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We introduce a mechanism for itinerant ferromagnetism, based on a simple two-band model. The model
includes an uncorrelated and dispersive band hybridized with a second band which is narrow and correlated.
The simplest Hamiltonian containing these ingredients is the periodic Anderson (Radi¢). Using quantum
Monte Carlo and analytical methods, we show that the PAM and an extension of it contain the mechanism and
exhibit a nonsaturated ferromagnetic ground state in the intermediate-valence regime. We propose that the
mechanism, which does not assume an intra-atomic Hund’s coupling, is present in both the iron group and in
somef electron compounds like Ce(RhRu,)3B,, LaCe _,RhB,, and the uranium monochalcogenides
US, USe, and UTe.
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I. INTRODUCTION model, provides the exchange interactigntra-atomic in
this casg necessary for ferromagnetism. Hence he calculated
This work is an extension of a previous letteshere we  the effective nearest-neighbor magnetic interaction induced
have described the basic ideas. Here we introduce a differebly second-order perturbative fluctuations from et d°
mechanism for itinerant ferromagnetism, which is based on aonfiguration to thed®+d*°. In this way, van Vleck arrived
simple two-band model. We show that the mechanism is supat a model which describes itinerant and correlatedly
ported by the numerical results obtained from quantumallowing d® and d*° configuration$ holes with a nearest-
Monte Carlo(QMC) simulations of the periodic Anderson neighbor exchange interactionS-S; (generalized Heisen-
model (PAM). We also analyze the experimental conse-berg model. However, as van Vleck explained at the end of
quences for soméelectron compounds and the iron group. his papeP, the sign and the magnitude afare very sensitive
However, before describing the details of our mechanism, ito the precise values of the energies of the different possible
is useful to develop a historical perspective on itinerant ferintermediate stateinglets or tripletsin the d® configura-
romagnetism. tion.
The first attempt at analyzing a real FM metal, like Ni, In 1963, the one-band Hubbard model was proposed in-
was made by SlatérHe concluded that the main contribu- dependently by GutzwilletHubbard® and Kanamofito ex-
tion to the exchange energy is provided by intra-atomic inplain the metallic ferromagnetism in thel 3ransition metals.
teractions. In the meantime, Stohéntroduced his picture The Hubbard model incorporates the kinetic energy in a
where the metallic ferromagnetism results from holes in th&ingle nondegenerate bangith an intra-atomic Coulomb
3d band interacting via an exchange energy proportional teepulsionU to describe the electrons in tteband of the
the relative magnetization and obeying Fermi-Dirac statistransition metals. In contrast to the previous models, the
tics. However, the model considered first by Stdrerd later  Hubbard model does not include any explicit exchange inter-
by Wohlfart did not take into account the correlations of action which favors a ferromagnetic phase. The implicit
the 3d electrons, except for the constraints imposed by thejuestion raised by this proposal is: Can ferromagnetism
Pauli exclusion principle. In other words, they did not con-emerge from the interplay between the kinetic energy and the
sider the fact that the Coulomb repulsion tends to keep th€oulomb repulsion, or it is strictly necessary to include an
electrons apart. explicit exchange interaction provided by the intra-atomic
In 1953, the importance of these correlations was pointetHund’s coupling? This simple question becomes even more
out by van Vleck® He emphasized that the energy requiredrelevant if we considef-electron itinerant ferromagnets, like
to tear off an electron increases rapidly with the degree oCeRhB,,° whose only local magnetic coupling is antiferro-
ionization.(The energy of two Ni atoms in ad$ configura- magnetic.
tion is appreciably lower than having one atom in thaf 3 Unfortunately, with the exception of Nagaokd'sand
state and the other one ird¥.) Based on this observation, Lieb's'>!® theorems, the subsequent theoretical approaches
he proposed an alternative pictureinimum polarity model  were not controlled enough to determine whether the Hub-
where the states of higher ionization in Ni are ruled out com-bard model has a ferromagnetiéM) phase. The central is-
pletely, and the configurationd3* is considered to be 40% sue is the precise evaluation of the energy for the paramag-
3d'%and 60% percentd. The lattice sites occupied byd®  netic (PM) phase. Because it does not properly incorporate
and 3 configurations are continuously redistributing in his the correlations, mean-field theory overestimates this energy
picture. The van Vleck proposal is the precursor of the Huband predicts a large FM regidfiIn contrast, numerical cal-
bard model for infiniteU. culations have narrowed the extent of this phase to a small
Following Slatef van Vleck speculated that the con- region around the Nagaoka poift'®
tamination by states of higher polarity, not included in his Going beyond the simple one-band Hubbard model has
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been advocated, for instance, by Vollhaedtal* They note Our previoud’ and new QMC results qualitatively agree
that the inclusion of additional Coulomb density-density in-with the DMRG work; however, the phases we find quanti-
teractions, correlated hoppings, and direct exchange interatatively and qualitatively disagree with those derived from
tions favors FM ordering in the single-band Hubbard modelthe mean-field approximations. Quantitatively, we find ferro-
In fact, a very simple analysis shows that increasing the dermagnetism in a narrower doping range than the one predicted
sity of statesD(E) below the Fermi energ§r and placing Py the DMFT and SBMFT calculatior}s. For fillings betwegn
Er close to the lower band edge increases the FM tendency/8 and 1/2, QMC predicts a PM region, whereas mean-field
One can achieve this by including a next-nearest-neighbdf€ory predicts ferromagnetic states in part of that region. In
hoppingt’ or by placing the hoppings on frustratéabnbi- fact, at a f|I.I|ng of 3/_8 where 'DMFT _calculatlons pre(;ilct
partite) lattices. The effectiveness of was studied numeri- férromagnetism, we find a spin-density-wave state with a
cally by Hiubinaet all® for the Hubbard model on a square Wave vector equal toz,0) or (Og).

lattice. They found a FM state when the van Hove singularity The mechanism we introduce in the present paper oper-

in D(E) occurred aEr . However, this phase was not robust 81€S when the system is in a mixed-valence regime. This
against very small changes in. regime has been studied numerically only in the context of

While the Hubbard model is so reluctant to have a EMPMFT.?® We will show, however, that the ferromagnetic so-

state, there is an increasing amount of evidence indicatinfj/tion obtained with DMFT in the mixed-valence regime has

that the periodic Anderson modéPAM) has a FM phase in & dn‘fere_nt origin andl th.erefor(_e is not representative of our
a large region of its quantum phase diagratf-*°Since the mechanism. The main mgredlem fqr our mecham;m is an
d orbitals of the transition metals are hybridized with the uncorrelated dispersive band which is hybridized with a cor-
—p bands, we can consider the inclusion of a second band 4§!atéd and narrow band. We show that the PAM supports

the next step in the search of itinerant ferromagnetism fronUr mechanism by doing quantum Monte Ca@QMC)
pure Coulomb repulsions. simulations on one- and two-dimensional lattices. The results

Ferromagnetism is readily found in the PAM by various of these simulations are interpreted with an effective Hamil-
mean-field approximations in any dimension. For exampletonian derived from the PAM. In this way, we establish that

using a slave-boson mean-field the¢®BMFT) for the sym- the mechanism can be interpreted as a generalization to the
metric PAM. Mdler and Wafe?! found a PM or antiferro- lattice of the first Hund's rule for the atom. The two level

magnetidAF) phase at half filling depending on the value of band structure generated by the hybridization gap recreates,
the Coulomb repulsioty. More recently, the SBMFT calcu- for the lattice, the shell-like level structure of the hydrogenic
lations of Doradziski and Spale%(’-'Z?’fou’nd wide regions of atom. When the lower shell is incomplete, the local part of

ferromagnetism in the intermediate valence regime that suf® Coulomb interaction is minimized by polarizing the elec-
prisingly extended well below 1/4 filling. trons which are occupying the incomplete shell.

As another example, a ferromagnetic phase is also ob-
tained when the dynamical mean3—(1;ield the@MFT) (Refs. Il. MODEL
a— 1 i 4_ i -
31-39 is a_pplled to the PAM‘ Tahwldar Z.adehet al. The PAM was originally introduced to explain the prop-
found a region of ferromagnetism and studied its temperature . L ! :
: .érties of the rare-earth and actinide metallic compounds in-
dependence. At very low temperatures, their ferromagnetic, . ;
; . . . Cluding the so called heavy fermion compounds. A very
region extended over a wide range of electron fillings and in’.

many cases embraced the electron filling of 3/8. More re—Slmple extension of this model can also be applied to the

. . . 36 . . .-
cently Meyer and Nolting~*° appended perturbation theory description of many transition metaf$2® The basic ingredi

: . nts of this model are a narrow and correlagdzhnd hybrid-
to DMFT and also predicted ferromagnetism over a broa . . :
- . - .1zed with a despersive and uncorrelatetand. The Hamil-
range of electron filling extending below 1/4 filling. In addi-

tion, Schwieger and Noltifg also considered an extension tonian associated with this model is
of the PAM, similar to the one considered here, to estimate _

. e X H=Hy+Hy
the importance o6—d hybridization for the magnetic prop-
erties of transition metals.

There is also a considerable amount of numerical evi- Ho=—t, >, (a;faar,g+a:,aam)+eaz nd,
dence showing ferromagnetic solutions for the ground state 'y, o ro
of the PAM. Noack and Guerrerd,for example, found par-
tially and completely saturated ferromagnetism using the —ty > (b:obru# b:,obr‘r)
density-matrix renormalization-groufDMRG) method in (rr'),o
one dimension. They considered a parameter regime where
there is one electron in eadlorbital. For a sufficiently large +Vv>, (bl a,+al b,),

r,o

value of U, the model exhibited a ferromagnetic ground

state. Beyond an interaction-dependent value of the doping

and a doping-dependent value UOf this state disappeared. H _B 2 N2 nd- )
The ferromagnetic phase was a peninsula in a phase diagram UTp & oo

that was otherwise a sea of paramagnetism except at 1/4 and

1/2 filling where the ground state of the PAM was antiferro-whereb], anda/, create an electron with spin in b anda
magnetic. orbitals at lattice site¢ and n?l,zafl,a,(,. Thety andt, hop-
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before being hybridizede,> — 2t,,). We see a small region

in the center of the lower band which is dispersive and large
\4 v regions on both sides which are nearly flat. The upper band
exhibits the opposite behavior. The nearly flat regions in each
band correspond to states with a predominartharacter,
while the dispersive regions are associated to the states with

A

~ 5
:Lr—"'f'H\ iL,_aH_f_f__ga b character.
¢

IIl. MECHANISM FOR FERROMAGNETISM

FIG. 1. lllustration of the effective model and the FM mecha-  The PAM has different regimes depending on the values
nism. A is the hybridization gap and, is the interval of energy  of jts parameters and the particle concentratioANy/4N
where the electrons are polarized. (N, is the total number of particles and is the number of

, _ , unit cells. If V<|e,| andV<|U+¢,|, there is one particle
pings are only to nearest-neighbor sites. Whgn 0, the nagnetic momeptocalized in eacta orbital, and the fluc-
Hamiltonian is the standard PAM. For tfieelectron com-  yations to the conduction band can be considered in a per-
pounds, thea and b orbitals play the role of thé andd ¢, hative way. By this procedure, the PAM can be reduced to

orbitals, and,~0. For transition metals, they correspond t0 the kondo lattice modelKLM ),%” which contains only one
the 3d and 4 orbitals. Unless otherwise specified, we will parameted, /t with '

sett,=1.
For U=0, the resulting Hamiltoniai, is easily diago- O(eP—E E.—eb
nalized: Je=V2 (bk ) 2 ks (@)
k e— €, e,+U—g,

Ho=> (E{ BloBuo+Ex alaiy), (2)  andt=t,. The KLM has been extensively studi&t,** and
7 the evolution of its phase diagram is described for instance in
where the dispersion relations for the upper and the lowea review article by Tsunetsuget al*? One of the earliest
bands are approaches to the KLM is the mean-field treatment of
L Doniach® for the related one-dimensional Kondo necklace.
+ b, a, B a3 5 3 For half filling, this approximation leads to a transition from
B =z lectea Viec—e) +4avil, 3 2 Neel ordered state in the weak-coupling regindg €/|t|)
to a nonmagnetic “Kondo singlet” state above the critical
value J; =t.
D Lacroix and Cyrdt® did a more extensive mean-field
eE=—2th cosk, , treatment for three-dimensional KLM. They also found a
i=1 ' magnetically ordered state for weak coupling. In their phase
diagram, the ordered state is ferromagnetic for low and in-
termediate densities of conduction electrons, and antiferro-
magnetic in the vicinity of half filling. The Kondo singlet

) o _ ) phase appears above some critical valuelpfn) in the
for a hypercubic lattice in dimensidd. The operators which \yhole range of concentrations.

create quasiparticles in the lower and upper bands are Using another mean-field treatment for the one-
g t dimensional KLM, Fazekas and Mer-Hartmani* obtained

¥y = Ui+ VibDkos a phase diagram containing only magnetically ordered

phases: spiral below some critical value Jyf/t which de-

with

D
el=e,— ZtaE1 cosky | (4)
“

Bro= ~ Uiy T Ui, 5) pends on the particle density and ferromagnetic above this
with value. To get this result, they fixed the orientation of the
localized spins in a spiral ordering and minimized the total
ES—e? energy with respect to the wave vector of the spiral. Even
W= though this treatment of the spin polarized state is valid for
V(EK —&)°+V classical spins, it neglects completely the Kondo singlet for-
mation which occurs in the strong-coupling limit for the con-
_ Y sidered case§=1/2).
ok VE; —ed)Z+Vv2 ©) Sigristet al* gave an exact treatment of one-dimensional

KLM for the strong-coupling regimdy>t finding a ferro-
The noninteracting bands, are plotted in Fig. 1 for a one- magnetic phase for any particle density. However, it is im-
dimensional system. IfV|<]|t,|, we can identify regions portant to remark that the mechanism driving the ferromag-
with well defineda or b character in the lower and the upper netism in the latter case is not the same as the double
bands. In particular, the case illustrated in Fig. 1 correspondsxchange mechanism associated with the mean-field solution
to a situation where tha and theb bands were crossing of Fazekas and Mler-Hartmann®* To understand this dif-
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L L R — In Fig. 1, we illustrate théone-dimensionalnoninteract-
ing bands for the case of interegt; close toEgx and above
the bottom of theb band. If|V|<]|t,|, we can identify two
subspaces in each band where the states have &ithgr
subspackor a (¢ subspackecharacter. The size of the cross-
over region around the points where the original unhybrid-
izedb anda bands crossed is proportional [t@/t,|; that is,

it is very small. The creation operators for the Wannier or-
bitals ¢, and ¢, associated with each subspace are

2 eik-rIBIU_i_ 2 eik'ralg

keK” keK=<

_1
: ' | | : wnf_wﬁq

Irl

elk ra, + |k ot pt
FIG. 2. Weightsw, andw, as a function of the distande| for \/—[k§> ko k§< Prs

a one-dimensional system.

: ®

whereN is the number of sites. The subs&ts andK = are
ference, we just need to notice that fyr/t=oc mean field? ~ defined by K™={k:|u=]vy[} and K=={k:|vy|>[uy}.
predicts a ferromagnetic solution while the exact solution hasince theys and theg subspaces are generated by eigenstates
a complete spin degeneracy. Therefore double exchange ® Ho, it is clear that both subspaces can only be mixed by
not the mechanism driving the ferromagnetic phase of théhe interacting ternidy, . Therefore in the new basis we have
KLM (at least when the localized spins &e 1/2).

The real mechanism has been unveiled by Sigisal** Ho=HE+HY= 2 o b, + E Ay

who used degenerate perturbation theory to determine the = . T by oo o
lifting of this degeneracy_whenlthe ratie /t becomes finite. with the hoppmgsﬁf, and ¥ given by the following expres-
The new ground state is an itinerant ferromagnet for any . ions:
concentration of conduction electrons. In this state, the spm%

which are not participating in the Kondo singlet are fully

polarized. We can see from their solution that the motion of { > eE+ > eRTE[ |, 9)
the Kondo singlets stabilizes the FM state in a way similar to kek” kek=

the Nagaoka’s solutioh: The second-order effective Hamil-

tonian obtained after the perturbative calculation includes iker iker
nearest-neighbor hopping2, plus a next-nearest-neighbor sz e 1B +k§ e Ex (10

correlated hopping’ which is ordert?/J, . Then there are
two different ways to move a Kondo singlet from one site to The segmented structure of teand the¢ bands introduce

its next-nearest neighbor: by two applicationst( or by ~ oscillations in the hoppings;’ and =" as a function of the
one application ot’. Only when the background is ferro- distancefr|.

magnetic do both processes lead to the same final state. If ~ Because th& term inH involves only thea orbitals, the

has the appropriate sigwhich is the case for the KLMRef. ~ matrix elements oH connecting thep and ¢ subspaces are
44)] the resulting interference is “constructive” and the FM small compared to the characteristic energy scales of the
state has the lowest energy. We can see in this example thatoblem(the matrix elements dfi within the subspacesTo

the motion of the Kondo singlet can stabilize a magneticsee this we express , as a function ofp/ andy! by first

phase. inverting Eqs.(6) and(8) to find
There are different regimes for which the PAM cannot be
reduced to a KLM by a perturbative approach. One of these m E W,_, ¢r W r/l/fr . (11)

situations corresponds to the intermediate-valence region:
~Eg. In this casen? is no longer close to 1 and the

electrons can move. In a recent pafpewe have demon-
strated that the ground state of the one-dimensional PAM is
ferromagnetic when the mixed-valence regime is induced by
a strong hybridization|{/|>|t,|,|t,]), U is infinite, and 1/2
<n<3/4. In this case the mechanism is exactly the same as
the one above described for the strong-coupling limit of the
KLM.** The mechanism that we describe below also oper-

where the weight§V, andw, are defined by

s ghrgs S e, }

keK” keK=<

= > ek + > ek } (12)

. . . . keK” keK=<
ates in a mixed-valent situatiofHg— €,|<|V|) but for a
different and more realistic region of parameterg}<|ty|. The value of these weights as a function of the distancis
Although both mechanisms could have common aspectqlotted in Fig. 2(for e,=—1.5, V=0.1, andt,=0). From
they also have important differences. Fig. 2 we can see thal/y is much larger than any other
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weight. This is so because tlfeorbitals have predominantly stricted delocalization is a direct consequence of Heisen-
a character, while thes orbitals have mostly character in  berg’s uncertainty principle, and the resulting localization
the considered region of parameters. Therefore we can apength depends on the wave vectors where the oridirzaid
proximate the creation operataf, by a bands crossed. These wave vectors define the Ak} ¢f
each shell. The energy cost for occupying thstates in the
upper shell is proportional to the hybridization gapwhich
a;rv%; Wi, 13 for |t,|<|t,] andt,>0 is given by

As a consequence of this approximation, gheubspace be- A=D[(e,/2+Dt,— Dt,)%+V2—2t,
comes invariant under the application léf In addition, be- s
cause|Wy|>|W, | (see Fig. 2 we can establish a hierar- +V(€a/2+ Dty — Dta) "+ V2= 2ty . (16)

chy of terms where the lowest order one corresponds to &herefore ifU is the dominant energy scale in the problem

simple on-site repulsion, andA> §,, the FM state lies lower in energy than the non-
magnetic state. Under these conditions, the effective FM in-
Hgffzgzr ”?T”?l’ (14) teraction is proportional to the hybridization gap

This mechanism for ferromagnetism on a lattice is analo-
- gous to the intra-atomic Hund’s mechanism polarizing elec-
with U=U|W|* andn’, = ¢! ;6. ,. The next order terms, trons in atoms. In atoms, we also have different degenerate
containing three and twV, factors, are much smaller and (the equivalent of5, is zerg shells separated by an energy
are essentially the same as the intersite interactions which i§ap. If the valence shell is open, the electrons polarize to
the past were added to the Hubbard model to enhance thg/oid the short-range part of the Coulomb repulsiagain
ferromagnetisnt reflecting the Pauli exclusion principleThe energy of an
Adding Hg;; to Hy we get the effective Hamiltonian eventual nonmagnetic state is proportional either to the mag-
nitude of the Coulomb repulsion or to the energy gap be-
tween different shells. The interplay between both energies

_ gt ¢ 0 ¢ ¢
Hetr= 20 (/- iyt T brotbir) + U2 e - sets the scale of Hund’s intra-atomic exchange coupling.

o r

(15
The ¢ and ¢ orbitals form uncorrelated and correlated non- V. NUMERICAL METHOD
hybridized bandsH;;=H"+H?. For the¢ orbitals we ob- Our numerical method, the constrained-path Monte Carlo

tain an effective one band Hubbard model with the peculiafCPMC) method, is extensively described and benchmarked
double-shell-like dispersion relation shown by the thick lineselsewheré®4’ Here we only discuss its basic features, as-
in Fig. 1. sumptions, and special details about our use of it.
Particularly fort,=0, H? has a very large density of In the CPMC method, the ground-state wave function
states in the lower shell of the band* which is located near | W) is projected from a known initial wave functigi )
€,. From Fig. 1 it is also clear that the electrons first doublyby a branching random walk in an overcomplete space of
occupy the uncorrelate¢t band states which are belosy.  Slater determinant$¢). In such a space, we can write
However, when the system becomes mixed valent becaug@,)=3 ,c,|#), wherec,>0. The random walk produces
Er gets close t&,, the electrons close to the Fermi level go an ensemble df), called random walkers, which represent
into some of the correlatee states. The interaction term |W¥) in the sense that their distribution is a Monte Carlo
HYs¢, combined with the double shell band structurédgf,  sampling ofc,/Z4cy, that is, a sampling of the ground-
gives rise to a FM ground sta{&9): The electrons close to state wave function.
Er spread to higher unoccupiédstates and polarize, which To completely specify¥ ), only determinants satisfying
causes the spatial part of their wave function to become an¥ | ¢)>0 are needed becaug¥,) resides in either of two
tisymmetric. This process eliminates double occupancy irdegenerate halves of the Slater determinant space, separated
real space and reduces the Coulomb repulsion to zero. ThH®/ a nodal plane. In the CPMC method the fermion sign
cost of polarizing is just an increase in the kinetic energyproblem occurs because walkers can cross this plane as their
proportional tos,~hvgdy, Wherevg is the Fermi velocity orbitals evolve continuously in the random walk. Withaut
and &, is the interval ink space in which the electrons are priori knowledge of this plane, we use a trial wave function
polarized. |W1) and require(¥|¢)>0. The random walk solves
To determine the stability of this unsaturated FM state, weSchralinger’'s equation in determinant space, but under an
compare its energy with that of the PM state. If we were toapproximate boundary condition. This is what is called the
build a nonmagnetic state with only the states of the lower constrained-path approximation.
shell, we would find a restricted delocalization for each elec- The quality of the calculation depends on the quality of
tron because of the exclusion of the finite set of band statethe trial wave functionW;). Fortunately, extensive testing
(k state$ which belong to the upper shell. To avoid the Cou-has demonstrated a significant insensitivity of the results to
lomb repulsionJ for double occupying a given site, the elec- reasonable choices: Since the constraint only involves the
trons need to occupy ak states. This means they have to overall sign of its overlap with any determinant), some
occupy the¢ states in the upper and lower shells. This re-insensitivity of the results t6¥ 1) is expected.”46=>°
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Besides, as a starting point and as a condition constrainingowever, the energy scale of the first state is much larger
a random walker, we also u$® ;) as an importance func- than the RKKY interaction which characterizes the second
tion. Specifically, we usé¥|¢) to bias the random walk one. The existence of a crossover region between both states
into those parts of Slater determinant space that have a larg@uld explain the fact that there are sorfrelectron com-
overlap with the trial state. For all three uses|df;), it pounds for which it is very difficult to determine whether
clearly is advantageous to haj# ;) approximate|¥,) as they are itinerant or localized ferromagnets. Note that,iis
closely as possible. Only in the constraining of the path doe#creased continuously from the localized limitegy(
| ) #|¥y) in general generate an approximation. <—2D|ty|), the Fermi level practically does not change at

We constructediy) =11 ,,| $7) from the eigenstates of the the beginning. However, whee, reachesEg, the Fermi
noninteracting problem. Because the total armbmponent level starts to followe, until all the a electrons are com-
spin angular momentung andsS,, are good quantum num- pletely transferred from the to theb band. Concomitantly,
bers, we could choose unequal numbers of up and dowthe character of the conduction electrons changes continu-
electrons to produce trial states and hence ground states wigusly, first fromb to a and later froma back tob. Most of the
SZSZ:%(NT_NL)_ Whenever possible, we would simulate results that we include below correspond to this region of
closed shells of up and down electrons, as such cases usuapgrameters.
provided energy estimates with the least statistical error, but In addition, we will see that the QMC results fbir [Eq.
because we wanted to study the ground-state energy as(&)] are consistent with the simple picture derived from our
function of S, we frequently had to settle for just the up or effective model[Eq. (15)]. According to that picture, the
down shell being closed. In some cases, the desired value &#rromagnetic state in the mixed-valence regime should be
Scould not be generated from either shell being closed. Alsgimilar to a partially polarized noninteracting solution where
we would select the noninteracting states| #@) would be  the polarized electrons are the ones occupying the
translationally invariant, even if these states used did not af-Character orbitals. It is only in the crossover region of size
come from the Fermi sea. The use of unrestricted HartreeV?/|ty| (see Fig. 1, where the orbitals have a mixed charac-
Fock eigenstates to generatsf) instead of the noninteract- ter, that the correlations introduce an appreciable effect. This
ing eigenstates generally produced no significant improveeffect is the well-known Kondo-like singlet correlation be-
ment in the results. tween theb and thea electrons. However, it is important to

In particular, we represented the trial wave function as gemark that these Kondo singlets only exist in an energy
single Slater determinant whose columns areNhesingle-  interval V2/W (whereW is the d bandwidth), and therefore
particle orbitals obtained from the exact solutionrbf. We  the number of Kondo singlefiys is much smaller than the

chose the orbitals with lowest energies given By and number of magnetic momentSyy : Ngs/Nyy~VZ/W2.
filled them up to a desired number of electrdvs, This is a simple manifestation of the “exhaustion” phenom-

enon described by Noziesg'®? Since most of thea mag-
netic moments are ferromagnetically polarized, the role of
|¢T>=H al,o|0>, (17) these few Kondo singlets is marginal in our FM solution.
ko Therefore, for the mixed-valence regime with-1/4, thea
where|0) represents a vacuum for electrons. Since our calMagnetic moments which are not screenedbbglectrons
culations were performed for a less than full lower banddevelop an effective magnetic interaction as a consequence
only states from the lower band were used to construct th€f the interplay between the local Coulomb interaction and
trial wave function. the particular band structure. In other words, the “collective
In a typical run we set the average number of randonf<ondo state” which was proposed in the pastis replaced
walkers to 400. We performed 2000 Monte Carlo sweepdy band ferromagnetisr.
before we taking measurements, and we made the measure-In fact, the nature of local moment compensation in the
ments in 40 blocks of 400 steps. By choosing=0.05, we ~PAM differs qualitatively from that in the single impurity
reduced the systematic error associated with the Trotter agtnderson model’ In the PAM, if the ground state is a sin-
proximation to be smaller than the statistical error. In meadlet, then
suring correlation functions, we performed between 20 and

40 back-propagation steps. (S()D=— (SIS - D (SUSK)). (18)

V. QUANTUM MONTE CARLO RESULTS . . .
In the impurity model, the last term is absent, and the result-

In Sec. Ill, we have described a mechanism for itineraning expression is the analytic statement of the well-known
ferromagnetism which is present in the mixed-valence reClogston-Anderson compensation theorem that express the
gime forn>1/4. In addition, we mentioned that the systemcompensation of tha moment by the conduction electrons.
is also expected to be FM when thenagnetic moments are In the PAM, on the other hand, the last term dominates the
localized (V|<|Egr—€,]) because the effective Ruderman- first so thea moment is compensated largely by correlations
Kitted-Kasuya-YasidaRKKY) coupling is negative when induced among themselves.
the Fermi surface is smalkg~0). In this section we show To understand the nature of the FM solution, we plotted
that the itinerant and the localized ferromagnetic states arthe mean occupation number of the quasiparticle operators
continuously connected in the phase diagram of the PAMwhich diagonalize the noninteracting problésee Eq.(5)].
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FIG. 3. Mean values of the quasiparticle occupation numbers for
the noninteracting band states for the paramagisetid solution of
the PAM in a two-dimensional lattice. Legends;, (k) represents
lower-band occupation number of up spins,y(k) represents
upper-band occupation number of down spins, etc.

FIG. 5. Mean values of the quasiparticle occupation numbers for
the noninteracting band states for the paramagi®ti® solution of
the PAM in a chain.

Fig. 3). This difference can be understood in the following
This is shown in Fig. 3 for the lowest energy PNg=0) way: the polarizeda eleqtrons can Iogallge N momentum
space because the Pauli exclusion principle prevents double

state in a two-dimensional cluster of X422 unit cells. We occupancy in real spadghe spatial wave function is com-
can see that thie-character states of the lower band are close pancy P P

to being doubly occupied. In contrast, theharacter region pletely antisymmetric Therefore the electrons do not need
) . to occupy the upper band states and the energy increase due
has a smaller occupation number@.7). It is remarkable

that the populations of th&character states in the lower and tzoe:2earrﬁgﬂl,st'\gefuefs(r;?ofspgggﬁrtl?:al tLdewcFeikt.erTQfe ﬂ?gnl; er
the upper bands are very similar. This delocalization in th pying PP

momentum space iect consequence of e tendency T2 £ A0omeE o e oSz egons B aien,
avoid double occupancy in the real space. This indicates th P :

the energy increase of the PM state due to the inclusids of € electrons occupying the_se states are not polarized, the
is proportional to the hybridization gab effect of the Coulomb repulsiod is the transfer of spectral

Figure 4 shows the quasiparticle occupation numbers fo\fvelght from the lower to the upper band to avoid double

. . occupancy in real space.
the partially saturated FM ground sta.te. While the We can see from Figs. 5 and 6 that a similar behavior is
b-character states of the lower band are still close to bem%btained for one-dimensional systems. As it follows from
doubly occupied, th@-character ones are polarized and the . . s .
occupation number is 1 for any of them. The occupationsec' [, the mechanism for this ferromagnetism works in any

number for thea-character states in the upper band is muchgzgﬁ 2210%”2{?;52?3?;:enlg\:\?éfbgﬁ ;hse;eﬂ:i;igj ;n Oeﬂl]lthe
smaller than the corresponding one for the PM solu{see P )

inverse of this jump is proportional to effective mass of the

15 . :
12x12 U=4.0 M=0.42
£,=-3 n=0.29

V=0.5

n(k)

k[r
FIG. 4. Mean values of the quasiparticle occupation numbers for i
the noninteracting band states for the ground stpgetially satu- FIG. 6. Mean values of the quasiparticle occupation numbers for
rated ferromagnet wittM =S/N=0.43) of the PAM in a two- the noninteracting band states for the ground sfpeetially satu-
dimensional lattice. rated ferromagnet witlvl = S/N=0.3) of the PAM in a chain.
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0 L& FIG. 9. (a) Energy difference between the FM ground state and

0 0.5 1 1.5 ¢y 2 the lowest energy paramagnetic state as a functiov. ¢b) Mag-
netization as a function o¥.
FIG. 7. (a) Energy difference between partially polarized FM
ground state and the lowest energy paramagnetic state as a functidiverges in the approach to a zero-temperature ferromagnetic
of U. (b) Magnetization as a function &f. instability>*=>’In other words, the behavior of the PM Fermi
liquid cannot be understood by analogy with the one impu-
quasiparticles of the paramagnetic solution. Whgnde-  rity problem. The Kondo temperature, which is the charac-
creases, the system evolves into a state whera glectrons  teristic energy scale of the one impurity problem, is replaced
are localized. This evolution is reflected in the decrease oby a new Fermi temperature which is dominated by the fer-
the jump and the consequent increase of the effective masgomagnetic fluctuations and goes to zero wheapproaches
For U=0 the system is a PM metal. We then expect ato U from below.
critical value of the on-site repulsiod, separating the PM Another relevant parameter for the FM solution is the
from the FM region. From Fig. 7, the value obtained ty  hybridizationV. For V=0 and e,=E there is a complete
is U,~0.25~A=0.242 for V=0.5 and U,~0.11~A spin degeneracy for the electrons occupying the local&ed
=0.0981 forV=0.31 (e,=—3). This is also in agreement orbitals. By increasing/, we are simultaneously changing
with the mechanism described in Sec. Ill.AB 5, andU  the Fermi velocityw ¢ and the hybridization gap. For small
becomes larger than the hybridization gAp the system Vvalues ofV, A is much larger thad,=%vdy in the region
evolves into a FM state to avoid the double occupancy withunder consideration. For this reason, a nonzero valu€ of
out an increase in the kinetic energy proportional to the hyremoves the original spin degeneracy stabilizing the partially
bridization gap. polarized FM solution(see Fig. 9. WhenV is larger thart,
According to Figs. ?) and 8 the magnetization seems to the two relevant energy scalésand §, become of the same
increase gradually wheb is increased beyond its critical order and the partially polarized FM is replaced by a PM
value. This behavior suggests that the FM transition as funcPhase. In the unrealistic largelimit (|V|>|t,|,U,|e,]), the
tion of U is of second order. If this is so, the properties of theground state consists of local Kondo singlets moving in a
PM Fermi liquid which is obtained folJ<U. should be background of localized spins.
strongly affected by the FM fluctuations whehapproaches Finally, the most sensitive parameter for the stabilization

U,. It is known that the effective mass of the quasiparticlesof the FM state is the difference,—Eg|. In Fig. 10, we
show the energy differena®E between the FM ground state
and the lowest energy PMSEOQ) state as a function o, .
Whene, is considerably smaller thag: , thea electrons are
localized and the magnetism is dominated by the RKKY in-
teraction. The order of this interaction V€. This gives the
small value off AE| when thea levels are below the bottom
of the conduction bande,<—2D|t,|. The most stable re-
gion for the FM statémaximum value of AE|) starts when
€, reaches the Fermi level. For the case of Fig. 10, this
occurs ate,~—1.9. Again this result is in agreement with
O—OU=1.0 . h . . .
O—0U-0125 the mechanism described in Sec. lll. If we continue increas-
-1.0015 - . . s ing the value ofe,, the number of electrons decreases and
o el ge . es 0= 05 the magnetization is consequently redugsee Fig. 1(b)].
Note that where, reaches the Fermi level, it remains prac-

FIG. 8. Minimum energy as a function of the magnetization.  tically equal toEg until all the a electrons are transferred to

-0.9995

-1.0010
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FIG. 12. (a) Scaling of the energy difference between the FM
FIG. 10. (a) Energy difference between FM ground state and theground state and the lowest energy paramagnetic state for two-
lowest energy paramagnetic state as a functiore,pofor a one-  dimensional systemgb) Scaling of the magnetization per site.
dimensional systenib) Magnetization as a function af, .

integers’® For the doping oh=0.3, we used tilted cells for

the b band. Finally, where, becomes larger thaBe, the  N=20, 40, 50, 80, 90, 100, 130, 160, 200, and 250. Ror
magnetization goes to zero in a smooth way indicating that- 100 a tilted and nontilted cell exists. In Fig. 12, we show
the gssociated quantum phase transition is of second ordekye scaling ofAE and the magnetization per site for a two-

Figure 11 shows the, dependence oAE for two- and  gimensional system. The finite-size effects are stronger in
three-dimensional clusters. As in the one-dimensional casugo-dimensional systemgFor one-dimensional scaling re-
the stability of the FM phase increases when the system aRults, see Fig. 2 in Ref. L.
proaches the mixed-valence regime. The qualitative behavior \ye show two different cases: the circles correspond to a
of |AE| andM does not depend on the dimensionality of thesequence of tilted square clusters which allows us to fix the
system forD<3. It is remarkable that in the mixed-valence concentration inn=0.3: the squares correspond to a se-
regime, the stabilization energy.E| is one order of magni- quence of untilted square clusters for which the value of the
tude larger than the corresponding value in the localized reconcentration is the closest to=0.29. Despite the consid-
gime. ) ~ erable size effects, these results indicate that the FM state is

To validate our results in the thermodynamic limit it is staple in the thermodynamic limit. In this case, the extrapo-
necessary to do finite-size scaling. Because there are vefyied magnetization is close to 0.4.
few (nontilted square super cells where identical dopings Meyer and Nolting? have also found a FM solution for
away from half filling are realized as the cell size is varied,the PAM in a similar region of parameters using DMFT.
we usually used tilted cellgNontilted cell of sizeN=m?  However, it is important to remark that the mechanism for
havem lattices points on the cell edggS.he necessary con- ferromagnetism described in Sec. Ill works only in finite
dition for the existence of a tilted square super cell With  gimension. In any dimension, the fundamental problem is
sites that tiles space isN=1>+m?, wherel and m are  correctly estimating the energy of the paramagnetic state
relative to the ferromagnetic state. For two parallel spins, the
Pauli exclusion principle is a natural mechanism for prevent-
ing the electrons from incurring a high Coulomb energy cost
by occupying the same site. On the other hand, two antipar-
allel spins have to develop spatial correlations to prevent
this. Properly computing these correlations is one essential
4 5 ”) : ) " requirement for a predictive theory and the most difficult part
8 of the problem. Typically, mean-field theory in any finite
dimension is unable to capture these correlations adequately
enough. To have a ferromagnetic state, a second requirement
is the development of an energy scale to prevent the para-
\ magnetic state with adequate spatial correlations from having
. ‘ . \E a lower energy than the ferromagnetic state. In the mecha-
5 4 3 2 e -1 nism for ferromagnetism just presented, the quantum Monte
Carlo method allowed the proper computation of the spatial

FIG. 11.(a) Energy difference between FM ground state and thecorrelations to permit the accurate determination of the en-
lowest energy paramagnetic state as a functiom,dor two- and  ergies of both the paramagnetic and ferromagnetic states.
three-dimensional systemé) Magnetization as a function af, . What is interesting about the mechanism is the observation

0O—08x8, n=0.28
02 Or—-0 8x8, n=0.31
O——0 4x4x4, n=0.29
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that band structure of the noninteracting problem sets an erthe magnetization can increase with temperature because the
ergy scaleA that for a range of electron densities makes thenumber off (a) electrons increases. The electrons which are
formation of the paramagnetic state more costly than the femccupying the PMI (b) states near the Fermi level are ther-
romagnetic state even when the spatial correlations are deaally promoted to thé character states which are just above
veloped in the former one. the Fermi level. In this process, the electrons are polarized
In infinite dimension, a number of things are different. Forbecause of the mechanism discussed above. This explains the
one thing, the physics becomes local as the self-energy ifinite temperature peak in the magnetization of
independent of wave number. As a consequence, spatial cote(Rh _,Ru,)3B, (for x between 0.06 and 0.12%Refs. 59
relations cannot develop. The absence of spatial correlatioand 61 that suggests an ordered state with high entropy. The
avoiding double occupancy of sites leads to the paramagnetgource of the large entropy is thus associated with charge and
state naturally tending to have a higher energy than the femot with spin degrees of freedom which is why a state with
romagnetic state, and the absence of the energy scale assdeirgerM has a higher entropy. From this analysis we predict
ated with band features leaves the appearance of the ferrthat the integral of the entropy beloW., which can be
magnetic state being principally a consequence of a vergxtracted from the specific-heat measurements, contains a
high density of state near the Fermi energy. When the infiniteonsiderable contribution from theharge degrees of free-
dimensional physics is used to approximate the physics aflom.
finite dimensions by what is called DMFT, a high density of When Ce is replaced by La, the volume of the system
states near the Fermi energy, as is the case in the mixeihcrease® and the magnetic moments become more local-
valence regime, promotes the ferromagnetic state. This iged. In this case, the weight in the absorption edge spectros-
also reflected by the fact that the energy scdlg)(of the  copy is transferred from thef4 structure to the #* line.
FM solution found with DMFT for the localized regime is Again this can be understood if we take into account that the
larger than the one for the mixed-valence regifmegion IV width of the conduction band decreases in this case and the
of Ref. 28. This behavior is opposite to our residiee Fig. electrons are transferred from tbeo thef character orbitals
10). (see Fig. L In this way the system evolves from the itinerant
to the localized situation ;= €,<Eg). According to our
VI. EXPERIMENTAL CONSEQUENCES results(see Fig. 19 this change should increase the value of
the zero-temperature magnetization and simultaneously de-
crease the Curie temperatufe [|AE| is strongly reduced
During the last few years experimental results have conbecause the effective magnetic interaction in the localized
firmed that there are Ce based compounds which cannot Binit, Jrkky, is orderV* (Ref. 1]. This anomalous behavior
treated as typical Kondo systems. For instance, GBRhas  has been experimentally observed by Shaheeal® in
a very high FM ordering temperaturd =115 K) which  La,Ce _ Rh;B,.
sticks out from a localized f#electron descriptiof’ In ad- We can also connect our mechanism with the hydrostatic
dition the alloy series Ce(Rh,Ru);B, (Ref. 59 and pressure dependence dfc. To do this we calculated
La,Ce;_RMB, (Ref. 60 exhibit many unusual characteris- |AE|/N by the QMC method as function of increasitig
tics which require a new macroscopic description with re-Here we are assuming that the main effect of the hydrostatic
spect to the competition among classical Kondo versugressure is to increadg and to leave the other parameters
RKKY interactions®® unchanged. The order of magnitude p&E|/N, which
Absorption edge spectroscopy measurements o$hould be proportional tdc, and its qualitative behavior are
Ce(Rh _4Ru,) 3B, for different values of indicate that the in good agreement with the experimental results for
stoichiometric compound CeRB, is in the mixed-valence CeRhB,.1 We can see from Fig.(d) in Ref. 1 that for the
regime (fluctuating between the f4 and the 4° itinerant FM case|/AE|/N is of the order of 100 K. This
configurations® After doping with Ru, there is a strong scale is much larger than the magnitude of the RKKY
transfer of weight from the # line to the 4° structure. This  interactioft? (~1 K) which is commonly used to explain the
change can be understood in the context of the PAM if weorigin of the magnetic phase when taelectrons are local-
take into account that the volume of the system decreasdzed.
when Rh is replaced by Ri.In this situation the width of
the conduction band increases and sdnta) electrons are
transferred tal (b) character orbital¢see Fig. 1 According
to our results this change must decrease the value of the The FM uranium monochalcogenides US, USe, and UTe
zero-temperature magnetization and the Curie temperatugre semimetals with large Curie temperaturesTgf= 180,
Tc. By increasing the doping level we can reach a situatior,.60, and 108 K and ordered moments of 1.5, 2.0, and 2,2
where most of thd electrons that were polarized in the sto- respectively®> Most of the magnetic properties of these sys-
ichiometric compound are transferred to theharacter or- tems are still unexplained. The purpose of this subsection is
bitals and the zero-temperature magnetization is very smalto argue that the mechanism for ferromagnetism introduced
In this limit the system should be a weak ferromagnet beabove is a good candidate to explain some of the mysteries
cause there are very fefv(a) electrons close to the Fermi related to these compounds.
level (see Fig. 1L When the energy difference between the Erdoes and Robinsdt suggested that the uranium
Fermi level and thd level (e;) becomes smaller thah;, monochalcogenides are mixed-valence systems. This sugges-

A. Cerium compounds

B. Uranium compounds
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tion was reinforced by measuring the Poisson ratio as a func- 4.0
tion of the chalcogen mass with low-temperature ultrasonic
studies on USe and UT8. The coexistence of an
intermediate-valence regime and ferromagnetism is one of
the unexplained properties of these compounds as it is rec-
ognized in Ref. 63. According to the traditional pictdfahe
system should behave as a nonmagnetic collective Kondo
state in the intermediate-valence regime. In contrast to this
picture, our results show that a partially saturated ferromag-
netic state is stabilized in the mixed-valence regime. This can
explain the first striking property of the uranium monochal-
cogenides. } . . .
The other unusual property of these compounds is the -1 -05 0 0.5 1
shape of the magnetization curve versus temperature which K]
has a max|mum belowc _64 Agaln th|S |S a property Wh'Ch FIG. 13. One-dimensional band structure for different values
can be easily explainetsee the subsection about the CeOf ta.
compoundswithin the context of the PAM. In addition, the
order of magnitude of the Curie temperature of these com- In the case of the transition metals, the dispersion of the
pounds coincides with the energy scale obtained from th@arrower band (8) cannot be neglected. For this reason, we
PAM for the intermediate-valence regime. studied the stability of the FM solution as a functiontgf
The uranium monochalcogenides, like the Ce based comA/e can see from Fig.(B) of Ref. 1 that the FM phase is
pounds above described, exhibit a nonmonotonic behaviagven more stable far,~— 0.1 than fort,=0 and becomes
for the T¢ as a function of pressuf@.Figure 3b) in Ref. 1 unstable fott,~0.05. The reason for this asymmetric behav-
shows that this behavior can also be explained with the PAMior is easy to understand in terms of the variatiof If t,
Notice, however, that the nonmonotonic behavior shown iris negative, then the effect of on the dispersion of the
this figure has nothing to do with a competition between theband is opposite to that of the hybridizativh(see Fig. 13
Kondo and RKKY energy scales. Whent,~—0.1, we get, for the giver, andV, the mini-
Finally, the spin-wave dispersions of these compoundsnum value foré,/A and therefore the most stable FM case.
also present some anomalies. For instance, neutrotWhen we depart from this value of, 5,/A increases|AE]
scattering experiments on a single-domain UTe cr§&%l decreases, and the FM state becomes less stable.
show that for wave vectorg perpendicular to the ordered This result indicates that the hybridization between bands
moment the excitations become more damped with increasan play a crucial role for the ferromagnetism of the iron
ing g. In US only a broad continuum of magnetic response iggroup. In other words, the ferromagnetism of the transition
observed® Damped and unpolarized spin waves are ob-metals can originate, at least in part, in the interplay between
served in US&”~"* These properties indicate that the itiner- the correlations and the particular band structure and not
ant character of thé electrons is essential to have a goodsolely in the intra-atomic Hund’s exchange.
description of the magnetic excitations.

VII. CONCLUSIONS

C. Transition metals We introduced a different mechanism for itinerant ferro-

Even though the transition metals are the most well studmagnetism which is present in a simple two band model
ied itinerant ferromagnets, the ultimate reason for the stabieonsisting of a narrow correlated band hybridized with a dis-
lization of the FM phase is still unknown. Since the minimal persive and uncorrelated one. The picture just presented,
correlated modelHubbard Hamiltonian proposed to de- combined with our previous resuftsllows a reconciliation
scribe these systems does not seem to have a FM solution,df the localized and delocalized ferromagnetism pictures
is reasonable to ask whether an extension of this minimagpainted by Heisenbef§and Bloch’ The hybridization be-
model, including more than one band, is necessary and sufween bands and the particular band structure play a crucial
ficient to stabilize the FM solution. The correlated Band  role in this mechanism because they generate a multishell
of the transition metals is hybridized with weakly correlatedstructure for the correlated orbitals. This structure, when
and dispersives andp bands. This situation is similar to the combined with a local Coulomb repulsion, favors a ferro-
case already described for thelectron compounds. There- magnetic state. The mechanism is analogous to the one
fore it is natural to ask if there is a connection between thavhich generates the atomic Hund interaction. In this sense,
itinerant ferromagnetism of thé and thed electron com- this is a generalization to the solid of the atomic Hund's rule.
pounds. Notice that the order of magnitude of Theis the  The mechanism works in any finite dimension.
same. Following the same motivation and using DMFT, The determination of a minimal model to explain the me-
Schwieger and Noltin§ concluded that thel-band ferro- tallic ferromagnetism of highly correlated systems has been
magnetism can be stabilized when the hybridization betweethe object of intense effort during the last 40 years. The
both bands is small. However, these authors also find a FMesults presented in this paper suggest that the PAM is a
solution for the one band problem. minimal Hamiltonian which can explain the itinerant ferro-
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magnetism without including any explicit FM interaction.  gible. The fact that the ferromagnetism is even more stable

Another important aspect of this ferromagnetic solution isfor finite values oft, when the hoppings of both bands have
its mixed-valence character. According to the traditionalopposite signs indicates that our mechanism is relevant to
picture®® the mixed-valence regime should be a PM Kondoexplain the ferromagnetism of the transition metals, like Ni,
state. The appearance of a ferromagnetic instability in thisvhere a correlated and narrovd 3and is hybridized with
region of doping rises some questions about the entire validthe 4s band. It suggests that the ferromagnetism in the tran-
ity of a Kondo-like description inspired by the one impurity sition metals can originate, at least in part, in the interplay
problem. Even the PM phase obtained b U is strongly  between the correlations and the particular band structure,
influenced by the proximity to a FM instability. >’ and not solely in the intra-atomic Hund'’s excharge.

We have discussed the relevance of these results for some
f-electron compounds which are itinerant ferromagnets with
high Curie temperatures~100 K). In particular, there are
several unusual characteristics of the Ce based compounds This work was sponsored by the US DOE. We acknowl-
Ce(Rh _,Ru);B, and LgCe _,RhB,, and the uranium edge useful discussions with A. J. Arko, B. H. Brandow, J. J.
monochalcogenides US, USe, and UTe, which can be exdoyce, G. Lander, J. M. Lawrence, S. Trugman, G. Ortiz, and
plained, at least at a qualitative level, with the present]. L. Smith. We thank J. M. Lawrence for pointing out the
mechanism. experimental work on the Ce compounds. J.B. acknowledges

We have also considered the case relevant for the irothe support of Slovene Ministry of Education, Science and
group where the dispersion of the lower band is not negli-Sports and FERLIN.
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