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Electron-phonon renormalization in small Fermi energy systems
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The puzzling features of recent photoemission data in cuprates have been the object of several analyses in
order to identity the nature of the underlying electron-boson interaction. In this paper we point out that many
basic assumptions of the conventional analysis are expected to fail in small Fermi energy systems, when, as in
the cuprates, the Fermi energyEF is comparable with the boson energy scale. We discuss in detail the features
appearing in the self-energy of small Fermi energy systems and the possible implications for the angle-resolved
photoemission spectroscopy data in cuprates.
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Renewed interest has recently arisen in the role of
electron-phonon~el-ph! coupling in cuprates. A powerfu
tool of investigation is represented by angle-resolved pho
emission spectroscopy~ARPES!, which, in two-dimensional
systems like the copper oxides, is in principle able to extr
the electronic self-energy directly from the momentum a
energy distribution curves if the bare band structure
known.1 The aim of this analysis is to determine the micr
scopic origin and properties of the electron scattering.2–5 For
example, in qualitative terms, the report of a remarkable k
in the electronic dispersion has been discussed as eviden
a retarded electron-boson interaction~most probably of
phononic nature!, where the energy at which the kink occu
sets the energy scale of the bosonic spectrum.6 In the same
framework, the ratio between the slope of the electronic d
persion at low energy~below the kink! and at high energy
~above the kink! is expected to give a qualitative estimate
the strength of the electron-boson coupling.2,4,6

Some puzzling features cast doubt, however, on this c
ventional el-ph picture. On one hand, the low-energy el
tronic dispersion shows a quite weak dependence on the
doping, in contrast with a significant dependence of the
parent el-ph coupling constant.7 More interesting, thehigh-
energyelectronic dispersion turns out to be strongly dep
dent on the hole doping.7 This is particularly astonishing
because the high-energy part of the electronic dispersio
expected to represent the bare electronic structure an
should not be dependent on any electron-phon
properties.8,9 In this situation, an attempt to fit this exper
mental scenario within a conventional el-ph framework
means of inversion techniques on the raw data would lea
unrealistic assumptions for the hypothetical underly
electron-boson spectrum.10,11

The reliability of the conventional analysis concerning t
electron-phonon properties in cuprates has been questi
also on theoretical grounds. Due to the high degree of e
tronic correlation, the charge carriers in cuprates are cha
terized by a weakly dispersive effective band, with a Fer
energy EF.0.3– 0.4 eV.12 Similar estimates ofEF are
obtained by penetration depth measurements as repo
in Uemura et al.’s plot.13 This value should be compare
with the highest phonon frequencies in cuprates,vph
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.80– 100 meV, defining an adiabatic ratiovph
max/EF

;0.2– 0.3. In this situation, the adiabatic assumption (vph

!EF), on which the conventional el-ph analysis relie
breaks down, and nonadiabatic interferences between
electronic and lattice degrees of freedom are expected to
fect the normal and superconducting state phenomenolog14

Among other features, the appearance of nonadiabatic eff
has been shown to account in a natural way for the prese
of a finite isotope effect on the effective electron mass a
for the possibility of high-Tc superconductivity within an
el-ph scenario.15,16

The aim of the present paper is to investigate in so
detail how the presence of a small Fermi energy, of the sa
order as the phonon frequencies, affects the electron-pho
phenomenology. As a first step in this direction, we do n
consider here the onset of nonadiabatic vertex diagra
which arise in the nonadiabatic regime,14,15 but retain only
the nonadiabatic effects related to the finite electronic ba
width. Note, however, that, while vertex diagrams play
fundamental role in determining the effective enhancem
of the superconducting pairing,15 finite bandwidth effects
alone have been shown to account in a qualitative way
the anomalous el-ph effects in different normal state prop
ties ~effective massm* , Pauli spin susceptibility, etc.!.16,17

We anticipate here, as our main results, that the conventi
~adiabatic! el-ph analysis needs to be greatly revised in sm
Fermi energy systems. In particular, we show that the follo
ing fundamental el-ph properties8,9 areno longer validwhen
EF;vph: ~i! the el-ph self-energyS~v! does not renormal-
ize the electronic dispersion forv much larger than the pho
non energy scalevph; ~ii ! impurity scattering affects only
the imaginary part of the self-energy but not the real pa
and hence not the electronic dispersion; and,~iii ! different
channels of electron scattering~phonons, impurities, etc.!
just sum in the self-energy.

The working tools of our analysis will be the Marsiglio
Schossmann-Carbotte~MSC! equations18 properly general-
ized to the case of finite bandwidth. The formal derivation
the MSC iterative procedure in the case of finite Fermi e
ergy systems follows quite closely the steps outlined in Re
18 and 19. Here we report only the final equations. The p
©2003 The American Physical Society11-1



th
e
th
n
S
o
ca
C

m
-

e

l

y

th
t

um
-
e
gy

i
-

sent

he
e
e
n

the
ous
lly
a-

an
.

E. CAPPELLUTI AND L. PIETRONERO PHYSICAL REVIEW B68, 224511 ~2003!
cedure can be derived in full generality for any shape of
density of states~DOS! and any electron filling. For the sak
of simplicity, and in order to disentangle finite bandwid
effects from the breaking of particle-hole symmetry, we co
sider a simple system at half filling with a constant DO
N(e)5N(0) for ueu<EF , where the half bandwidth als
represents the Fermi energy. We consider also impurity s
tering in the weak coupling Born approximation. The MS
equations read thus:

S~ ivn!522iT(
m

l~ ivn2 ivm!h~vm!22igh~vn!,

~1!

S8~v!52T(
m

l8~v,vm!h~vm!2E
2`

`

dV a2F~V!

3@N~V!1 f ~V2v!#h8~v2V!2gh8~v!,

~2!

S9~v!52E
2`

`

dV a2F~V!@N~V!1 f ~V2v!#

3h9~v2V!2gh9~v!, ~3!

whereN(x) and f (x) are, respectively, the Bose and Fer
distribution functions,a2F(V) is the el-ph Eliashberg func
tion, andg is the impurity scattering rate. Moreover,l(z)
5*2`

` dV a2F(V)/@V2z# ~z a complex number!,
l8(v,vm)5Im l(v2ivm), and

h~vm!5arctanF FF

vmZ~vm!G ,
h8~v!5

1

2
lnF @EF2vZ8~v!#21@vZ9~v!#2

@EF1vZ8~v!#21@vZ9~v!#2G ,
h9~v!5arctanFEF2vZ8~v!

vZ9~v! G1arctanFEF1vZ8~v!

vZ9~v! G ,
where Z(z)512S(z)/z. As usual, the self-energy on th
real axis is obtained by using the Matsubara solution@Eq.
~1!# as input in Eqs.~2! and ~3!. Note that, in the norma
state, this is necessary only as long as the Fermi energyEF is
finite. Note in addition that the self-consistency of Eqs.~2!
and~3! is intrinsically related to the finiteness ofEF , so that
the factorsh8(v) andh9(v) are functions of the self-energ
itself through theZ(v) function.

In order to underline the small Fermi energy effects on
el-ph spectral properties, let us consider for the momen
simple Einstein phonon mode with phonon frequencyv0 in
the absence of impurities. In Fig. 1~a! we show the real and
imaginary parts of the self-energy for an Einstein spectr
with l5*2`

` dV a2F(V)/V51 and different Fermi ener
gies. Throughout this paper we consider a temperaturT
50.02v0 , which is much smaller than any other ener
scale and can be considered as representative of theT50
limit. Note that the highest temperatures employed
ARPES areTmax;100 K!vph;700– 800 K, so that tem
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perature smearing is negligible. The dashed lines repre
the case of the conventionalEF5` el-ph: the low-energy
part of S8(v) is just S8(v);lv, which gives the well-
known renormalization of the electronic dispersionEk
5ek /(11l) close to the Fermi level.8,9 Note that the real
part of the self-energy is always negative, implying that t
effective electronic bandEk is always less steep than th
bare oneek : Ek<ek for any energy. Note also that th
magnitude ofS9(v) is a monotonically increasing functio
with v and saturates forv>vph

max.
The presence of a Fermi energy of the same order of

phonon frequencies gives rise to a number of anomal
features. The most commonly known, although usua
small, is the reduction of the low-energy el-ph renormaliz

FIG. 1. ~a! Real and imaginary parts of the self-energy for
Einstein phonon mode withl51 and different Fermi energies
Solid lines from 1 to 4:EF54v0 , 8v0 , 12v0 , 16v0 ; dashed line
5: EF5`. All quantities are in units ofv0 . ~b! Corresponding
renormalized electron dispersionEk as function of the bare oneek

~dotted line!. Inset: Enlargement of the low-energy part.
1-2
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tion Ek5ek /(11leff), whereleff52limv→0 S8(v)/v is al-
ready shown by a simple Matsubara analysis to be less
l due to finite bandwidth effects, roughlyleff5l/(1
1vph/EF).14 More interesting, we note twoqualitativelydif-
ferent features that appear forv0 /EFÞ0. The first one is that
S9(v) is no longer a monotonic function ofv, but whenv
becomes roughlyv*EF the imaginary part of the self
energy starts to decrease in modulus and it goes quite rap
to zero. This is easily understandable in small Fermi ene
systems if one considers that forv@EF there are no elec
tronic states into which an electron with energyv could de-
cay within an energy window;v0 . On experimental
grounds such a drop is expected to be hardly detectable s
it falls out of the band. However, as we are going to see
presence has important consequences on the real part, a
can see by using the Kramers-Kronig relations. Another
teresting feature is indeed the large positive hump of the
part of the self-energy, which occurs in correspondence
the drop of the imaginary part, and scales withEF . In par-
ticular, we note that, in contrast to the caseEF5`, for finite
EF the real part of the self-energyS8(v) becomes positive
in a large range of energy forv*2v0 . Similar results were
found in Ref. 20. Our expression for the self-energy by us
the MSC equations permits an understanding in simple te
of the physical origin of this effect, since the first term, wr
ten as a function of Matsubara frequencies, is always ne
tive and is the only one surviving in theEF→` limit, while
the latter two terms, expressed as functions of real axis qu
tities, vanish forEF→` and are always positive. Roughl
speaking, we can relate the first term to the dynamical po
ization of thelattice background, which leads to a net attra
tion between the electrons, while the latter two arise from
finite dynamics of theelectronicbackground, which must be
considered no longer instantaneous (EF5`) but is now
ruled by EFÞ`. These terms survive even if the boson
mediator does not have an intrinsic dynamics, as in the
purity scattering case depicted by the third term. The po
tiveness ofS8(v) has important consequences on the ren
malized electronic dispersion obtained fromEk2ek
2S8(Ek)50 which corresponds in ARPES measurements
the dispersion inferred by the momentum distribution curv
As shown in Fig. 1~b! the positive part ofS8(v) implies an
‘‘antirenormalization’’ of the electron band, namely,Ek
.ek . This feature extends up to an energy scale that d
not depend onv0 but only onEF , while its magnitude de-
pends on el-ph parameters likel or EF itself. In such a
situation the high-energy partEk.vph of the experimental
electronic dispersion6,7 no longer represents the bare bandek
but is expected to show asteeperbehavior thanek . As a last
observation, note the kinks/jumps in the real and imagin
parts of the self-energy occurring at multiples ofv0 . These
anomalies were already predicted in Ref. 9.

As we have just shown, in small Fermi energy syste
particular care is needed in order to disentangle el-ph p
erties from a knowledge of the renormalized electronic d
persion such as one could get from ARPES. This issu
made more difficult by the fact that other actors can play
important role in the renormalization of the electron ban
22451
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Most important is the presence of disorder and impurities
conventional metals whereEF is much larger than any othe
energy scale, impurity scattering can be considered in g
approximation as static: it provides a finite quasiparticle li
time in the imaginary part of the self-energy, but it does n
affect the real part ofS, and consequently the electron
dispersion, which can be considered as determined by o
the retarded~boson-mediated! scattering. As we are going to
see, in small Fermi energy systems, the impurity self-ene
acquires a finite real part which contributes to the renorm
ization of the electronic dispersion.

In Fig. 2~a! we plot the real and imaginary parts of th
self-energy for an el-ph Einstein model withEF54v0 and
l51 in the presence of impurity scattering. In contrast w
the EF5` case, we see that the impurity scattering has
portant effects on the real part ofS. On one hand, it smooth
the el-ph resonance atv5v0 as well as the additional one
at v5nv0 . On the other hand, it significantly enhances t
positive part ofS8(v) for v@v0 . The difficulty in extract-
ing correctly information about the el-ph spectruma2F(V)
from the ~ARPES-like! Ek vs ek is thus even higher than in
the absence of impurities, as we show in Fig. 2~b!. In par-
ticular, one should take into account that neither the mag
tude of the kink atv5v0 nor its broadness are directl
related anymore to properties of the el-ph spectruma2F(V),
like its total strength;l and its frequency shape. To be mo
specific, even the low- and high-energy parts ofEk are af-
fected in a remarkable way by the impurity scattering.
the inset we plot the dependence of the ‘‘effective’’leff
52limv→0 S8(v)/v as a function of the impurity scatterin
rate. We thus note that, if the slope of the low-energy p
were used to extract the el-ph coupling, we would ge
strong underestimation ofl. In addition, the discrepancy be
tweenEk and the bare dispersionek at high energy is even
larger in the presence of impurities, so that a steeper b
electron dispersion than the real one would be predicte
the high-energy part ofEk was used to estimate it. For in
stance, forEF54v0 , l51, g/v051 we would getEk

high

;1.6ek .
As a last point in this paper, we would like to stress t

nonlinear and self-consistent nature of the normal-state M
equations~2! and~3! in the presence of a finite Fermi energ
In fact, when EF→`, h8(v)50, h9(v)5p sgn(v), the
right-hand side of Eqs.~2! and ~3! no longer depend on the
function Z(v), and the different channels of interaction~el-
ph, impurities, spin fluctuations etc.! just sum up linearly, so
that S(v)5Sel-ph(v)1S imp(v)1Sspin(v)1¯ , where
each term can be evaluated in the absence of the other i
action channels. Due to the self-consistent feedback ofh8
andh9, this is no longer true in small Fermi energy system
and a simplistic analysis where the self-energy is fitted by
sum of independent different contributions is expected
fail. To illustrate this point explicitly, we show in Fig. 3 th
total self-energySel-ph1 imp for an el-ph1 impurities system
with l51, g5v0 , and EF54v0 , in comparison with the
self-energy obtained as the sum of independent contribut
Sel-ph1S imp[S(l51,g/v050)1S(l50,g/v051). As
we see, the discrepancies between the fully self-consis
1-3
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self-energy and its approximation as the sum of two indep
dent contributions can be quite important in the whole ran
of energyv. In particular, we note in the imaginary part th
the jump atv5v0 due to the onset of el-ph decay process
can be much smaller than is expected from a simple sum
independent el-ph and impurity contributions. This obser
tion thus casts doubt on the possibility of estimating
el-ph coupling by the difference betweenSel-ph(v.vph

max)
and Sel-ph(v50) if the other contributions could be disen
tangled, in contrast with theEF5` case, where this differ-
ence is simply related tol^v&. We also note, however, tha

FIG. 2. ~a! Real and imaginary parts ofS for an Einstein phonon
mode withl51 andEF54v0 in the presence of impurity scatte
ing. Solid lines correspond to~upper panel: from bottom to the top
lower panel: from top to the bottom! g/v050,0.2,0.4,...,1.0, where
g is the impurity scattering rate. Energy quantities are expresse
units of v0 . ~b! Renormalized electron dispersion correspond
~from left to the right! to ~a!. The dashed line represents the ad
batic limit. Inset: dependence of the effective parameterleff on the
impurity scattering rate.
22451
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due to the vanishing of the el-ph processes, the limitv→0
of the self-energy is not affected by the interplay between
different channels of interaction but is mainly determined
only the impurity scattering. It can thus still be used in a s
way to estimateg.

In conclusion, motivated by the puzzling features of r
cent ARPES measurements in cuprates, in this paper we
revised the el-ph properties in small Fermi energy syste
with EF of the same order as the phonon frequencies, and
interplay with other kinds of scattering, such as impurityli
scattering. We find that many basic assumptions which
valid in conventional metals whereEF@vph,g need to be
strongly reconsidered. In more detail, we have shown tha
small Fermi energy the following effects occur.

~1! A positive part of the self-energy is predicted forv
*vph. This implies an ‘‘antirenormalization’’ of the elec
tronic band forv*vph. ARPES data are thus expected
measure in this regime an electronic dispersion steeper
the bare one.

~2! Impurity scattering can significantly affect the re
part of the self-energy and hence the electronic dispersion
particular, the effective renormalization of the low-ener
part of the electronic dispersion is reduced by the impu
scattering which can also ‘‘wash out’’ the el-ph kink atv
.vph.

~3! Different scattering channels are not additive as in
case of conventional systems. Fitting data by using a sum
independent self-energy contribution is expected to fail.

Taking into account all these effects in a compelling w
would make the analysis of ARPES data in cuprates m
complex but also more interesting, and it could contribute
understand many puzzling features which are still open
sues in these compounds. We would like to stress finally
the present analysis is not restricted to the el-ph case

in

-

FIG. 3. Real and imaginary parts of the self-energySel-ph1imp of
an el-ph1impurities system withl51, g5v0 , and EF54v0

~solid line!, as compared with the self-energy obtained by summ
independent contributionsSel-ph1S imp ~dashed line!. The dotted
line represents the differenceDS5Sel-ph1imp2Sel-ph2S imp , which
is related to the nonlinear feedback arising in small Fermi ene
systems.
1-4
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applies equally well for any retarded interaction indepe
dently of the specific origin of the bosonic mediator. W
would also like to mention that the present analysis ta
into account only thedynamical renormalization, while in
real small Fermi energy systems thek dependence of the
self-energy could also play a relevant role. These effe
ae
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could be consistently included by means of fast-Fouri
transform techniques as in Ref. 21.
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