
PHYSICAL REVIEW B 68, 195403 ~2003!
Plasmon spectrum in low-dimensional electron systems over insulating cryogenic films:
Screening, quantum degeneracy, and multisubband effects
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Plasmon modes in low-dimensional~quasi-one- and quasi-two-! electron systems floating over a cryogenic
~liquid helium among others! film covering a solid substrate are calculated. Screening effects on the electron-
electron interaction due to the substrate are taken into account and the plasmon spectrum is evaluated in the
random-phase approximation. The spectrum consists of longitudinal and transverse branches whose frequen-
cies depend on the film thickness and the dielectric constant of the substrate. For a metal substrate the gapless
longitudinal mode has a dispersion quite different from that for the bulk case. The transverse plasma mode is
optical like with the gap close to the spectroscopic intersubband frequency.
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I. INTRODUCTION

Electrons in surface states induced by the image pote
form a remarkable system confined to two dimensions
has been used to study a rich variety of physical phenom
The electronic system floats over a substrate which exhib
short-range repulsion and a negative work function. T
most extensive studies have been made for the case of s
fluid helium, but other interesting insulating media such
solid hydrogen and neon have been considered and o
substrates with a negative work function are also possi
There exist several types of image-potential-induced state
the surface of metals but they decay rapidly in bulk state1

Surface electrons~SE’s! have been mainly investigate
above the smooth surface of bulk liquid helium because
the quite small density of impurities~vapor atoms! at low
temperatures and the weak scattering by surface excita
~ripplons!. For T.1 K the SE scattering by atoms of th
helium vapor predominates whereas the interaction with
plons is responsible for dynamic properties at lower tempe
tures down to 0.1 K where the influence of scatterers
comes negligible. This circumstance makes SE a unique
for studying collective phenomena in the low-dimension
electron system~LDES! nearly decoupled from scatterers2

However, an electrohydrodynamic instability of the surfa
restricts the accessible range of electron densities tons
&109cm22.3,4 At these densities, the 2D Fermi energyEF
5p\2ns /m.331022 K for ns5109 cm22. Then this
LDES behaves like a nondegenerate quasi-two-dimensi
~Q2D! system down to 1022 K.1

The situation is quite different when the electrons are
posited on a helium film of thicknessd located over a solid
substrate with dielectric constant«s.«, where« is the di-
electric constant of helium.5 The reasons are twofold. Firs
the range of electron densities attainable can be incre
significantly because the van der Waals attraction of the
0163-1829/2003/68~19!/195403~8!/$20.00 68 1954
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lium by the substrate is quite strong and stabilizes
charged liquid surface at higher densities.6,7 Second, the
screening of the Coulomb interaction by the image forces
the substrate reduces the potential energy necessary to
tallize the system and thereby prevents the formation of
Wigner crystal. In this sense, the quantum regime (T,EF)
can be achieved on a helium film supported by a subst
with large dielectric constant. Densities of the order
1011–1012 cm22 have been reported.8–11

The possibility of the existence of an itinerant phase
SE’s on a helium film at very low temperature12 motivates
the study of the collective modes of the LDES whose den
can be continuously varied to reach both degenerate and
degenerate regimes. In the present work we calculate
collective behavior of the multisubband LDES over a cry
genic film. First we study the plasmon spectra for the qua
two-dimensional electron system~Q2DES!. The longitudinal
plasmon mode for the screened interaction when only
lowest subband is occupied has been calculated in the
degenerate regime within the random-phase approximati13

~RPA! and within the Singwi-Tosi-Sjo¨lander-Land self-
consistent field approximation14 ~SCFA!, and also in both
approximations in the degenerate regime.15 Now, we use the
many-body formalism for the multisubband itinerant Q2DE
to evaluate the dispersion laws for both longitudinal a
transverse plasmons for arbitrary«s . This allows us to reach
both strong («s@1) and weak («s*1) screening limits.

The results obtained are rather general and can be ap
to the LDES on a film of one medium at a semi-infini
substrate of another one. However, we emphasize the ca
superfluid helium mainly because its surface smoothness
possibility of the LDES reaching both nondegenerate a
degenerate regimes and different screening limits, and
perimental realization.

One should say that the study of the properties of S
over a helium film is indeed a difficult experimental task d
to the influence of substrate inhomogeneities which prod
©2003 The American Physical Society03-1
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other scattering processes due to interface roughness,16 static
charges trapped by defects, suppression of the film thickn
due to the electrostatic pressure, and others. Furthermor
electron-ripplon scattering itself is modified considerably
comparison with the bulk case.17 One hopes that experimen
tal progress in sample preparation with smooth surfa
should be made for studying the LDES over helium films.
this connection theoretical investigations are timely.

We also calculate the plasma dispersion relation of
multisubband Q1DES over a liquid helium film which h
been realized in channels filled with liquid helium.18–20 The
Q1DES plasma properties over bulk helium have been inv
tigated in the itinerant phase21 as well in the Wigner solid
regime.22 As far as we know, the formation of the nondege
erate Q1DES has been observed only on superfluid heli

II. PLASMON SPECTRA FOR THE Q2DES

The many-body approach to the multisubband Q2DES
based on a dielectric function tensor depending on 2D w
numberq and frequencyv:

enn8mm8~q,v!5dnmdn8m82vnn8mm8~q!Pmm8~q,v!. ~1!

Here Pmm8(q,v) is the screened density-density respon
function with dnm being the Kronecker symbol. The matr
elements of the Fourier-transformed Coulomb potential av
aged over the electron wave functionsxn(z) of subbands
with indices n, n8, m, and m8 ~equal to 1,2,3, . . . )
vnn8mm8(q) are given by2,23,24

vnn8mm8~q!5 E
0

`

dzE
0

`

dz8xn~z!xn8~z!

3v~q!xm~z8!xm8~z8!, ~2!

wherev(q) is the bare electron-electron interaction andz is
along the perpendicular direction to the electron layer. T
electron motion is restricted toz.0 due to the approxi-
mately infinite potential barrier at the liquid-vapor bounda
at z50.

The spectrum of collective modes for the multisubba
system can be found by the condition of the vanishing of
determinant of the dielectric matrix given in Eq.~1!, i.e.,

detuenn8mm8~q,v!u50, ~3!

which cannot be solved analytically for an arbitrary numb
of subbands leading to an intricate equation for coupled in
subband and intrasubband plasmon modes.24 In order to ob-
tain an approximate solution of Eq.~3! one should analyze
both the response functionsPmm8(q,v) and matrix elements
vnn8mm8(q).

The response functions are evaluated within the R
Even though the RPA works well only for weakly interactin
systems, previous studies for the Q2DES many-body pro
ties beyond the RPA have shown that the excitation spect
does not change appreciably.14,15,25,26 In the RPA, the
screened density-density response function, appearing in
~1!, is taken as the noninteracting response function, wh
for the multisubband system is given by23
19540
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Pnn8
0

~q,v!5 (
k,s

f 0~Ek1Dn!2 f 0~Ek¿q1Dn8!

\v1Ek1Dn2Ek¿q2Dn81 ih
, ~4!

whereEk5\2k2/2m, k is the 2D electron wave vector,Dn is
the energy of thenth subband,h is a infinitesimal positive,
and s is the spin index. For nondegenerate Q2DE
Pnn8

0 (q,v) depends on the Boltzmann distribution functio
f 0(Ek1Dn)5exp@2(Ek1Dn)/T# normalized by the condi-
tion (n,k,s f 0(Ek1Dn)5N whereN is the particle number.
As was shown2 the response function can be calculated e
actly in this case for arbitrary values ofq, n, and n8. For
small q, one can simplify significantly the real part of th
response functions in the range of frequencies satisfying
condition uvu,uv6v21u@\qkT /m1\q2/2m where kT

5A2mT/\ is the thermal wave number andv215(D2
2D1)/\. Note that the imaginary part of the response fun
tion is exponentially small in comparison with the real pa
in that frequency interval.

The response functionPnn8
0 (q,v) for the quantum

Q2DES with f 0(Ek1Dn)5@exp(Ek1Dn2m)/T11#21

where m is the chemical potential, can also be evalua
exactly15,27 for n5n8. For nÞn8, we find that forq→0 it is
simpler to calculate the response function directly from E
~4! for T!EF in the limit of uvu,uv6v21u@\qkF /m
1\q2/2m.28 Now the Fermi wave numberkF5A2pns re-
placeskT . Note that the imaginary part of the response fun
tion should be taken to be zero in this approximation.

From the structure off 0(Ek1Dn) in both nondegenerate
and degenerate regimes one concludes that, due to the e
nential dependence off 0(Ek1Dn) on Dn /T, the contribu-
tion of f 0(Ek1Dn) and f 0(Ek¿q1Dn8) to Eq. ~4! becomes
negligible for n,n8>2, in comparison with that ofn or n8
51 whenT!D22D1. In the absence of the electric fieldE'

which pushes the SE’s against the helium surface, one
D22D1.6 K and the shift increases significantly forE'

Þ0.2,17 As a result, forT,1 K, the occupation of then
52 subband is negligible because the probability of S
escaping from the n51 subband is proportional to
exp@2(D22D1)/T#. Furthermore, forE'Þ0, the difference
between the subband energiesn8 andn increases by increas
ing un82nu. Furthermore, film effects do contribute to
large effective holding field acting on the SE’s. In such
condition one disregardsPnn8(q,v) with n,n8>2 in Eq.~3!
and obtains the following dispersion equation:

12v1111~q!P11
(0)~q,v!2v1212~q!@P12

(0)~q,v!1P21
(0)~q,v!#

1@v1111~q!v1212~q!2v1112
2 ~q!#

3@P12
(0)~q,v!1P21

(0)~q,v!#P11
(0)~q,v!50, ~5!

where the real parts of the response functions can be wr
in the long-wavelength limit as

ReP11
0 ~q,v!5

Nq2

mv2 S 11
3Ẽq2

mv2 D ~6!

and
3-2
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Re@P12
0 ~q,v!1P21

0 ~q,v!#

5
2Nv21

\~v22v21
2 !

F11
~v21

2 13v2!Ẽq2

m~v22v21
2 !

1
~v21

2 1v2!\q2

2mv21~v22v21
2 !

G , ~7!

whereẼ5T(EF) for the nondegenerate~degenerate! case.
The next approximation to Eq.~5! is based on the struc

ture of matrix elementsv1111(q), v1212(q), andv1112(q). In
a previous work2 vnn8mm8(q) were evaluated for SE’s ove
bulk helium. For SE’s on a helium film the electron-electr
interaction is much more complicated. To calculate it,
solve Poisson’s equation for the electrostatic poten
w$r 8,z8% from an electron at$r ,z% wherez.0 and the he-
lium film is located at 2d,z8,0. Using standard
methods,29 we find that

wq~z8,z!5
2pe

Sq
$@e2quz2z8u1F1~qd!e2quz1z8u#Q~z8!

1@F2~qd!e2quz2z8u1F3~qd!equz2z8u#Q~2z8!

3Q~z81d!12F4~qd!e2quz2z8uQ~2z82d!%,

~8!

whereQ(z) is the step function andS is the area occupied b
electrons. The functionsFi(qd) which appear in Eq.~8! are
F1(x)5@«s2«22«(«s21)coth(x)#/f(x), F2(x)5g(x)(«s
1«)ex, F3(x)52g(x)(«s2«)e2x22qz, and F4(x)
5«g(x)ex with f (x)5«s1«21«(«s11)cothx and g(x)
5@ f (x)sinhx#21. The Fourier transform of the Coulomb po
tential is obviously written as

v~q!5
2pe2

Sq
@e2quz2z8u1F1~qd!e2quz1z8u# ~9!

for z8.0. Note that forz5z850, the Eq.~9! reproduces the
expressions for the Fourier-transformed potential for
electron pair located atz50.13–15 For d→`, F1(x)5(1
2«)/(11«) and Eq.~9! coincides with the well-known ex
pression v(q)52pe* 2e2quz82zu/Sq, where e* 252e2/(1
1«), for SE’s over bulk helium if we take into account th
«51.057.1.2,23

In order to calculatevnn8mm8(q) using Eq.~2! we need the
subband wave functionsx i(z) of the potential in thez direc-
tion given by17

V~z!52
Qe2

4z
2Q1e2 (

n51

`
ln21

z1nd
1eE'z, ~10!

where Q5(«21)/(«11), Q15«(«s2«)/@(11«)2(«s
1«)#, l5(«21)(«s2«)/@(«11)(«s1«)#, and the third
term appears in Eq.~10! for E'Þ0. The solid substrate is
located atz<2d. The first and second terms of Eq.~10!
correspond to the image potential felt by the electron az
.0 in the vapor phase. Equation~10! can be derived by
calculating the inverse Fourier transformv(r 8,z8) of Eq. ~9!
19540
l

e

and defining the image force acting on the electron locate
the point $r ,z% as f im52@¹v(r 8,z8)#ur85r ,z85z . Only
( f im)z52]V(z)/]z does exist, where the potential energ
V(z) coincides with the first two terms of Eq.~10!.30

As is known an analytical solution of the Schro¨dinger
equation for the potential given by Eq.~10! is obtained only
for E'5Q150 or Q05Q150.17 In the two-subband model
x1(z) and x2(z) can be determined by the variation
method with variational parametersg1 and g2. Trial wave
functions were proposed as31

x1~z!52g1
3/2z exp~2g1z! ~11!

and

x2~z!5
2A3g2

5/2z

~g1
22g1g21g2

2!1/2F12S g11g2

3 D zGexp~2g2z!.

~12!

The variational procedure was described in Ref. 2 for
bulk case (d→`). Here we generalize the method for fini
d adding the energies

D1
(d)52Qe2g1@122g1d24~g1d!2

3exp~2g1d!Ei~22g1d!# ~13!

and

D2
(d)52

Qe2g2

2$g1
22g1g21g2

2%
H g1

222g1g223g2
22

2

3
~g2d!

3~g11g2!21
2

3
g2

2@31~g11g2!d#2

3@122g2d24~g2d!2exp~2g2d!Ei~22g2d!#J
~14!

to the energiesD1 and D2 given by Eqs.~8c! and ~8d! of
Ref. 2. Here Ei(x) is the integral exponential.D1

(d) andD2
(d)

are due to the SE polarization coming from the solid su
strate. Obtaining the subband energies for finited one deter-
mines the variational parameters in a straightforwa
way.32,33

Using the trial wave functions given by Eqs.~11! and~12!
one can calculate the matrix elements exactly for arbitr
values ofq. The calculation is, however, rather cumbersom
For this reason we restrict ourselves to the long-wavelen
limit q!g1 ,g2 ,d21 where the subband matrix elements
the Coulomb potential are given by

v1111~q!5
4pe2

Sq H F~qd!F12
3q

g1
1

21q2

4g1
2 G1

9q

8g1
2

9q2

4g1
2J ,

~15!
3-3
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v1212~q!5
2pe2

Sq
a1212

q

g0
F12

32q

5~g11g2!
1

163q2

5~g11g2!2

1
32

5
F~qd!S q

g11g2
D S 12

8q

g11g2
D G , ~16!

and

v1112~q!5
2pe2

Sq
a1112

q

g0
F11

3d

5
1

3d2

10
1

d3

10
2

d6

80

3S 11
g2

g1
D 3

@12F~qd!#G , ~17!

where F(x)5@«s1« coth (x)#/f(x), g05mL0 /\2, a1212

5 60g0g1
3g2

5/@(g11g2)7(g1
2 2 g1g21g2

2)#,

a111251280A3g1
9/2g2

5/2g0/@~g1
22g1g21g2

2!1/2~g11g2!

3~3g11g2!6#,

and d5112g1 /(g11g2). For realistic values ofd and
E' , a1212;a1112;1021. One estimates tha
v1111(q)v1212(q)@v1112

2 (q) in the long wavelength limit.
This allows us to disregardv1112(q) in Eq. ~5!. In such a
condition, Eq.~5! splits into two independent equations

12v1111~q!P11
(0)~q,v!50, ~18!

12v1212~q!@P12
(0)~q,v!1P21

(0)~q,v!#50, ~19!

which give the plasma oscillations over helium films,
considering only virtual transitions from then51 subband to
the first excitedn52 subband. Equation~18! describes lon-
gitudinal intrasubbandplasma oscillations whereas Eq.~19!
determines the spectrum of transverseintersubbandoscilla-
tions.

Equations~6!, ~7! and~18!, ~19! constitute the set of equa
tions which allows us to evaluate the plasmon spectrum
both the nondegenerate and degenerate Q2DES’s on a
lium film.

A. Longitudinal intrasubband modes

Writing the plasmon frequency asv5vq2 ikq we first
evaluate the real partvq

l of the longitudinal branch. In the
limit of qd@1, which is attained ford→` at fixed q, we
reproduce the results for the nondegenerate Q2DES
bulk helium.2 The results, however, are quite different in t
opposite limitqd!1 for thin films and smallq. The plasmon
spectrum depends, in a crucial way, on the functionF(qd)
which appears in Eqs.~15! and ~16!. In this limit F(qd)
depends on the relation between«s and«. When both dielec-
tric constants are comparable, even though«s*«, the con-
dition «sqd/«!1 is fulfilled andF(qd) behaves as
19540
in
he-

er

F~qd!.
1

~«s11! F11
~«s

22«2!qd

«~«s11!

2
~«s1«2!~«s

22«2!~qd!2

«2~«s11!2 G . ~20!

In this limit, the longitudinal plasmon frequency can be wr
ten as

@vq
l #2.v0

2~q!F11
9

8 S «s2
5

3D q

g1
1

~«s
22«!qd

«~«s11!

1
3~«s11!Ẽq

4pnse
2 G , ~21!

where we keep, in the brackets, the terms linear inq. Note
that the overall structure ofvq

l , given by Eq.~21!, is similar
to that of the longitudinal plasma branch for the Q2DES o
bulk helium.2 However, now the frequencyv0

2(q)
54pnse

2q/@(«s11)m# instead of 2pnse
2q/m and the third

term corresponds to a finite thickness effect. The additio
term 9(«s25/3)(q/8g1) is positive for«s.5/3 whereas it is
negative in the case of bulk liquid. The terms in brackets
very small compared with 1 andvq

l is nearly given byv0.
For «sqd/«@1, long-wavelength limit (qd!1), and

strong screening effects («s@1) one obtains

F~qd!.
1

~«s11!
1

~«s
22«2!qd

«~«s11!2 H 12
«s~«s1«2!qd

«~«s
22«2!

1F «s~«s1«2!2

«2~«s11!~«s
22«2!

2
1

3G ~qd!2J . ~22!

For a metal substrate (u«su5`), Eq. ~22! reads as

F~qd!.
qd

« F12
qd

«
1S 1

«2
2

1

3D ~qd!2G . ~23!

The longitudinal mode dispersion for strong screening
fects reads as

~vq
l !2.F S u0

21
3Ẽ

m
D q21v0

2~q!G H 12
«s~«s1«2!qd

b«~«s
22«2!

2
3

b F11
«~«s11!~3«s24!

4~«s
22«2!g1d

G q

g1
J , ~24!

where u0
254pb(«s

22«2)e2nsd/m«(«s11)2 and b51
13«(«s11)(3«s25)/8(«s

22«2)g1d.
As one can see from Eq.~24! the spectrum is given es

sentially by two terms. First, an acoustic like mode;q and
the second one is the usual behavior;q1/2. By increasing«s
the last term decreases and vanishes foru«su5`. Then for
the metal substrate one obtains an acoustic dispersion

@vq
l #2.u2q2F12

qd/«13q/g119«q/g1
2d

119«/8g1d G , ~25!
3-4
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with

u25
4pnse

2d

«m S 11
9«

8g1dD1
3Ẽ

m
, ~26!

which reproduces precisely the results for the longitudi
plasmon in the Q2DES over a metal substrate obtaine
both the RPA13 ~except by the effects of the finite width o
the electron layer manifested by the term 119«/8g1d) and
in the SCFA.14,15

The spectrum for the longitudinal modes of the Q2D
for solid neon and metal substrates is depicted in Fig. 1.
can see that the acoustical behavior is typical for a m
substrate while the usualq1/2 dependence is observed for th
neon substrate. The dependence on the film thickness is
pronounced in the case of the metal but is negligible for
neon substrate, because in the latter case the screenin
fects are not strong.

B. Transverse intersubband modes

We consider now the transverse mode whose disper
relation is defined by Eq.~19!. Using Eqs.~7! and ~16! one
writes the dispersion equation in the long-wavelength lim
as

@vq
t #25v21

2 12v21vshF12
32«sq

5~«s21!~g11g2!

1
32~«s

22«2!q2d

5«~«s11!2 ~g11g2!
1

~113vsh/2v21!Ẽq2

mvsh
2 G ,

~27!

FIG. 1. Longitudinal intrasubband mode frequency for the
generate Q2DES for a helium film with thicknessd51026 cm
~lower solid line! and d5531026 cm ~upper solid line! over a
metal substrate and neon substrate~dashed line!. The frequency
scale in the case of a metal is MHz. No marked difference is fo
in the mode spectrum in the case of neon for these film thicknes
The relevant parameters areEF>3 K, ns51011 cm22.
19540
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where vsh52pnse
2a1212/\g0. Because the term in the

brackets depending onq is quite small compared to 1, th
dispersion of this mode is negligible. Then screening effe
from the substrate slightly modify the transverse plasm
spectrum in contrast with the longitudinal one given by E
~24! and ~25!. We observe that the transverse mode has
optical gap@v21

2 12v21vsh#
1/2 at q50 manifesting the effect

of depolarization shift relatively to the one-electron spect
scopic frequencyv21. For large enoughns , vsh can be
comparable tov21. As an example, for a metal substrate a
d51026 cm, v215vsh.1013 s21 for ns.331011 cm22.
On the contrary, for smallerns , the depolarization shift can
be discarded.

Concerning the plasmon damping, the imaginary partkq
in the degenerate regime is zero within the accuracy of
calculation of the response functions. For the nondegene
system,kq decays exponentially and can be estimated a
was done in Ref. 2.

III. PLASMON SPECTRA FOR THE Q1DES

For the many-body Q1DES laterally confined by a pa
bolic potential V(y)5mvconf

2 y2/2, where vconf

5(eE'
* /mR)1/2 is the confinement frequency,E'

* is the ef-
fective holding field, andR is the curvature radius, the di
electric matrix enn8mm8(qx ,v) is similar to that of the
Q2DES given by Eq.~1!, but nowqx is the 1D wave number
along the channel axis (x).2 The labels correspond to th
electron subbands in they direction. The plasmon spectra a
still defined by Eq. ~5! and are reduced, for\vconf@T
(\vconf.0.8 K for E'

* 53 kV/cm andR5531024 cm), to
Eqs. ~18! and ~19! for longitudinal ~along the channel! and
transverse~across the channel! plasmons.

The exact response functions for the nondegene
Q1DES were calculated, within the RPA, for arbitrary su
band index andqx .2 However, when we consider film ef
fects, one cannot exclude the possibility that the quant
regime can be achieved at high linear densitiesnl . For in-
stance, the 1D Fermi energyEF

(1D)5p2\2nl
2/8m.1021 K,

for nl5105 cm21. Note thatnl is the inverse of the mean
interparticle distancea along the channel—i.e.,nl

21.a. The
calculation of the response functions is rather simple foT
50. The results are34

ReP11
0 ~qx ,v!5

N

2\vFqx
ln Fv22~vFqx2\qx

2/2m!2

v22~vFqx1\qx
2/2m!2G ,

~28!

Re@P12
0 ~qx ,v!1P21

0 ~qx ,v!#

5
N

2\vFqx
ln Fv22~v02vFqx1\qx

2/2m!2

v22~v01vFqx1\qx
2/2m!2G ,

~29!

where vF
(1D)5p\nl /(2m) is the 1D Fermi velocity. The

imaginary part of the response functions is zero.
We point out that in the long-wavelength limit the re

part of the response functions is given by similar expressi

-

d
s.
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for both nondegenerate and degenerate regimes and ar
same as Eqs.~6! and~7!, but qx replacesq, v215vconf, and
Ẽ5(2/3)EF in the degenerate limit. As for the Q2DES, th
imaginary part of the response functions is nonzero only
the nondegenerate Q1DES and is exponentially small in
long wavelength limit.

The Q1D Coulomb potential is calculated from Poisso
equation and given by

v~qx!5
2e* 2

Lx
@K0~ uqxuuy82yu!

2sK0~ uqxuA~y82y!214d2!#, ~30!

where Lx is the system size in thex direction, s52«(«s
2«)/@(11«)(«s1«)#, and K0(x) is the modified Besse
function. To calculate the matrix element we employ t
usual harmonic oscillator functions.35,36 It is not possible to
evaluate the matrix elements for arbitrary subband indic
However, in the two-subband model, we can use the exp
form of wave functions for the lowest (n51) and first ex-
cited (n52) subbands to calculatev1111(qx) andv1212(qx).
One can easily show that the matrix elementv1112(qx)50 in
Q1DES not only for bulk helium36 but also for a helium film.

A. Longitudinal intrasubband modes

The diagonal matrix element is

v1111~qx!5
e* 2

Lx
Feqx

2l 2/4K0~qx
2l 2/4!2S 8s2

p D 1/2E
0

`

e2x2/2

3K0~ uqxl uAx214d2/ l 2!dxG , ~31!

wherel 5(\/mvconf)
1/2 and we restrict ourselves ton51 in

the series of Eq.~10!.
In the most interesting limituqxl u!1, the asymptotic ex-

pressions depend strongly on the relation betweenl and d.
Note thatl decreases slowly as a function ofE' and is.3
31026!R;1024–1023 cm for E'53 kV/cm.

1. Thick films

If d. l ~relatively thick films!, one has

v1111~qx!5
e* 2

Lx
$exp~qx

2l 2/4!K0~qx
2l 2/4!22sK0~2uqxdu!%,

~32!

and two limiting cases can be analyzed.
~i! For uqxdu@1, K0(2uqxdu)→0 and we reproduce th

result for the Q1DES over bulk helium:36

v1111~qx!.
2e* 2

Lx
ln

1

uqxl u
. ~33!

From Eq.~33! the following dispersion law for the longitu
dinal plasmon, calculated using Eq.~18!, is given by
19540
the

r
e

s

s.
it

v l
2~qx!5

2e* 2

ma
qx

2 ln
1

uqxl u
1

3Ẽqx
2

m
. ~34!

The first term of Eq.~34! is the well-known result for the
longitudinal mode21 and the second term is a small corre
tion.

~ii ! However, in the more interesting limitsuqxl u!1 and
uqxdu!1 we obtain

v1111~qx!5
2e* 2

Lx
ln

uqxdus

uqxl u
~35!

and thereby the plasmon spectrum

v l
2~qx!5

2e* 2

ma
qx

2 ln
uqxdus

uqxl u
1

3Ẽqx
2

m
. ~36!

The contribution of the second term is small in comp
ison with the first term for any reasonable parameters.
a metal substrate («s5`, and s.1), v1111(qx)
.(2e* 2/Lx) ln (d/l), and the dispersion relation is pure
acoustical v l(qx)5clqqx , with clq

2 5(2e* 2/ma) ln (d/l)
13Ẽ/m. A typical value isclq.2.43106 cm/s for d/ l 53
~hereafter we takea51024 cm), which is nearly 3–4 times
smaller than the sound velocity in Eq.~34! for uqxl u
51025.

In Fig. 2, we show the longitudinal modes of the Q1DE
for metal and neon substrates obtained from Eq.~36!. The
acoustical mode behavior is seen in the case of both s
strates.

2. Thin films

When d, l and for asymptotic limits ofuqxl u!1, uqxdu
!1, we obtain

v1111~qx!5
2e* 2

Lx
F ~12s! ln

1

uqxl u
1~2p!1/2s~d/ l !G .

~37!

FIG. 2. Longitudinal mode frequency for the degenerate Q1D
for d5531026 cm over a metal substrate~solid line! and neon
substrate~dashed line!. The frequency scale in the case of a meta
kHz andEF50.1 K anda.nl

2151024 cm.
3-6
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Values ofs depend strongly on the substrate dielectric co
stant ands.1.03 at u«su→`. It means that, for a meta
substrate, the second term in Eq.~37! should be larger than
the first term. In this case one can disregard the logarith
term whend/ l *0.2 for uqxl u;1025. In such a condition,
v1111(qx).(23/2p1/2e* 2)(d/Lxl ). The longitudinal mode is
still acoustical, but the sound velocity is nowclq

2

5(23/2p1/2de* 2)/mal13Ẽ/m.2.13106 cm/s.

B. Transverse intersubband modes

In contrast to the Q2DES, both longitudinal and tran
verse plasmons of the Q1DES are connected with the q
tization requirement along they direction. Therefore one
should expect strong screening effects from the substrate
only on v1111(qx) but also onv1212(qx). Indeed the genera
expression forv1212(qx) can be written as

v1212~qx!5
e*

2

Lx
H eqx

2l 2/4FK0~qx
2l 2/4!

2
p1/2

21/2uqxl u
W21,0~qx

2l 2/2!G
2S 8s2

p D 1/2

3 E
0

`

e2x2/2~12x2!

3K0~ uqxl uAx214d2/ l 2!dxJ , ~38!

whereWa,b(x) is the Whittaker function.

1. Thick films

Evaluating the asymptotic expression ford. l in Eq. ~38!,
when uqxdu@1 anduqxl u!1, we arrive at the result for the
Q1DES over bulk helium, v1212(qx)5(e* 2/Lx)@1
2(qx

2l 2/2) ln uqxlu21#, which leads to the transverse plasm
spectrum branch2

v t
2~qx!5v0

22
e* 2qx

2

ma
ln

1

uqxl u
12v0vsh

1D

3H 11F ~113vsh
1D/2v0!Ẽ

m~vsh
1D!2

1
~11vsh

1D/v0!\

2mvsh
1D

qx
2G J , ~39!

with the depolarization shift frequencyvsh
1D5e* 2/\a.
in

19540
-

ic

-
n-

ot

If uqxl u!1 anduqxdu!1, the transverse mode is still de
scribed by Eq.~39!, but now vsh

1D5@12s l 2/4d2#e* 2/\a,
shifting slightly to lower frequencies in comparison with th
bulk case.

2. Thin films

For d, l and uqxl u!1, uqxdu!1 the transverse mode i
written as

v t
2~qx!.v0

22~12s!
e* 2qx

2

ma
ln

1

uqxl u
12v0vsh

1D

3H 11F ~113vsh
1D/2v0!Ẽ

m~vsh
1D!2

1
~11vsh

1D/v0!\

2mvsh
1D Gqx

2J ,

~40!

wherevsh
1D5(e* 2/\a)$12s@12A2p(d/ l )#%. For a metal,

vsh
1D5(2p)1/2@e* 2d/\al#. We estimate vsh

1D.1.831012

s21 for d/ l 51/3, which should be compared withvconf
;1011 s21.

IV. CONCLUDING REMARKS

We have studied the collective modes of Q2DES a
Q1DES floating over a cryogenic film deposited on a so
substrate. We have shown that screening effects from
substrate lead to essential modification of the plasmon s
trum in comparison with the bulk results. Special attenti
was given to the case of large«s where the liquid-phase
region in the plane (ns ,T) of the Q2DES is considerably
enhanced for smalld.12 The dispersion relations for longitu
dinal intrasubband and transverse intersubband plasm
were calculated in both the nondegenerate and degen
regimes. The Q1DES itinerant phase was also considered
thick and thin films in the limit of long wavelength. W
found in both ES’s a Goldstone mode spectrum for longi
dinal plasmons and an optical transverse mode with ne
gible dispersion. The value of the mode gap is nearly giv
by the spectroscopic transition frequency between the gro
and first excited subbands. The mode frequency depend
on the electron density was also estimated for a certain ra
of electron densities.
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