ # (), as demonstrated in ear molecular impurities in a helium nanodroplet do bind to
Fig. 6, where both are compared as a functiorx@fR for  linear, maximum angular momentum vortex lines. For tech-
various droplet sizes. It remains to be established whethatical reasons, these calculations required cylindrical symme-
the discrepancy betwedn and()’ is real or arises from our try, and thus could not study the energy change upon rotation
approximations. of the molecule with respect to the vortex axis. It is generally
It is evident from Fig. 6 that) peaks for the straight believed that the binding energy is maximized by aligning
vortex (xo=0); more careful analysis shows that there is inthe linear molecular axis with the vortex since this displaces
fact a logarithmic divergenceQ ~ x/(2wR?)In[4R%(ajx|e)]  the maximum amount of helium from near the vortex core,
asxo— 0. This divergence signifies that as— 0, the veloc- where it has the highest kinetic energy; however, the in-
ity of the vortex around the axis tends to zero slightly creased helium density in the first solvation layer around the
slower thanxg, due to the logarithmic dependence of the solute may in part counteract this effect. This suggests that
vortex velocity on its curvaturfsee Eq.(A4)]. We also ob- the anisotropy in the binding energy should be of comparable
serve a divergence of the “angular velocity)l’' =dE/dL: magnitude as the binding itself, but this natural expectation
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has yet to be checked by calculations with a realistic heliumargest droplets, less than those required to produce a vortex
density profile. It seems likely that the magnitude of the andine with maximum angular momentur(straight vortex,
isotropy of the binding for linear molecules, such asthey are sufficient to produce curved vortices. Further, the
HCN3**3! and HCCCN*?~3*is much higher than the rota- above estimates are only average values, and the relative
tional constant of these molecules in liquid helium. If this velocities in the part of the expansion where the droplets
was correct, then the gas-phase-like rotational structure aindergo substantial growth are likely significantly higher.
these molecules would be quenched, leading to a rovibraExperiments that produce droplets abdve-5x 10* typi-
tional spectrum dominated by @ branch; suchQ branches cally use expansion conditions such that liquid helium is
are, however, absent in the observed spectra of thesgected through a cold nozzle into vacuum, and fragments by
molecules® This suggests that at most a small fraction of thecavitation as the pressure falls far below the equilibrium va-
droplets probed in these experiments could have such a lirpor pressure. This breakup is believed to generate consider-
ear vortex line excitation. It is further noted that the vibra-able turbulence, and thus may lead to dense vortex
tional spectrum of the spherical top moleculeg3& also  formation3%4°
expected to be a sensitive probe for the presence of a vortex The “pickup” processt by which droplets are doped
line, as the highly anisotropic helium density created by thewith solutes, should often deposit enough angular momen-
vortex core would lift the triple degeneracy of IR active fun- tum, and almost always enough energy, to form a linear vor-
damental modes, producing a spectroscopic structure itex line, particularly for the pickup of heavy molecules by
qualitative disagreement with what has been obsetved.  not too large droplets. It has been predicted that vortices are
Molecular solutes are also expected to bind and align witmucleated when the velocity of an impurity exceeds the criti-
curved vortex lines, as long as the solute kinetic energy reeal velocity in helium(on the order of 30 m/s¥*>~**which
quired for it to move with the curved vortex line does notis well below the typical impact speddround 450 m/s, Ref.
exceed the binding energy of the solute molecule to the sta?) of atoms or molecules striking helium nanodroplets. Con-
tionary vortex. The velocity of a curved vortex increasessider the pickup of atoms or molecules of madsfrom a
smoothly from zero whery=0 to a maximum valuégiven  thermal gas at temperatufe by droplets with laboratory
in Table ) when the vortex becomes unstable to ripplon for-frame velocityv 4. Integration over the Maxwell-Boltzmann
mation. For a molecule with a translational mass of 100 udistribution for the gas gives the probability densRy for
the maximum kinetic energy that the molecule requires tahe relative velocity, between droplet and gas
stay bound to a curved vortex line is between 19 and 1.1 K
asN varies between foand 1§ (see Table)l This kinetic 2M v 22 e o MU
energy can be compared to binding energies to the straight ~ Pr(v) ="\ e T sinh— <=, (7
vortex of 5.0, 4.4, and 7.7 K for Xe, HCN, and §HKespec-
tively, as calculated by DF‘T.ThUS, for the least stable wherek is the Boltzmann constant. From this distribution,

curved vortex lines in smaller droplets, the molecules mayhe average relative collisional speedis calculated to be

become unpinned. This suggests that it would be useful to ,
have improved binding energy estimates for molecules, par- — [2kT Mo2 kT IMov§
_ — (2kT) et

pry) e Vld +|vgt+ - erf KT (8)

ticularly to curved vortex states. U= Mo

with erf(z) the error function.
IV. VORTEX FORMATION MECHANISMS For a given impact parametby all collisions with relative

Even though stable, vortices will not be observed if theyVeloCity v =vy(b) =%/b(1/m+N/M) result in angular mo-
cannot be formed, perhaps because of the high energy afgentum of at leadti7z, enough to form a straight vortex. The
angular momentum required. We will consider the probabilKinetic energy freed upon impact is then usually sufficient
ity of events that deposit sufficient energy and angular mofor creating this vortex, except for the largest molecules col-
mentum in the droplets such that vortex formation can infiding with the smallest dropletffor example, picking up a
principle take place. tetracene molecule with aN<500 droplet through an al-

In most experiments, the droplets grow out of a supermost tangential collision just fast enough fbd; angular
cooled gas’ In this situation, the large droplets probably momentun), and this constraint will not be considered in
grow at least in part by coalescence of smaller droplets. If wavhat follows.
consider the coalescence of two droplets Wit atoms that ~ The fraction of collisions with at leas% of angular mo-
collide with an average impact paramet2f3 of either one’s mentum Is
diametey, the minimum relative velocity required to deposit
an angular momentum dfi7 in the combined droplet is 1 (=
o= 270N~ m/s, which is 58-2.7 m/s forN=10?-1C; q)(b):v: , (b)vfpf(vf)dvf' ©
the lost kinetic and surface energies are then sufficient to oo
create the vortexsee Sec. Y. Experiments of Toennies If we assume that the pickup probability is independent of
et al®® have found that the expansions produce droplets witfzollisional impact parameter fob<R=r N3 and falls
a final speed ratio of= 100, which implies final rms relative abruptly to zero forb>R, then the fraction of resulting
velocities of ~8 m/s for expansion from a 20 K source. doped droplets that have at ledst of angular momentum
While such relative collision velocities are, except for thefrom the pickup process is
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ways are considered, concentrating on the simplest case of
the linear vortex line.

A helium nanodroplet excited with a linear vortex line has
an angular momentum &7, much higher than the magni-
tude of the angular momentum thermally present in the rip-
plons at the droplet temperature sf0.38 K that has been
experimentally found for helium nanodroplets cooled by
evaporatiorf. For droplets in the size range of experiments

s {500 repo_rt_ed to date, the _thermal excitation of phonon states is
number N of He atoms in droplet negligible in comparison to that of the ripplofis.The
lowest-frequency I(=2) ripplon mode has the lowest en-

FIG. 7. Probability of a pickup collision depositing more than ergy per unit angular momentum of any of the helium exci-
N7 units of angular momentum in the droplet, as function of drop-tations except vortices, but this value is still higher than the
let sizeN. Droplet velocityv4=456 m/s(20 K supersonic expan-  cqrresponding value for the linear vortex, as indicated in Fig.
sion); gas temperaturg =300 K. 1; Table | shows the ratio of excitation energies and angular

momenta for theL =2 ripplon and the linear vortex for a
R2wbdb range of helium droplet sizes. While decay of the vortex state

P>Nh:f e, @ (b). (100 is highly exothermic, this is only true if one ignores the
requirement of conservation of angular momentum; this ne-

) ] ] o glect is appropriate for helium contained in a vessel with

Figure 7 shows plots of the fraction of pickup collisions \y4jis, to which the angular momentum can be transferred,
that result in an angular momentum greater thdn, as @ pyt not for a droplet isolated in a high vacuum chamber.
function of N for a number of solutes. Figure 8 shows, for \when angular momentum conservation is enforced, the com-
droplets ofN=10" helium atoms, the distribution of colli- plete decay of the linear vortex line into ripplons is highly
sional angular momenta deposited by pickup of the sam@ndothermic and thus cannot occur unless the droplet also
solutes. In many cases relevant to previously reported expefinjtially contains a counter-angular momentum in ripplons
ments, the pickup process has a fair probability to deposifyat is nearly as large as the angular momentum of the vortex
sufficient angular momentum to create a straight vortex, anglself. Table | also contains the thermal average value

almost always. sufficient angular momentum_ to create a (L(L+1)) of ripplon angular momentum for different size
curved vortex line. Thus, the lack of observation of Vortexdroplets at 0.38 K5 it is only a small fraction of that of the
lines does not appear to be due to a lack of initial angulagaight vortex. Exchange of angular momentum between
momentum or energy to form them. thermally populated ripplons and a vortex could at most al-
low the vortex to change shape slightly.
V. STABILITY ANALYSIS OF VORTEX STATES Helium nanodroplets can shed angular momentum by he-
lium atom evaporation. A helium atom evaporating with mo-

Vortices that are initially formed will not be observed if mentump can carry away a maximum angular momentum of
they are unstable, and decay or are expelled from the drop< R which reduces the internal energy of the droplet by

formation and the spectroscopic detection of the doped dropstoms to the droplet. For finite drople, is reduced from
lets. In this section, several possible vortex destruction pathne pylk value due to a term that reflects the change in sur-
face energy upon evaporation of an at8tfable | shows the
maximum angular momentum that can be lost by single atom

probability of L > Nh
S
2 o

I
o

=

| [\HEN evaporation using the entire energy of the linear vortex
‘§ i T line*” In every case, this angular momentum is far lower
3 than the angular momentum of the vortex line that must be
2t 0Cs . carried off for the vortex line to decay. Evaporation of mul-

'—;; SF, tiple helium atoms will increase the angular momentum that
g CHp, i can be carried off for the same total helium kinetic energy.

Because the available kinetic energy is reduced by the in-
. creased binding energy of the multiple helium atoms, there is
0 .. 5000 10000 15000 a number of evaporated atoms that allows the maximum an-
collisional angular momentum /h gular momentum to be removed. Table | also lists this
FIG. 8. Probability densities of collisional angular momenta @mount of angular momentum for a range of droplet sfZes.
during pickup of various molecules by a droplet wkh=10* He  Itis evident that in all cases, this maximal amount of angular
atoms. Droplet velocity 4= 456 m/s(20 K supersonic expansign ~momentum lost by evaporation is far below that which is
gas temperatur@ =300 K. For other droplet sizes, the shapes of needed for the vortex line to decay while conserving angular
the distributions are the same except for a small correction due tBhomentum.
changes in the reduced mass, and scaling of the average collisional The above analysis assumed that the helium atoms evapo-
angular momentum as’?, rated as isolated atoms. An alternative decay mechanism is
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fission of the droplet: in this case, the loss of helium bindingfrom Eg. (2). In cylindrical coordinates, it is
energy is only due to the increase in surface energy, which is
higher for the two droplets than for the original nearly KRz
spherical droplet. Fission of a droplet into two equal-size ¢(:2)= 2_,2_2 2. 2
: . m(R—r“—2z°)J(R+r)°+z
droplets costs far more energy than that contained in a vortex
line, even neglecting the required kinetic energy for relative
motion of the fragments. Table | contains the fragmentation X | (R+\r?+2z%)
that carries away the maximum possible quantity of angular

momentum, taking the original droplet radius as the impact 7

parameter of the departing fragmefit&let again, this is far $'= (R—r)*+2° (R—1r)*+27*

below the angular momentum of the linear vortex. TIR24124+ 2 2R\ 7+ 22 (R+1)%+ 22
The above considerations show that the simultaneous con-

straints of conservation of energy and angular momentum +H(R—\r*+2z%

prevent decay of straight vortices in a pure droplet by any of :

the mechanisms that are known to the authors. Adding a = (R—r)?+7? (R—r)?+7°

molecule to the droplet will further decrease the energy per TIR24 124+ 24 2RITH 22 (R+1)2+ 22

unit angular momentum of the vortex as long as the molecule

remains bound to the vortex. It thus appears that droplets + fsgr(z) (A1)

with a vortex line should be stable to decay. 2 '

How can we understand the failure to date to observe . .
vortex lines in helium nanodroplet isolation spectroscopy’)"”th the function
The answer is probably related to the fact that under typical 1 |1
experimental conditions, the above mechanisms, by putting E[x,y]=i<H(x|y)— iy _‘ _>) (A2)
sufficient angular momentum into the droplets to form vortex \/§ yiy
lines, add far more than the minimum energy required to do S . .
so. The density of ripplon states grows very rapidly with'n terms of_ complete_elllptlc integrals of the third k_|nd,
increasing energy it may well be that at the energy and I1(x]y). Series expansion of E¢AL) around the vortex sin-

angular momentum of a droplet following coalescence org_ljll‘zrity' with (r,2) =R(1+{cosd,fsind) and 0<{<1,
pickup, the fraction of states that contain a vortex line is onlyY'€'9S

an insignificant fraction of the total density of states, and that k9 k{8 3k?( 8 5
droplets will shed sufficient angular momentum along with ¢~ ———In=sind+ (In—— —) sin29. (A3)
energy as they evaporatively cool that they have a negligible 2m 4w ¢ 32m\ ¢ 6

chance to be trapped in one of the metastable solutions cofyy the hollow-core model, we assume that the vortex singu-
taining a vortex. We have recently carried out Monte Carlojyity is surrounded by an empty “vortex core” of radias
cooling calculations, using statistical reaction rate theory, fopytside of which the helium density is constant and equal to
the evaporati_ve cooling of pure and doped helium nanodropge pulk valuep,. The helium velocity field is given by

lets, conserving both energy and angular momerittioon-  — —V ¢: the first term in Eq(A3) is the source of the loop-
sidering only ripplon excitations of the droplets. In the fu- jnq helium flow around the vortex, the second term gives rise

vortex line excitations as well, which may shed further light

on the still unsolved problem of why spectra of molecules K
bound to vortex lines have yet to be observed in helium u= A7R
nanodroplet isolation spectroscopy.

(A4)

along the+z axis, and the third term allows us to estimate
the residual flow across the vortex core surface due to the
ACKNOWLEDGMENTS fact that the exact vortex core surface is not circular in cross
The authors would like to thank Manuel Barranco for Section: the ratio of the rms velocity of this residual normal

helpful comments upon the draft of this paper. This workflow to the forward velocity is 0.5¥'R asa/R—0.

was supported by Grant No. CHE9987476 from the National Rayfield and Reif have experimentally determined the
Science Foundation. forward velocityu of ring vortices, and determined a core
radius of a=1.00 A by using the formulau=(x/47R)
X[In(8R/a) — %]. Comparison of this expression to H§4)

) ) 1998 ] yieldsa=a/\/e=0.607 A, which is the effective core radius
In the local-induction approximatiot?;*® the flow field  that we use in this work for the hollow-core model.
around a curved vortex is approximated locally by the flow

around a vortex ring of equal radius of curvature. The veloc-
ity potential for the flow around a ring-shaped vortex
filamenP? in the xy plane, with radiusR, centered at the A vortex s(€) is most generally described as a curve in
origin and moving in the+z direction, can be computed thexz plane parametrized by its length three-dimensional

APPENDIX A: HOLLOW-CORE MODEL

APPENDIX B: VORTEX SHAPE CALCULATION
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vortex curves are always longer and thus higher in energy foEq. (B3) starts giving complex values as the droplet surface
given boundary conditions. The local vortex curvature is  is approacheflawx(€)e/8>1/e]. In the simplified model of
Ref. 11, the angular velocity turns toward negative values for
R—xg<a, invalidating that model as well. It is to be noted
that in this limit, the description of the vortex core as a
cylindrical tube around the vortex, as well as of the droplet

In the hollow-core model with the local-induction as a geometric sphere with a sharp surface, is very inaccu-
approximationt®>2® the magnitude of the vortex velocity is rate.

determined from the core radius and the local curvature, and

Xr/(g) - Zr/(e)

0)= - .
XO= o~ Yo

(B1)

its direction is given by the binormal vectthe normalized APPENDIX C: CORE CORRECTIONS
cross product oflsd¢ andd?s/d¢?). The magnitude of the
velocity is given by Eq(A4): Baueret al. show'! that the angular momentum and ki-
netic energy of a droplet with vortex can be written as sur-
K ax(€) face integrals:
v(€)——ﬂ)((€) In 8 +1]. (B2)
For a vortex to rotate around tlzeaxis at angular velocity) L= meLd’fX ds (Cy

without changing shape, it must satisfgf) = Qx(€), which
leads to the coupled differential equations that determine the

vortex shape: Ev:%meL ¢v-dS, (C2
wX({) . . .
X'(€),2'(€)}= {=2'(0),x" (£)}, wheres, is the surface of a connected volume of helium with
Wi —awx(£)e/8] no branch cuts in the velocity potentigl, andv=—-V ¢.
(B3) While most of the angular momentum and kinetic energy
where we have used =47 /k and the Lambert function comes from the surface integrations of E8.and(6), there
W_;(x) (Ref. 53 defined as the smaller of the two real are corrections due to the surface integrations of EQ4)
solutions ofx=ye’ for —1/esx<0. Combined with the and(C1) over the vortex core. Using EqéA3), (B1), and
initial conditions {x(0),z(0)} ={xy,0} and {x’'(0),z’(0)}  (B3), we find the lowestin a/R) three correction terms to be
={0,1}, Eq. (B3) yields the desired vortex shape functions

by numerical integration. For a given minimum approach Mmpk 1 1
distancex, to thez axis, we must pick the parametet and oLy~ J Cio- ZC2,0+§C2,1 (€3
thus the angular velocity), such that the resulting vortex
line intersects the droplet surface perpendicularly; for a mp 2 1 1
spherical droplet with radiuR, this condition isx(¢)z’(¥) SBv~g oo ~Crot 7C20™ §C2,1}1 (C4H
=z(¢)x' (£) with x(£)%+z(£)?=R?. _
This procedure differs from the one given in Ref. 11 in With
that Baueret al. neglect the variation of the Lambert func-
tion, and replace the denominator of EB3) by a constant. B nt1 x(€)"
For droplets consisting of #&N<10° helium atoms, the Cni=(aw) fvortex WK [ —awx({)e/8] at. (©
error of this approximation is below 0.6% for the evaluation -t
of the angular velocity. From symmetry considerations, we must havg,(—Xo)

Figure 3 shows angular velocities of curved vortices com-=L, ,(Xo) andE,(—Xg) =E,(Xo). In fact, the first core cor-
puted with both models. As,— R, the vortex solutions are rection (C, o) adjustsL, , to satisfy this symmetry constraint,
close to half-circles with radiuRR—x,. We expect the i.e., L, (Xo)=N#i— O(xg). However, this symmetry is not
hollow-core model to break down R—xp=<a. A clear sign  exactly satisfied foE,(xy), which we assume is due to in-
of this breakdown is that fox,— R, the Lambert function in  accuracies of the local-induction approximation.
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