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Superconducting critical temperature and the isotope exponent versus total electron concentratio
for two-band superconductors: Effect of the band structure
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We consider the superconducting critical temperatureTc and the isotope exponenta versus carrier concen-
tration r using the one-particle Green functions of the simplest coupled Hamiltonian for the two-band model

with a singleTc @N. Kristoffel and P. Rubin, Physica C356, 171~2001!#. One of the bands,«2(kW ), is taken to

be two dimensional, while the second band«3(kW ) is taken to be three dimensional. Taking only nearest-
neighbor hopping for each one of the bands, we obtain thatTc versusr is symmetric around half filling in
agreement with a general theorem of quantum mechanics. We also obtained the chemical potentialm versusr
for several values of attractive interaction. We find that~1! the superconducting critical temperatureTc is
maximum atr51/2; ~2! the chemical potential remains basically inside the smaller band, for the range of
carrier concentration and Debye frequencies considered;~3! the isotope exponent has several symmetric
minima around half filling depending on the anisotropy of the three-dimensional tight-binding band, namely,
g[t3,x /t3,zÞ1; ~4! the chemical-potential curves, namely,m versusr are completely independent of pairing
interaction and Debye frequency; and~5! the number of symmetric minima andTc

max goes down with increas-
ing t3 /t2 ratio. We have briefly discussed the possible relevance of our results with recent experimental data of
the two-band compound MgB2 .

DOI: 10.1103/PhysRevB.68.224512 PACS number~s!: 74.20.Fg, 74.10.1v, 74.25.2q, 74.72.2h
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I. INTRODUCTION

It was during the year 2001 that physicists1 were stunned
by the announcement that magnesium diboride MgB2, a ma-
terial known since the 1950’s, superconducts2 at a critical
temperatureTc of 39 K. The superconductivity in MgB2 has
revived much interest in diboride systems within the phys
community due to the simplicity of this compound. It has
hexagonal AlB2-type crystal structure where the boron atom
form graphite-like sheets separated by hexagonal layer
Mg atoms. Unlike other superconductors, there are no c
plications as a result ofd or f electrons, no spin degrees o
freedom, and no structural phase transitions. All this ma
MgB2 an ideal system to test various theories of superc
ductivity from first-principles calculations. According t
many authors, these conditions are believed to be the re
why this compound has a high-temperature. Additionally
the characteristics previously discussed, this material is in
esting because of the following features:~1! it is made of
very light and cheap elements;~2! it is a good metal where
there is no high contact resistance between the grain bo
aries, eliminating the weak-link problem that has avoid
widespread commercialization of the high temperature su
conductor~HTSC! cuprates; and~3! the conduction-electron
density and normal-state conductivity are one to two ord
of magnitude higher for this compound than the~HTSC!
cuprates used in present day wires.

The electronic calculations of An and Picket3 and others
indicate that the bands near the Fermi surface arise ma
from the px,y s-bonding orbitals of B which are partially
occupied. Yildirim and co-workers4 and Mazin’s group5
0163-1829/2003/68~22!/224512~10!/$20.00 68 2245
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point out that the in-plane modes are strongly coupled toB s
bands. This coupling can also be observed from the split
of the Bs bands with theE2g phonons. Other bands are n
affected by these phonons. Joaset al.6 have put forward a
theory for phonon-induced superconductivity in MgB2 by
associating the low vibration mode (vp524 meV andlp

51.4) to the p states and the high vibration mode (vs

567 meV andls50.7) to thes states within the Eliashberg
formalism. In their theory, the low-energy modes have
bigger spectral weight in the density of states, namely,lp

.ls . They are able to explain the critical-field anisotrop
~tunneling experiments! of Hc2

ab/Hc2

c '3.9. Recently, the Ber-

keley group7 has explained the origin of the anomalous s
perconducting properties of MgB2 by means of anab initio
calculation of the superconducting gaps and their effects
measurable quantities, such as the anomalous structure o
specific heat.

We adopt as a microscopic Hamiltonian the following:8

H5(
k,s

e2~kW !ns,kW1(
k,s

e3~kW !nd,kW

2V(
kW ,k8W

~ckW ,↑
†

c
2kW ,↓
†

d2k8W ,↓dk8W ,↑1dkW ,↑
†

d
2kW ,↓
†

c2k8W ,↓ck8W ,↑!,

~1!

where e2(kW ) and e3(kW ) are the band structures of the tw
bands; V>0 is the averaged interaction energy resulti
from phonon emission and absorption bys-d procesess, mi-
nus the corresponding shielded Coulomb interact
©2003 The American Physical Society12-1
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term;8–12n2,kW5ckW
†
ckW , with cs the annihlation operator for th

2-band, etc. In Eq.~1! we have takenV225V3350 ~Refs.
8–12! for simplicity. We would like to say that in the MgB2
compound,V22,V33.V235V. Because of this, our choic
may consider MgB2 only as a possible realization of a two
band superconductivity. Let us fix our notation. ‘‘2’’ or ‘‘s’’
means the two-dimensional band and ‘‘3’’ or ‘‘d’’ or ‘‘ D ’’ is
reserved for the three-dimensional band.

According to different experimental probes,13–19this com-
pound can be explained by using a twos-wave order-
parameter superconductor. In particular we mention the
crowave properties forc-axis films, with aligned samples
where a large gap is obtained,Dab'7.5 meV, while in un-
aligned samples it is the small gap,Dc'3 meV, which de-
termines the electrodynamic response.20

Yamaji21 has used tight-binding modeling to explain
two-band-type superconducting instability in MgB2. In par-
ticular, Yamaji22 has used the tight-binding method for thep
bands in MgB2, together with the Hubbard on-site Coulom
interaction on two inequivalent boronpz orbitals. He finds
that the amplitude of interband pair scattering between twp
bands diverges if the interband polarization function in
becomes large enough. These results lead to a divergen
terband pair scattering, meaning two-band-type superc
ducting instability with enhancedTc . Yamaji used the same
type of arguments as Furukawa22 who pointed out that the
Fermi surfaces of the twop bands are close to perfect nes
ing. According to this mechanismTc can go up further
through improvement of the nesting.

Nakai, Ichioka, and Machida23 have studied the magnetic
field dependence of electronic specific heat in two-band
perconductors, namely,g(H)}Ha. They conclude that the
observed extremely small value ofa'0.23 could be reason
ably explained by a two-band model.

However, there is another approach due to Maki a
co-workers24 and Mishonovet al.25 which considers that the
experimental data of MgB2 can be explained by using
single anisotropic order-parameter superconductor. Acc
ing to Haas and Maki,24 two-gap model can have simila
properties of the anisotropics-wave model proposed b
them, and therefore experimental tests to distinguish betw
these theories are highly desirable.

Additionally, this compound is considered a stron
coupling superconductor by Kortus and co-workers26

Moca27 has calculated the penetration depth in MgB2 using
Eliashberg theory of superconductivity for two bands. It h
also been considered a superconductor with nodes in the
der parameter.28 We mention that the present quest by expe
mentalists is to obtain pure samples.29 Intense studies on
polycrystalline samples have been done by de Limaet al.30

See also Ref. 31.
We are going to consider a compound which can be

scribed approximately by a two-band superconductor. We
glect in this paper strong-coupling effects, Coulomb rep
sion, and anisotropic effects in the order parameters. T
band superconductors are not restricted only to MgB2. The
two-band model has been also applied to high-Tc supercon-
ductors by Okoye32 to explain the isotope effect of Y com
22451
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pounds. Shulgaet al.33 have used an effective two-ban
model to explain new upper critical fieldHc 2(T) data in a
broad temperature range 0.3K<T<Tc for LuNi2B2C and
YNi2B2C single crystals with well characterized low impu
rity scattering rates. For Sr2RuO4 we have a complex orde
parameter~OP!, composed of Ru 4dxy11Ru$4dxz,4dyz%
bands.34

We finally add that the physical picture of this compou
is not clearly understood. For example, Sologubenkoet al.35

have found that the Wiedemann-Franz law of the fie
induced normal state at low temperatures, i.e.,Tc'1 K, is
not satisfied due to an unexpected instability of the electro
subsystem. According to Yildirim1 all controversial issues in
this compound will be resolved when good quality lar
single crystal of MgB2 are available for additional measure
ments.

This paper is organized as follows. In Sec. II, we give
derivation of the one-particle Green functions for the tw
bands in the superconducting state using the model Ha
tonian, Eq.~1!. The one-particle Green functions are used
derive the order parametersD22(T) andD33(T) and the su-
perconducting critical temperatureTc . In Sec. III we derive
the two self-consistent equations atTc , one forTc and an-
other one forr, the total carrier concentration/site/spin/ban
These equations are solved numerically after performing
summation of the odd Matsubara frequencies. In Sec. IV
present our discussion and conclusions.

II. THE ONE-PARTICLE GREEN FUNCTIONS

Due to the fact that MgB2 has a unique temperature, E
~1! captures the main physics of this compound. In oth
words, we are going to neglect the energies resulting fr
phonon emission and absorption bys-s and d-d processes,
i.e.,V225V3350. These terms can be included, but the ph
ics is governed by the presence of the parameterVÞ0. The
order-parameter equations andTc can be found using the
method of Bogoliubov and Valatin.36 However, as we are
preparing the ground for several thermodynamic propert
we will follow the equation of motion approach for the op
eratorsckW ,s and dkW ,s . For example, forckW ,s , it is given
by37,38

]

]t
ckW ,s52«2~kW !ckW ,s1sVckW ,s

† (
kW8

d2kW8,↓dkW8,↑ . ~2!

Similarly, we find

]

]t
dkW ,s52«3~kW !dkW ,s1sVdkW ,s

† (
kW8

c2kW8,↓ckW8,↑ . ~3!

Next, we define the one-particle Green functions as f
lows:

G22~kW ,t2t8![2^TtckW ,s~t!ckW ,s
†

~t8!&;

G33~kW ,t2t8![2^TtdkW ,s~t!dkW ,s
†

~t8!&;
2-2
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F22
† ~kW ,t2t8![^TtckW ,↑

†
~t!c

2kW ,↓
†

~t8!&;

F33
† ~kW ,t2t8![^TtdkW ,↑

†
~t!d

2kW ,↓
†

~t8!&. ~4!

In Eq. ~4!, Tt means the usual imaginary time orderin
From the definition of the one-particle Green functions, E
~4!, and using the time evolution of creation and annihlat
operators, Eqs.~2! and~3!, we obtain dynamics for the one
particle Green functions:

]

]t
G22~kW ,t2t8!

5dt,t82«2~kW !G22~kW ,t2t8!

2sV(
kW8

^Tt@c
2kW ,s̄
†

~t!d2kW8,↓~t!dkW8,↑~t!ckW ,s
†

~t!#&,

~5!

]

]t
F22

† ~kW ,t2t8!

5«2~kW !F22
† ~kW ,t2t8!

2V(
kW8

^Tt@dkW8,↑
†

~t!d
2kW8,↓
†

~t!c
2kW ,↓
†

~t!c
2kW ,↓
†

~t8!#&.

~6!

By Fourier transforming Eqs.~5! and ~6! and adopting a
decoupling scheme at the mean-field level, we end up w
the set of coupled equations

@ ivn2«2~kW !#G22~kW ,ivn!1D33~T!F22
† ~kW ,ivn!51,

2@ ivn1«2~kW !#F22
† ~kW ,ivn!5D33* ~T!G22~kW ,ivn!, ~7!

whose solutions are

G22~kW ,ivn!5
ivn1«2~kW !

@ ivn2«2~kW !#@ ivn1«2~kW !#2uD33~T!u2
,

F22
† ~kW ,ivn!5

2D33* ~T!

@ ivn2«2~kW !#@ ivn1«2~kW !#2uD33~T!u2
.

~8!

In Eqs. ~7! and ~8!, vn[(2n11) p T are the odd Mat-
subara frequencies, withT the absolute temperature andn
50,1,2, . . . . Similarly, we find that

G33~kW ,ivn!5
ivn1«3~kW !

@ ivn2«3~kW !#@ ivn1«3~kW !#2uD22~T!u2
,

F33
† ~kW ,ivn!5

2D22* ~T!

@ ivn2«3~kW !#@ ivn1«3~kW !#2uD22~T!u2
.

~9!
22451
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To calculateD22* (T) andD33* (T) we must use the defini
tion of these self-consistent parameters, namely,

D22~T![
VT

N2
(

kW ,ivn

F22* ~kW ,ivn!,

D33~T![
VT

N3
(

kW ,ivn

F33* ~kW ,ivn!, ~10!

giving the following results:

D22* ~T!52VD33* ~T!
T

N2

3 (
kW ,ivn

1

@ ivn2«2~kW !#@ ivn1«2~kW !#2uD33~T!u2
,

~11!

D33* ~T!52VD22* ~T!
T

N3

3 (
kW ,ivn

1

@ ivn2«3~kW !#@ ivn1«3~kW !#2uD22~T!u2
,

~12!

whereN25Nx3Ny andN35Nx3Ny3Nz is the number of
lattice sites. As pointed out before, the 2-band is two dim
sional, while the 3-band is three dimensional. In our discr
calculations we have setNx5Ny5Nz51024.

At the same time, the charge-carrier densitiesr2 and r3
are calculated from the following expressions:

r25
T

N2
(

kW ,ivn

ivn1«2~kW !

@ ivn2«2~kW !#@ ivn1«2~kW !#2uD33~T!u2
,

r35
T

N3
(

kW ,ivn

ivn1«3~kW !

@ ivn2«3~kW !#@ ivn1«3~kW !#2uD22~T!u2
.

~13!

In Sec. III we derive the two self-consistent equations
have to solve whenT5Tc . We also present the two tight
binding band structures we are going to consider.

III. SELF-CONSISTENT EQUATIONS AT TÄTc

Combining the previous Eqs.~11! and ~12! we get the
following self-consistent equation:

1

V2
5F2~D33!F3~D22!, ~14!

whereF2(D33) andF3(D22) are given by

F2~D33![ (
kW ,ivn

T/N2

@ ivn2«2~kW !#@ ivn1«2~kW !#2uD33~T!u2
,

2-3
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F3~D22![ (
kW ,ivn

T/N3

@ ivn2«3~kW !#@ ivn1«3~kW !#2uD22~T!u2
.

~15!

From Eqs.~11! and~12! we see that ifD2250, so isD33.
This is again a realization that we have a unique superc
ducting critical temperatureTc . This can be calculated b
selectingD22(Tc)5D33(Tc)50. This yields

Tc5
2eg

p

\vD

kB
expH 2

1

V @No,s No,d#1/2J , ~16!

which is the classical result obtained by Suhl, Matthias, a
Walker8 many years ago.No,2 and No,3 are the density of
states of the bands 2 and 3, respectively.

However, in this paper, we will solve Eq.~14!, at T
5Tc , taking into consideration the chemical potentialm.
This is taken in the usual way, namely,«2,3(kW )5e2,32m,
where

e2[22t2@cos~kx!1cos~ky!22a8cos~kx!cos~ky!#,

e2[22t3@cos~kx!1cos~ky!1gcos~kz!#, ~17!

where t2 is the hopping integral between nearest neighb
~nn’s! in the two-dimensional band andt3 is the hopping
integral between nearest neighbors in the three-dimensi
band. For simplicity, we are taking all nn hopping integra
equal to each other, for the two-dimensional band, nam
t2,x5t2,y5t2 and, also,a850. For the three-dimensiona
band we have parametrized as follows:t3,x5t3,y and t3,z
5gt3,x5t3 . In the following calculations we have adopte
that the two bands have the same hopping integral, nam
t25t3 . This choice was taken by Yamaji in Ref. 21. AtT
5Tc , Eqs.~15! become

F2~0!5
1

N2
(

kW

tanh@«2~kW !/2Tc#

2«2~kW !
,

F3~0!5
1

N3
(

kW

tanh@«3~kW !/2Tc#

2«3~kW !
. ~18!

After performing the odd Matsubara summation for E
~12!, at T5Tc , we arrive at the following equation for th
total carrier concentration/site/spin/band,r[(r21r3)/2:

r5 1
2 2F̃2~0!2F̃3~0!,

F̃2~0!5
1

4N2
(

kW
tanhS «2~kW !

2Tc
D ,

F̃3~0!5
1

4N3
(

kW
tanhS «3~kW !

2Tc
D . ~19!

From Eq. ~19!, we immediately see that form50, we
have r51/2 ~half filling!, which is a theorem in quantum
mechanics. This result tells us that in the Ginzburg-Land
22451
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expansion of Rodrı´guez-Núñez and co-workers,39,40 their co-
efficients have been calculated at half filling, namely,m
[0. Equation~19! allows us to calculate the carrier densi
of each of the bands.

IV. DISCUSSION, CONCLUSIONS, AND OUTLOOK

One of the great advantages of our set of Eqs.~14! and
~19!, at T5Tc , is that we can calculate the isotope effe
~IE! for this model, which is a generalization of the wo
performed by de Mello and Rodrı´guez–Nu´ñez.41 Even when
the IE is one of the most relevant effects produced by
electron-phonon interaction,42 there are other observable e
fects as well. For example, Bill, Kresin, and Wolf43 have
discussed the isotope coefficient, as the London penetra
depthlL , which depends on the phonon frequencyvD . Our
Eqs.~14! and~19!, at T5Tc , have not been restricted to th
neighborhood of the Fermi sea. When we impose that
pairing interaction is restricted to this neighborhood, we ha
to substituteF2(0) andF3(0) @Eqs. ~18!# by the following
expressions:

F2~0!5
1

N2
(

kW

x~kW !tanh@«2~kW !/2Tc#

2«2~kW !
,

F3~0!5
1

N3
(

kW

x~kW !tanh@«3~kW !/2Tc#

2«2~kW !
, ~20!

wherex(kW )51 for u«2,3u<vD andx(kW )50 for u«2,3u.vD .
vD is the Debye frequency.

We mention that the electronic thermal conductivityke of
multiband superconductors with application to MgB2 has
been discussed by Kusunose, Rice, and Sigrist.44 Their con-
clusion is that the remarkable field dependence ofke can be
explained as a consequence of multigap superconducti
They also consider that moderately clean samples are ne
to explain the data.

A. Results using Eq.„18…

In Fig. 1, we presentTc versusr and m versusr, for
several values of the interaction potentialV, with g51.0 and
a850 @see Eq.~17!#. We have numerically solved Eqs.~14!
and~19!, at T5Tc , taking into consideration the band stru
ture of Eq.~17!. These two equations have been solved us
a parallel program in a cluster of four Pentium processors
1 GHz each.

The key feature of this figure is the high symmetry arou
half filling. This is due to our choice of the two-band stru
tures@Eq. ~17!#.

Naturally, we can include some more complex band str
tures, taking into consideration next-nearest-neighbor h
ping (a8Þ0) and, also,gÞ1.0. The case ofa8Þ0 is going
to be discussed later on. The consideration of next nea
neighbor hopping has been proven to be important by So
et al.,45 for one-band superconductors withd-wave order pa-
rameter.

From the work of Buzea and Yamashita31 it is concluded
2-4
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that MgB2 is one member of a long list of binary, ternar
quaternary borides and borocarbides. MgB2 has the highes
Tc among all its family members. If we look at the resu
presented in Fig. 1 we conclude that the maximumTc occurs
at half filling. In consequence, according to the free tig
binding band structure chosen MgB2 should be at half filling.

In the lower panel of Fig. 1 we have plottedm versusr
for different values of pairing potential, namely,V
51,2,3,4. We can see that the chemical potential is indep
dent ofV, i.e., the four curves are almost one on top of t
other. Another aspect which we will like to stress is that t
chemical potential almost stays inside the smaller band,
two-dimensional one. For example, for 0<r,0.05 we have
26.0<m,24.0.

B. Results using Eq.„20…

We want to consider the effect of the Debye frequencyvD
on Tc . As it is known the isotope exponenta is found from
the following relation:

Tc}M 2a, vD}M 21/2, ~21!

whereM is the isotope ionic mass. For a single band in
weak BCS approximation,Tc51.14vD exp(21/l), where
l[N(0)V andN(0) is the density of states at the Fermi se

FIG. 1. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
51,2,3,4~upper panel!. In the lower panel, we have the chemic
potential,m versusr, for the same values of the attractive intera
tion, V. We have takeng51.0 anda850.0 @see Eq.~17!#.
22451
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This yields a51/2. Furthermore, in the strong electro
phonon BCS model,Tc is given by46

Tc5
vD

1.45
e2[1.04(11l)]/[ l2m* (110.62l)] , ~22!

wherem* is the Coulomb pseudopotential given by

m* 5
N~0!Vc

11N~0!Vc ln~EB /vD!
, ~23!

with Vc being the strength of the Coulomb interaction a
EB the energy interval whereVcÞ0. Using Eq.~22! and the
definition of the isotope exponent@Eq. ~21!#, we find in the
McMillan approximation that

a5
1

2 H 12Fm* lnS QD

1.45Tc
D G2 110.62l

11l J . ~24!

By using the definition of the isotope exponent@Eq. ~21!#
with the two self-consistent equations@Eqs. ~19! and ~20!#,
we arrive at the following expression for the isotop
exponent:

a52

vD

2Tc
S F2

]F1

]vD
1F1

]F2

]vD
D

D
,

D[F2

]F1

]Tc
1F1

]F2

]Tc
2Dm ,

Dm5

S F2

]F1

]m
1F1

]F2

]m D S ]F̃1

]Tc
1

]F̃2

]Tc
D

]F̃1

]m
1

]F̃2

]m

. ~25!

This is considered in Figs. 2 and 3, for different values
the Debye frequencyvD . However, to speed up the calcula
tions we have converted our sums to integrals, since the
tope exponent depends on the mesh number of points,Nx ,
Ny , Nz . For example, we have used the density of state
three dimensions given by

N3~e!5CE
l

L

F„p/2,k~ t !…dt,

L5arccos$max@21,~v22!/g#%, v5
e

2t3
,

l 5arccos$min@1,~v12!/g#%, C5
1

2p3t2

,

k~ t !5A12
@v2g cos~ t !#2

4
, ~26!

and F(p/2,x) is the elliptic integral of the first kind. Our
results@Eq. ~26!# have been elaborated from that of Pesz a
2-5
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Munn.47 In the case of the two dimensions, we have used
density of statesN2(e) given by Kishine,48 namely,

N2~e!5
1

2p2t2A11a8e/t2

KSA12S a82
e

4t2
D 2

11a8e/t2

D ,

~27!

where K(x)5F(p/2,x) is the elliptic integral of the first
kind. For example, for the case of Eq.~20!, we can rewrite
F2(0) as follows:

F2~0!5
1

2El 2

L2
N2~e!tanhS e2m

2Tc
D

e2m
,

L25min@m1vD ,max~e2!#,

l 25max@m2vD ,min~e2!#, ~28!

FIG. 2. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
50.5,1.0,1.5,2.0~upper panel, left scale! and the isotope exponen
a versusr ~upper panel, right scale!. In the middle panel, we have
the chemical potentialm versusr, for the same values of the a
tractive interactionV. We have takeng51.0 anda850.0 @see Eq.
~17!#. Here, we have used a Debye frequencyvD50.30.
22451
ewhere max(e2),min(e2) is the maximun~minimum! of the
two-dimensional band. In spite of the numerical simplific
tion, for each one of the figures presented~Figs. 2 and 3!, we
spend 3 h for going fromr50.01 to r50.90 in steps of
dr50.01.

From Figs. 2 and 3 we observe that the minimum value
the isotope exponent~upper panel, right scale! is around 0.5.
At half filling, i.e., r51/2, a'0.3–3.5, which is close to the
experimental value ofa for MgB2. This result is almost
independent of pairing interactionV. On the contrary,Tc
changes withV andvD . As a consequence, the Debye fr
quency and the pairing potential are good parameters to
the maximum value of the superconducting critical tempe
ture. We also observe that for the maximum value ofTc ,
which occurs at half filling, there is a local minimum for th
isotope exponent. This is due to the fact that at half filling t
system feels the presence of the van Hove singularity. A
we observe that there are two other local symmetric mini
in a which are mostly likely due to the fine details of th
three-dimensional band~see Fig. 3 of Ref. 47, forg51). In
the lower panel, we have plotteda versus Tc , for V

FIG. 3. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
50.5,1.0,1.5,2.0~upper panel, left scale! and the isotope exponen
a versusr ~upper panel, right scale!. In the middle panel, we have
the chemical potentialm versusr, for the same values of the at
tractive interactionV. We have takeng51.0 anda850.0 @see Eq.
~17!#. Here, we have used a Debye frequencyvD50.50.
2-6
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50.5,1.0,1.5,2.0. We naturally see that the isotope expo
versus critical temperature is multivalued. We also obse
that the two symmetric minima of the isotope exponent
located where the critical temperature changes curvatur
function of r.

In order to explore the effects of the fine details of t
three-dimensional band structure, in Fig. 4, we have cho
g50.8, vD50.30, anda850.0. We observe that instead o
two symmetric minima fora, around half filling, we have
four symmetric minima fora aroundr51/2.

From Figs. 1–4 we observe~intermediate panel! that the
chemical potential is independent of pairing interaction, i
the curves stay one on top of each other.

C. Results using Eq.„20…, with t3Ä2t2

To see the importance oft3Þt2 , which is implicit in the
two Fermi surfaces presented by Mazin and Antropov,49 we
have tried a new set of parameters, namely,t352t2 . This is
shown in Fig. 5, forg50.8, vD50.5, andV51.0,1.5,2.0.
We have not plottedTc versusr for V50.5 becauseTc
'1026 and we do not see it at all.

FIG. 4. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
50.5,1.0,1.5,2.0~upper panel, left scale! and the isotope exponen
a versusr ~upper panel, right scale!. In the middle panel, we have
the chemical potential,m versusr, for the same values of the a
tractive interactionV. We have takeng50.8 anda850.0 @see Eq.
~17!#. Here, we have used a Debye frequencyvD50.50.
22451
nt
e
e
as

en

.,

Now we compare Figs. 4 and 5. Both of them have
same set of parameters, except that for Fig. 4t35t2 , while
for Fig. 5 t352t2 .We observe that the number ofoscillations
in the isotope exponenta goes down. This is a signature th
the size of the Brillouin zone~or hopping! for the three-
dimensional band is important. In addition, we also obse
that Tc

max goes down witht35tD5td .
If we increase the parameterg, namely,g51.0, we have

Fig. 6, where we have basically eliminated all the symme
minima for the isotope exponenta. We also observe tha
TcÞ0 occurs mostly inside the two-dimensional band,
which mP(24,4).

In short, we have calculated the superconducting criti
temperatureTc versusr for a two-band superconducting
both with s-symmetry order parameter. Our Fig. 1 is high
symmetric around half filling,r51/2. We have also studied
the isotope exponent@see Eq.~21!#. In order to do this, we
must use Eq.~20!, where the presence of the Debye para
eter enters. As MgB2 belongs to a huge family of compound
and it holds the highestTc , then we conclude that under ou
working scheme MgB2 has a half-filling carrier density, if

FIG. 5. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
51.0,1.5,2.0~upper panel, left scale! and the isotope exponenta
versusr ~upper panel, right scale!. In the middle panel, we have th
chemical potentialm versusr, for the same values of the attractiv
interactionV. We have takeng50.8 anda850.0 @see Eq.~17!#.
Here, we have used a Debye frequencyvD50.50.
2-7
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a850. Our Figs. 1–4 qualitatively show thatTc versusr
curves are similar to the experimental curves ofTc versusx
in Ref. 50, wherex512r is the excess of carbon fraction
i.e., for the compound MgB22xCx . These results are in
agreement with experimental work of Ref. 51. Also, forMg
substitution,Tc goes down with doping, namely, we have t
compound Mg12yDyB2, whereD5Li and Al, for example.
For this case tooTc goes down with doping. This is in agree
ment with the results of Karpinski and co-workers.52,53

We have also consideredt3Þt2 following Mazin and
Antropov.49 They have used LMT-ASA, full-potential linea
muffin-tin orbital, or full-potential LAPW methods to stud
the band structures of AlB2 structures. Their Fig. 3 shows th
Fermi surface of MgB2 which has been modeled by Dah
and Schopohl.54 By taking two Fermi surfaces, one by ha
torus for thep band and another by a distorted cylinder f
thes band, they have been able to explain the upper crit
magnetic-field anisotropy,Bc2

ab/Bc2

c versusT, for 0<T<Tc .

Finally, in Fig. 7 we presentTc versusr, for several val-
ues of the attractive interactionV, namely, V51.0,1.5,2.0

FIG. 6. The superconducting critical temperatureTc versusr,
for several values of the attractive interactionV, namely, V
51.0,1.5,2.0~upper panel, left scale! and the isotope exponenta
versusr ~upper panel, right scale!. In the middle panel, we have th
chemical potentialm versusr, for the same values of the attractiv
interactionV. We have takeng51.0 anda850.0 @see Eq.~17!#.
Here, we have used a Debye frequencyvD50.50.
22451
al

~upper panel, left scale! and the isotope exponenta versusr
~upper panel, right scale!. In the middle panel, we have th
chemical potentialm versusr, for the same values of the
attractive interactionV. We have takeng51.0 and a8
50.40@see Eq.~17!#. Here, we have used a Debye frequen
vD50.50 andt25t3 . We see that the symmetry at half fil
ing is destroyed. Also, the behavior of the isotope expon
is more complicated than the previous cases. At the pre
moment, we are calculating a set of parameters witht2

52t3 for a8Þ0.0.
We would like to end this work by saying that two-ban

effects on transport properties have to be considered. In
ticular, resistivity and thermal conductivity realized by Pu
et al.55 indicate that thep ands bands conduct in parallel
with prevailing p conduction in clean samples ands con-
duction in dirty samples. The authors of Ref. 55 consider t
these results are in agreement with the hypothesis of Ma
et al.56 Very recent experimental data by Yanget al.57 has
shown thatTc goes down with Al doping up tox50.4,
namely, (Mg12xAl x)B2 .

FIG. 7. The superconducting critical temperatureTc versusr,
for several values of the attractive interaction,V, namely, V
51.0,1.5,2.0~upper panel, left scale! and the isotope exponenta
versusr ~upper panel, right scale!. In the middle panel, we have th
chemical potentialm versusr, for the same values of the attractiv
interaction,V. We have takeng51.0 anda850.40 @see Eq.~17!#.
We have usedvD50.50 andt25t3 .
2-8
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In Sec. I we have said that our choice ofV225V3350
may be considered as a possible realization of a two-b
superconductor. However, Raydet al.58 have studied the
two-band effects in the angular dependence of upper crit
field Hc2

of MgB2 single crystals. They conclude, amon
other things, that with a slight adjustment of some of t
parameters supplied by band-structure calculations, g
quantitative agreement is found between theory59 and experi-
ment yielding fundamental estimates of band-struct
anisotropies and interband coupling strength. For example
their Table I, they have chosen off-diagonal parameters tw
as large as the ones supplied by band-structure calculat
They also state that no direct experimental probe of the
diagonal coupling constants is available at present. Beca
of this, our choice appears to be justified.
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39J.J. Rodrı´guez-Núñez and J.A. Budagosky-Marcilla~unpub-
lished!.
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