
PHYSICAL REVIEW B 68, 224405 ~2003!
Multicritical points in the mixed ferromagnetic-ferrimagnetic ternary alloy
with a single-ion anisotropy
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The phase diagram of theABpC12p ternary alloy consisting of Ising spinsSA5
3
2 , SB51, andSC5

5
2 in the

presence of a single-ion anisotropy is investigated by the use of a mean-field theory based on the Bogoliubov
inequality for the Gibbs free energy. To simulate the structure of the ternary metal Prussian blue analog such
as (Nip

IIMn12p
II )1.5@CrIII (CN)6#•zH2O, we assume that theA and X ~either B or C) ions are alternately con-

nected and the couplings between theA andX ions include both ferromagnetic (JAB.0) and antiferromagnetic
(JAC,0) interactions. At the finite temperatures by changing values of the parameters of the model many
different types of phase diagrams are obtained, including a variety of multicritical points such as tricritical
points, fourth-order point, critical end points, isolated critical points, and triple points.

DOI: 10.1103/PhysRevB.68.224405 PACS number~s!: 75.10.Hk, 75.30.Kz, 75.50.Gg
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I. INTRODUCTION

Molecular-based magnets have recently attracted con
erable interest in their synthesis and study of the magn
properties.1–12 A special class of these materials form t
so-called multimetal Prussian blue analogs, such
(Ap

IIMn12p
II )1.5@CrIII (CN)6#•zH2O (AII5NiII,FeII) ~Refs.

13–15! or (Nip
IIMnq

IIFer
II)1.5@CrIII (CN)6#•zH2O ~Refs. 16 and

17!. These compounds are attractive for the molecular de
of magnetic properties because various types of metal
can be incorporated there as spin centers. Thus, the mag
properties can be precisely controlled during the synth
process by changing the ratio of incorporated metal i
~spins!.

Up to now, many unusual properties have been discove
in these materials, for instance, the photoinduced magne
tion effect,18,19 magnetic pole inversion,13,20 inverted mag-
netic hysteresis loop,21 and occurrence of one13,14 or even
two16 compensation points. The theoretical explanation
these phenomena remains an attractive and challenging p
lem for solid-state physicists.

From the point of view of magnetic classification, th
multimetal Prussian blue analogs present ferromagne
ferrimagnetic properties, since they include mixed both f
romagnetic (J.0) and antiferromagnetic (J,0) superex-
change interactions between the neighboring metal i
through the cyanide bridging ligands. In the description
these materials, a possibility of the application of localiz
spin models implies that the prediction of magnetic prop
ties is more transparent than in classical metal or metal-o
magnets, and the theoretical methods are in this case m
tractable.

Nevertheless, because of the structural complexity
these systems, the up to now analytical descriptions of t
properties have mainly been performed in the simp
approach—namely, in the mean-field approximati
0163-1829/2003/68~22!/224405~9!/$20.00 68 2244
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~MFA!.14–17 It is well known that the MFA method allows
for complete studies of all thermodynamic properties in
uniform and relatively simply way, based on the Gibbs fr
energy, and hence is often used for analysis of experime
results.

Another approach, sporadically used for the studies
these systems, the effective field theory,22 although more ac-
curate than the MFA in the description of continuous pha
transitions, does not yield the expression for the Gibbs
ergy and hence fails in the investigations of complete ph
diagrams, where first-order phase transitions can oc
Among other more advanced methods, which could be
tentially taken into account, one can mention the clus
variational method in pair approximation.23 This method, be-
ing in a natural way the next step after the MFA in the c
mulant expansion scheme for the entropy, has been succ
fully tested for the complex phase diagrams of the Blum
Emery-Griffiths ~BEG! model, giving reliable results base
on the free-energy analysis. However, its application for
ternary or quaternary mixed-spin systems with higher s
values, as in the present case, seems to be too complica

Thus, at present, among analytical methods, the m
practical for the studies of multimetal Prussian blue anal
remains the MFA. Fortunately, the up to now predictions
this method turned out to be in satisfactory agreement w
the experiment.14–16 The additional physical argument fo
application of the MFA has been formulated in Ref. 17.
says that as far as the exchange interaction between su
tices is greater than the exchange interaction within sub
tices, which is the case, the necessary condition for the M
applicability is satisfied.

Taking this into account, in the present paper we adopt
MFA method for the studies of temperature phase diagra
of the ferromagnetic-ferrimagnetic ternary alloy of the ty
ABpC12p , consisting of three kinds of magnetic ion:A, B,
and C, with different Ising spinsSA5 3

2 , SB51, and SC

5 5
2 , respectively. The structure and the spin values co
©2003 The American Physical Society05-1



p

on
o

e
a

s.
d

i-
e
ra
r
e

o
am
or
FA
th

x
ys
n
,

is
i
e
in
io

he
-

e
el

st-
nd

ich
site

his
del

er,
ler

n
an
se
e
its

tic-
er-
ng

e

ed
f
-
ble
-

in

rs
ins,
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spond to the Prussian blue analog of the ty
(Nip

IIMn12p
II )1.5@CrIII (CN)6#•zH2O @14#. By thep parameter,

representing the mean proportion of magnetic ionsB andC
which are randomly distributed over the lattice, one can c
trol the type of magnetic ordering and thus the topology
the phase diagrams.

Another important parameter incorporated in the pres
model is a single-ion anisotropy. It is known that such p
rameter should be of special interest for spinsS.1/2, where
it can potentially lead to the first-order phase transition23

The influence of the single-ion anisotropy on the groun
state phase diagrams~for T50 K) has been already invest
gated in Ref. 24, where the variety of exact results have b
obtained. However, as far as the temperature phase diag
are concerned, such studies have not been done yet fo
system in question and, of course, cannot be performed
actly.

It is the aim of the present paper to clarify the influence
the single-ion anisotropy on the temperature phase diagr
of the model ferromagnetic-ferrimagnetic ternary alloy c
responding to the Prussian blue analog, within the M
method. The studies will be based on the expression for
Gibbs free energy, where the compositional parameterp, the
single-ion anisotropy, the ferromagnetic-ferrimagnetic e
change interaction ratio, as well as the temperature, pla
role. The calculated phase diagrams can be convenie
controlled in the limitT→0 K where, for the ground state
the exact results exist.24

The paper is organized as follows. In Sec. II, a prec
definition of the model is given and relevant expressions
the mean-field approximation are derived. Section III is d
voted to the discussion of the numerical results concern
the temperature phase diagrams. Finally, some conclus
are presented in Sec. IV.

II. MODEL AND ITS MEAN-FIELD SOLUTION

We consider a ternary alloy of the typeABpC12p , where
A andX (X5B or C) ions are alternately connected and t
couplings between theA andX ions include both ferromag
netic (JAB.0) and antiferromagnetic (JAC,0) interactions.
Let theA, B, andC ions have different Ising spins (SA5 3

2 ,
SB51, and SC5 5

2 ), respectively. The Hamiltonian of th
system in the presence of a single-ion anisotropy fi
strengthD and an external magnetic fieldh is then of the
form

H52(
( i , j )

Si
A@JABSj

Bj j1JACSj
C~12j j !#

2DF(
i 51

NA

~Si
A!21(

j 51

NX

~Sj
B!2j j1(

j 51

NX

~Sj
C!2~12j j !G

2hF(
i 51

NA

~Si
A!1(

j 51

NX

~Sj
B!j j1(

j 51

NX

~Sj
C!~12j j !G , ~1!

where Si
A56 1

2 and 6 3
2 for A ions, Sj

B50 and 61 for B
ions, Sj

C56 1
2 ,6 3

2 , and6 5
2 for C ions, andNA andNX are

the number of sites occupied by theA and X (X5B or C)
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ions, respectively, withNA1NX5N the total number of
sites. The first summation is carried out only over neare
neighbor pairs of spins on different sublattices a
JAB (JAB5JBA ,JAB.0) and JAC (JAC5JCA ,JAC,0) are
the nearest-neighbor exchange interactions.j j is a set of in-
dependent, uniformly distributed random variables wh
take the value of unity or zero, depending on whether the
j is occupied by an ion of the typeB or C, respectively.
Therefore, the distribution function ofj j is given by

P~j j !5pd~j j21!1qd~j j !, ~2!

wherep is the concentration ofB ions andq512p is the
concentration ofC ions.

We note that the Ising spin model was chosen for t
study since Monte Carlo simulations performed on the mo
for bimetallic molecular-based magnets25,26reproduce the re-
sults very close to the observed experimentally. Moreov
this model is related to a previously studied one of a simp
nature. Namely, forNA5NX5N/2 andp51 it reduces to the
mixed spin-1 and spin-3

2 Ising system,27,28 while for p50 to
the mixed spin-32 and spin-52 Ising system which has not bee
studied so far. It is expected that the model may provide
unusually rich laboratory for studying of a number of pha
transitions, critical and multicritical phenomena within th
framework of one single approach. Therefore, apart from
relevance to the description of a mixed ferromagne
ferrimagnetic ternary alloy, this model system is also int
esting from a purely theoretical point of view, being amo
the models able to exhibit multicritical behavior.

The most direct way of deriving the MFA is to use th
variation principle for the Gibbs free energy29

G~H !<f[G0~H0!1^^H2H0&0&c , ~3!

whereG(H) is the true free energy of the system describ
by the Hamiltonian~1!, G0(H0) is the average free energy o
a trial HamiltonianH0 which depends on variational param
eters,^•••&0 denotes a thermal average over the ensem
defined byH0, and ^•••&c indicates the configurational av
erage using the distribution function given by Eq.~2!.

To obtain the MFA, we assume the trial Hamiltonian
the form

H052(
i 51

NA

@~gA1h!Si
A1D~Si

A!2#2(
j 51

NX

$~gB1h!j jSj
B

1~gC1h!~12j j !Sj
C1D@j j~Sj

B!21~12j j !~Sj
C!2#%,

~4!

wheregA ,gB , and gC are the three variational paramete
related to molecular fields acting on the three different sp
respectively.

Because of the simplicity ofH0 it is easy to evaluate the
expressions in Eq.~3! and we finally obtain
5-2
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g[
f

N
52

NA

N
kBT lnH 2 expS 1

4
bD D coshF1

2
b~gA1h!G12 expS 9

4
bD D coshF3

2
b~gA1h!G J

2
NX

N
pkBT ln$2 exp~bD !cosh@b~gB1h!#11%2

NX

N
~12p!kBT lnH 2 expS 1

4
bD D coshF1

2
b~gC1h!G

12 expS 9

4
bD D coshF3

2
b~gC1h!G12 expS 25

4
bD D coshF5

2
b~gC1h!G J 2

NA

N
z1~JABmB1JACmC!mA1

NA

N
gAmA

1
NX

N
~gBmB1gCmC!, ~5!

whereb51/kBT and the sublattice magnetizations per sitemA ,mB , andmC are defined by

mA[^^Si
A&0&c5

1

2

3 sinhF3

2
b~gA1h!G1d2sinhF1

2
b~gA1h!G

coshF3

2
b~gA1h!G1d2coshF1

2
b~gA1h!G , ~6!

mB[^^Sj
B&0j j&c5p

2 sinh@b~gB1h!#

2 cosh@b~gB1h!#1d
, ~7!

mC[^^Sj
C&0~12j j !&c5

~12p!

2

5 sinhF5

2
b~gC1h!G13d4sinhF3

2
b~gC1h!G1d6sinhF1

2
b~gC1h!G

coshF5

2
b~gC1h!G1d4coshF3

2
b~gC1h!G1d6coshF1

2
b~gC1h!G , ~8!
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whered5exp(2bD). It should be noted here that in derivin
of Eq. ~5!, we have used the relation

z1NA5z2NX , ~9!

wherez1 andz2 are the numbers of the nearest neighbors
theA andX (X5B or C) ions, respectively. The values ofz1
and z2 are fixed and controlled by the stoichiometry of t
system. In the case of the above-mentioned Prussian-b
like compound, which forX/A displays a 3:2 stoichiometry
there isz156 andz254 ~Ref. 14!.

Now, by minimizing the free energy~5! with respect to
gA ,gB , andgC , we determine these parameters in the fo

gA5z1~JABmB1JACmC!, gB5z2JABmA ,

gC5z2JACmA . ~10!

The mean-field properties of the present system are
given by Eqs.~5!–~8! and~10!. For example, the total mag
netization per site is obtained from the free energy:

M52
]gmin

]h
5

1

N
@NAmA1NX~mB1mC!#. ~11!

There can be, in general, several triplets of solut
(mA ,mB ,mC) for Eqs.~6!–~8!, and the triplet chosen is tha
which minimizes the free energy in Eq.~5!. So the detailed
analysis of the phase diagrams must be performed num
cally. Nevertheless, some parts of the phase diagrams ca
discussed analytically. For instance, close to the seco
22440
f

e-

en

n
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order phase transition from the ordered state (mAÞ0,mB
Þ0,mCÞ0) to the paramagnetic one (mA5mB5mC50),
the sublattice magnetizationsmA , mB , and mC are very
small, for h50, and we may expand Eqs.~6!–~8! into the
form

mA5A1gA1A2gA
31A3gA

51A4gA
71•••, ~12!

mB5B1gB1B2gB
31B3gB

51B4gB
71•••, ~13!

mC5C1gC1C2gC
3 1C3gC

5 1C4gC
7 1•••, ~14!

where the coefficientsAi , Bi , and Ci ( i 51 –4) are func-
tions of b, D, and p. These coefficients, because of the
complexity, are not given here. Now, by substituting Eq
~13! and~14! into Eq.~12! and retaining the terms untilmA

7 ,
one obtains

mA5amA1bmA
31cmA

51dmA
71•••, ~15!

where, for instance, the coefficienta is given by

a5
1

4
z1z2~bJAB!2

91d2

11d2 F 2p

21d

1
~12p!

4

2519d41d6

11d41d6
R2G , ~16!

with R5uJACu/JAB .
5-3
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In this way, critical and some multicritical points are d
termined as follows27: ~i! second-order transition lines occu
when a51 and b,0, ~ii ! tricritical points whena51, b
50, andc,0, and~iii ! fourth-order points whena51, b
50, c50, and d,0. Note that we have found that th
seventh-order coefficientd in the expansion~15! is negative
in the entire (T,D,p,R) space and thus the highest-ord
multicritical entity in this system is the fourth-order point.

III. RESULTS AND DISCUSSION

In this section we shall present and discuss the results
have obtained for the temperature phase diagrams, toge
with the temperature dependence of the sublattice mag
zations~just in some most interesting cases!. However, for
the sake of completeness, we begin with a brief discussio
the ground state which is relevant for understanding of
phase diagrams at finite temperature.

At zero temperature, because of the competing effect
tween exchange interactions and negative single-ion an
ropy strength, possible ground states in a@SA,SB,SC# repre-

sentation are@ 3
2 ,1,2 5

2 #, @ 3
2 ,1,2 3

2 #, @ 3
2 ,1,2 1

2 #, @ 3
2 ,0,2 5

2 #,

@ 3
2 ,0,2 3

2 #, @ 1
2 ,1,2 1

2 #, @ 1
2 ,0,2 5

2 #, @ 1
2 ,0,2 3

2 #, and @ 1
2 ,0,2 1

2 #,
for pÞ0 andpÞ1. On the other hand, forp50 andp51

the ground states are@SA,SC#[@ 3
2 ,2 5

2 # or @ 3
2 ,2 3

2 # or @ 1
2 ,

2 1
2 # and@SA,SB#[@ 3

2 ,1# or @6 1
2 ,0#, respectively. The latte

state, which appears belowD/JAB5218/7.22.5714, for
anyR, corresponds to the disordered phase: The spinsSB are
in the SB50 state, while the spins on sublatticeA are in
statesSA56 1

2 , distributed at random, with equal probabi
ties. Which one of the above states is the actual ground s
depends on the values of the three parametersR
5uJACu/JAB , D, and p in the ground-state energy obtaine
from the Hamiltonian~1!. Different values ofp therefore
lead to different ground-state phase diagrams in theR-D
plane. The boundaries between the regions in this plane
correspond to a particular ground state are obtained by p
wise equating the ground-state energies of neighbo
phases. A detailed discussion of the topology of the grou
state phase diagrams has been already presented in Re

Let us now turn to the finite-temperature phase diagra
of the system in theD-T plane obtained for different value
of the concentrationp and the interaction ratioR. While
second-order phase transition lines are easily obtained f
Eq. ~16! by settinga51, first-order phase transition line
must be determined by comparing the corresponding
energies of the various solutions of Eqs.~6!–~8! for the trip-
let (mA ,mB ,mC).

In particular, atD50, the critical temperatureTc is given
by

kBTc

JAB
5

1

4 H 5

3
z1z2@8p135~12p!R2#J 1/2

. ~17!

In Fig. 1, we show the variations ofTc as a function ofR for
different concentrationsp(q512p) of B(C) atoms. The
straight lines withp51 andp50.0 correspond to the critica
temperatures of the mixed-spin systems withSA5 3

2 , SB51
22440
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andSA5 3
2 , SC5 5

2 , respectively. For the former system wit
z15z2[z one recoverskBTc /zJAB5(5/6)1/2.0.9129, as in
Ref. 28, while for the latter system we obtainkBTc /zuJACu
5(5/4)(7/3)1/2.1.9094 which is nothing else than the crit
cal temperature of the mixed spin-3

2 and spin-52 Ising system
on a lattice with coordination numberz, in our approxima-
tion. Thus, by varyingp, we can realize a magnetic crossov
from the ferromagnetic mixed spin-3

2 and spin-1 to the ferri-
magnetic mixed spin-3

2 and spin-52 system. Further, it is eas
to see from this figure that forp.1.0 there exists a critica
value of the exchange interaction ratioRc5(8/35)1/2

.0.4781 such that, whenR.Rc , the critical temperature o
the ternary alloy is higher than that of the mixed spin-3

2 and
spin-1 Ising system. As seen from Eq.~17!, the value ofRc ,
at least within the mean-field theory, does not depend on
nearest-neighbor coordination number. On the other han
we fix R50, we have a mixed spin-3

2 and spin-1 Ising sys-
tem with dilution of theB sublattice~i.e., the sublattice con-
sisting of the spin-1 ions!. In this case, we can observe th
the transition temperature gradually reduces fromkBTc /JAB
5(1/2)(10z1z2/3)1/2.4.4721 atp51 ~or q[12p50) to
kBTc /JAB50 at the mean-field critical concentrationpc
50.

In Fig. 2, we present the critical temperature of the tern
alloy as a function ofp for various values ofR. The horizon-
tal line corresponds to the case ofR[Rc50.4781, such that
kBTc /JAB54.4721. In other words, the critical temperatu
of the mixed spin-3/2 and spin-1 Ising system forR
50.4781 is equal to that of the mixed spin-3

2 and spin-52
Ising one. Thus, in this special case the critical tempera
of the system is not changed even when the spin-1 ions
substituted by the spin-5

2 ions. It is also noteworthy that the
value of Rc50.4781 is very close to theR value of 0.45
considered in the experimental study of the ternary me
Prussian blue analog (Nip

IIMn12p
II )1.5@CrIII (CN)6#•zH2O.14

Further, it is seen from Fig. 2 that, for 0,R,Rc , the critical

FIG. 1. Phase diagram in theR-T plane for the ternary alloy
ABpC12p , when the concentrationp is changed.
5-4
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temperature of the ternary alloy is smaller than that of
mixed spin-32 and spin-1 system and decreases with the
crease ofp to rich its minimum value atp50. Moreover, if
R50.0, then we have a mixed-spin system withSA5 3

2 , SB

51 when only one~B! sublattice is being diluted. In this
case, the critical temperature vanishes at the mean-field c
cal concentrationpc50, as noted above. On the other han
for R.Rc , the critical temperature of the ternary alloy
higher than that of the mixed spin-3

2 and spin-1 system an
increases with the decrease ofp to reach its maximum value
at p50.

Let us now turn our attention to the phase diagrams
tained in theD-T plane for different values ofp, while we
restrict ourselves to theR[Rc50.4781 ~as mentioned
above, this value ofR is very close to that considered in th
experimental work14!.

For p51, a phase diagram topology with a tricritic
point (T), a triple point (Tr), and isolated critical point~C!

appears as shown in Fig. 3. The@ 3
2 ,1# ordered and paramag

netic ~P! phases are separated at low temperatures by a
order transition line starting atD/JAB522.5714 in agree-
ment with the ground state discussed briefly above. On
higher-temperature segment of this first-order line~above the

triple point! the @ 3
2 ,1# and@6 1

2 ,0# phases coexist, and at th
isolated critical point the two phases coalesce.

Typical sublattice magnetization curvesmA and mB ,
which correspond to the value ofD/JAB522.4, where the

@ 3
2 ,1#↔@6 1

2 ,0# first-order transition occurs atT.0 K, are
plotted in Fig. 4, where the first-order transition is indicat
by a vertical dashed line. It should be noted here that
nonzero solution for the sublattice magnetizations in th
@6 1

2 ,0# phase becomes unstable at low temperatures~below
the first-order transition! and vanishes atT50 K in agree-
ment with the ground-state phase diagram.24 Therefore, this
higher-temperature ordered phase comes into existence

FIG. 2. Phase diagram in thep-T plane for the ternary alloy
ABpC12p , when the interaction ratioR is changed.
22440
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the ground-state@6 1
2 ,0# disordered phase. In other word

the @6 1
2 ,0# ground state turns, asD/JAB increases, into a

ordered ferrimagnetic phase, which has been denoted in
3 again by the same symbol—i.e.,@6 1

2 ,0#. We envision the
following origin of mAÞ0 andmBÞ0 in the@6 1

2 ,0# ordered
phase: ForD/JAB.22.4217, theSB511 ~or 21 as well!
spin states on sublatticeB may be populated atTÞ0 K,

FIG. 3. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp51.0 with a tricritical pointT, a triple pointTr, and
an isolated critical pointC. The solid and dashed lines indica

second- and first-order phase transitions, respectively.@
3
2 ,1# and

@6
1
2 ,0# are ordered ferromagnetic phases andP is the paramagnetic

phase.

FIG. 4. The thermal dependences of the sublattice magne
tions mA and mB for the ternary alloyABpC12p with R50.4781,
p51.0, andD/JAB522.4.
5-5
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which simply corresponds to the introduction of magne
atoms in the sublatticeB, since they are active as regar
producing ferromagnetic ordering. This group of spins
then connected by the nearest-neighbor bonds with spins
longing to the sublatticeA, forming an infinite cluster which
can be ordered at higher temperature. Of course, this is
mean-field behavior and, therefore, it would be also inter
ing to check whether this phase indeed emerges in the sy
by using alternative technique~Monte Carlo, renormalization
group!.

Further, it is seen from Fig. 3 that at22.4217,D/JAB
,22.4060 there is a reentrant behavior; i.e., theP2
@6 1

2 ,0#2P sequence of phases is encountered as temp
ture is lowered. The phenomenon may be caused by the c
petition between the exchange interaction and nega
single-ion anisotropy strength.

On the other hand, forp50 andR50.4781, no tricritical
and triple points are found~Fig. 5! and the second-orde
transition line between ferrimagnetic and paramagn
phases extends toD/JAB→2`. Moreover, there is a line o
first-order transitions situated within ferrimagnetically o

dered region, separating the@ 1
2 ,2 1

2 # and@ 3
2 ,2 3

2 # phases and
terminating at an isolated critical point~C! at which the or-
dered phases coalesce. We note that the line of first-o
transitions exhibits a small reentrant behavior~see inset of
Fig. 5! and goes to zero temperature at a value ofD/JAB
corresponding toD/JAB52(12/5)R, which is on the bound-

ary of the@ 3
2 ,2 3

2 # and @ 1
2 ,2 1

2 # phases in the ground stat
The lines of transitions from Fig. 5 are reminiscent of tho
occurring in the spin-32 Blume-Capel model.30,31 It is also
noteworthy that, forp50 andR50.4781, there is no finite

FIG. 5. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp50.0 with an isolated critical pointC. The solid and
dashed lines indicate second- and first-order phase transitions

spectively.@ 1
2 ,2 1

2 # and @
3
2 ,2 3

2 # are ordered ferrimagnetic phase
and P is the paramagnetic phase. The inset shows the first-o
transitions in the low-temperature region on an enlarged scale.
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temperature transition between the@ 3
2 ,2 3

2 # and @ 3
2 ,2 5

2 #
phases, but only at zero temperature in the first-order tra
tion point between them, atD/JAB.20.7171, the new

phase emerges characterized by the@ 3
2 ,22# state.~Due to

the lack of space the symbols,@ 3
2 ,2 5

2 # and@ 3
2 ,22# are omit-

ted in Fig. 5.! It indicates that at this point in the ground sta
the spin configuration ofSj

C in the system consists of th
mixed state; half of the spins on the sublatticeC are equal to
2 5

2 ~or 1 5
2 as well! and the other half are equal to2 3

2 ~or
1 3

2 as well!. It is seen from Fig. 6 that theC sublattice
magnetization curves for values ofD/JAB from both sides of
the point where the mixed state occurs may exhibit so
unusual features. For values ofD/JAB slightly below
20.7171, the magnetization curveumCu may exhibit a rather
rapid increase from its saturation value atT50 K, while for
values of D/JAB slightly above20.7171 there is a rapid
decrease ofumCu from the saturation value with the increas
in T. On the other hand, for all values ofD/JAB the sublattice
magnetizationmA may show normal behavior, even though
is coupled tomC .

We now turn to the situation when 0,p,1 and R
50.4781. In this case we obtain five topologically differe
types of phase diagrams reported in Figs. 7–10.

In Fig. 7, for p50.8, the two ordered phases are sep
rated, at low temperatures, by a first-order transition li
starting atD/JAB.22.3396, atT50 K, corresponding to
D/JAB526@3p1R(12p)#/(413p), which is on the

boundary of the@ 3
2 ,1,2 1

2 # and @ 1
2 ,0,2 1

2 # phases in the

ground state. The@ 1
2 ,0,2 1

2 # ordered phase terminates at
second-order transition line which starts from a critical e
point ~E! and extends toD/JAB→2`. The higher-
temperature segment of the first-order line above a tr
point (Tr), on which two ordered phases again coexist, t

re-

er

FIG. 6. The thermal dependences of the sublattice magne
tions mA and mC for the ternary alloyABpC12p with R50.4781
andp50.0, when the value ofD/JAB is changed.
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minates itself at a isolated critical point (C). This higher-
temperature picture is similar to that forp51.0, with except
that now a reentrant behavior does not occur. It should
noted here that for increasingD/JAB from D/JAB
.22.3396, when the sequence of ground states forR

FIG. 7. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp50.8 with a tricritical pointT, a triple pointTr, a
critical end pointE, and an isolated critical pointC. The solid and
dashed lines indicate second- and first-order phase transitions

spectively. @
1
2 ,0,2 1

2 # and @
3
2 ,1,2 1

2 # are ordered ferrimagnetic
phases andP is the paramagnetic phase.

FIG. 8. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp52/3 with a tricritical pointT, a critical end pointE,
and two isolated critical pointsC,C8. The solid and dashed line
indicate second- and first-order phase transitions, respecti

@
1
2 ,0,2 1

2 #, @
1
2 ,0,2 1

2 #8, and @
3
2 ,1,2 1

2 # are ordered ferrimagnetic
phases andP is the paramagnetic phase.
22440
e
50.4781 is@ 3

2 ,1,2 1
2 #, @ 3

2 ,1,2 3
2 #, and @ 3

2 ,1,2 5
2 # ~see Ref.

24!, there occur on the boundaries between different pha
only mixed-spin states, likewise in the case ofp50.0. Such
mixed-spin states in the ground state are also observed o

re-

ly.

FIG. 9. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp50.4 with a tricritical pointT, a critical end pointE,
and three isolated critical pointsC,C8,C9. The solid and dashed
lines indicate second- and first-order phase transitions, respecti

@
1
2 ,0,2 1

2 #, @
1
2 ,0,2 1

2 #8, @
1
2 ,1,2 1

2 #, and @
1
2 ,1,2 1

2 #8 are ordered fer-
rimagnetic phases andP is the paramagnetic phase. The inset sho
a closer view in the boxed region around the critical end pointE.

FIG. 10. Phase diagram of the ternary alloyABpC12p for R
50.4781 andp50.1 with an isolated critical pointC. The solid and
dashed lines indicate second- and first-order phase transitions

spectively. @
1
2 ,1,2 1

2 # and @
3
2 ,1,2 3

2 # are ordered ferrimagnetic
phases andP is the paramagnetic phase. The inset shows the fi
order transitions in the low-temperature region on an enlarged sc
5-7
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boundaries between different phases for another valuesp
considered below; however, we will not discuss them.

For p52/3, a new type of phase diagram appears~Fig. 8!
in which the first-order transition line separating the orde
and paramagnetic phases and starting at a tricritical p
(T), meets the second-order transition line at a critical e
point ~E! and terminates at an isolated critical point~C! in-
side the ordered phase. Thus in this case, the@ 1

2 ,0,2 1
2 # or-

dered phase exhibits distinct dense and dilute versions c
isting on the low-temperature segment of the first-order li
In addition, there is another line of first-order transitions th
separates the@ 1

2 ,0,2 1
2 # and@ 3

2 ,1,2 1
2 # phases and terminate

at an isolated critical point (C8). This line starts at zero
temperature at value ofD/JAB.22.1594 again given by
D/JAB526@3p1R(12p)#/(413p).

As p is lowered, we obtain a phase diagram~Fig. 9! with
two first-order line segments inside the ferrimagnetic pha

on which two ferrimagnetic phases—namely, the@ 1
2 ,1,2 1

2 #

and @ 1
2 ,0,2 1

2 # phases—exhibit distinct densities~different
sublattice magnetizations at nonzero temperature!. It is seen

from Fig. 9 that the first-order@ 1
2 ,1,2 1

2 #/@ 1
2 ,1,2 1

2 #8 bound-
ary rises from an isolated critical point~C! at a low tempera-
ture and terminates at another isolated critical point (C8).
On the other hand, the first-order line segment, on which

@ 1
2 ,0,2 1

2 # and@ 1
2 ,0,2 1

2 #8 phases coexist, starts at an isolat
critical point (C9) and meets the second-order transition li
at the critical end point~E! ~see the inset of Fig. 9!. These
coexisting phases, four in number when sublattice magn
zations6(mA ,mB ,mC) and 6(mA8 ,mB8 ,mC8 ) are taken into
account, are the phases that become mutually critical at
fourth-order point, occurring at the stability limit of tricriti
cality, given byp.0.3288,D/JAB.22.1279, andkBT/JAB
.0.5659. In other words, the fourth-order point is located
the intersection of the line of tricritical points (T8), the line
of isolated critical points (C9), and the line of critical end
points (E). Thus, for p,0.3288 an additional tricritica
point (T8) occurs at low temperatures on the line separat
the paramagnetic phase from the ordered ones~this simple a
fourth type phase diagram is not shown here!. For p
.0.2443, the two tricritical points coalesce atD/JAB.
21.8116 andkBT/JAB.0.6865. Thus for 0,p,0.2443
there is only a second-order transition separating the fe
magnetic and paramagnetic phases, as can be seen in Fi

where also a first-order@ 1
2 ,1,2 1

2 #/@ 3
2 ,1,2 3

2 # transition ap-
pears at low temperature. This low-temperature first-or
phase transition starts at the value ofD/JAB.21.2263 sat-
isfying D/JAB526@p12R(12p)#/@213(12p)# ~also see
the inset of Fig. 10! and terminates at an isolated critic
point (C).

The tricritical behavior of the system discussed above
clearly shown in Fig. 11 where the solid line denotes proj
tion of the stable tricritical line along theD/JAB direction
and the star indicates the position of the fourth-order poi

IV. CONCLUSIONS

In this work, for the first time we have determined th
phase diagrams of the mixed ferromagnetic-ferrimagn
22440
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ternary alloy composed of three different metal ions w
spins 3

2 , 1, and 5
2 in the presence of an equal single-io

anisotropy strength for the three sublattices. The calcula
was performed within the MFA based on the Bogoliub
inequality for the Gibbs free energy. Depending on the v
ues of the parameters in the model Hamiltonian, the ph
diagram in theD-T plane exhibits a quite rich structure, wit
several multicritical points of various kinds. The highes
order multicritical entity is the fourth-order point. Thus, th
model provides an unusually rich laboratory for studying
number of phase transitions, critical and multicritical ph
nomena within the framework of a one single approach.

To the best of our knowledge, the phase diagrams w
fourth-order points have been obtained in the mean-fi
Ising model in the presence of a random field obeying
symmetric three-peak distribution,32 the BEG model with a
repulsive biquadratic coupling,33 and the random-site binar
ferromagnetic Ising model consisting of spin-1

2 and spin-1
with a single-ion anisotropy.34 Therefore, the ternary alloy
based on the Prussian blue analog with a single-ion ani
ropy represents the another system which, at least accor
to the MFA, exhibits a fourth-order point.

Furthermore, one should notice that in the realABpC12p
ternary alloy it may be reasonable to include at least t
different anisotropy field strengthsDA and DX on the spins
SA andSX (X5B or C), respectively. The inclusion of dif-
ferent anisotropies in the present method can be d
straightforwardly, as has been accomplished in a correspo
ing study of the mixed spin-1 and spin-3

2 Ising system.27,28

However, this could be a subject of a separate work.
Finally, we would like to point out that our results hav

the well-known deficiencies of the MFA.~It predicts, for
instance, a zero value of the critical concentration for dilu
magnets. Fortunately, this does not seem to be relevan

FIG. 11. Projection of the line tricritical points along theD/JAB

axis. The solid line represents the positions of stable tricriti
points and the star corresponds to the projection of the fourth-o
point.
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MULTICRITICAL POINTS IN THE MIXED . . . PHYSICAL REVIEW B 68, 224405 ~2003!
the case of the ternary Prussian blue analog, where all
are always occupied by the spins.! Moreover, the numerica
calculations presented here were mostly restricted to the
R5Rc . Notwithstanding these limitations, we believe th
the main qualitative conclusions, in particular those conce
ing the phase diagrams, are correct~also see the conclusio
in Ref. 15! and some phenomena found in this work can
useful to understand the general properties of a ternary a
Of course, the accuracy of the obtained results could be
ther increased by using more reliable methods such as M
Carlo simulations or the renormalization-group approa
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