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Persistent currents in small, imperfect Hubbard rings
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We have done a study with small, imperfect Hubbard rings with exact diagonalization. The results for
few-electron rings show that the imperfection, whether localized or not, nearly always decreases, but can also
increasethe persistent current, depending on the character of the imperfection and the on-site interaction. The
calculations are generally in agreement with more specialized studies. In most cases the electron spin plays an
important role.
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I. INTRODUCTION Il. THE MODEL

Th . f : tal studies i I icond We use the Hubbard Hamiltonian with a pure Aharonov-
€ regime of experimenta’ Stdies In small SEMICONAUCHqLy fiyx without a Zeeman term. In the presence of a

tor heterostructures has gone from mesoscopic to NanoSCoRiE oy potential the hopping integral is modified by a phase
within a few years. Especially electron traps have been undgy, .20

intensive study because of the discrete nature of energy lev-

els and the resulting analogy with real atoms. The trapping )

potential has varied between parabdiimiantum dot (Ref. H=—2 tj(e ®i'icl c;,+H.c)

1) and ringlike (quantum ring, QR?~% While quantum dots e

fascinate because of the similarity with real atoms, rings ~ A -~

combine this similarity with an always captivating ringlike +UZ niTnil+§ €iNig» @)
geometry. '

Rings are often studied with a relation to the persistenwhere we have generalized for site-dependent hopping inte-
current (PC),> an equilibrium current that arises when an gral as well as for one-body on-site energigs A;; repre-
Aharonov-Bohm (AB) flux is piercing the rind. Few-  sents the portion of the Aharonov-Bohm flux covered by the
electron nanoscopic rings introduce many-body effects nofoppingi«j, so that we could write the phase factor as
observable in mesoscopic rings, such as the fractiggaN ~ €XH—i(27/L)(¢/ )], whereL is the number of sites in the
periodicity of the persistent currehtThese systems have N9, ¢ is the magr!eng flux, andﬁq= h/e is the flux quan-
been studied theoretically, both in the single-parfitlas tum. Energy scale is fixed by setting &ll=1 unless other-
well as in the many-body pictuf@-3With continuum mod-  Wise stated. Figure (&) shows examples of Hubbard rings

els, particularly in the analytical approach, it is laborious toconSIdergd In t.h's research.
introduce imperfections to a perfect ring, especially when The dimension oH is
nonperturbative treatment is required. L\ L

In addition to continuum models, lattice models have ( )( )
been applied to QR 17 If interactions are taken into ac- Ni/AN
count, the Hubbard modélis probably the most investi- where N, is the number of spirs electrons, growing
gated model. Now, apart from being a toy model of math-strongly withL andN,,, limiting the system size. The diago-
ematical physics? the purpose of this paper is to show that nalization is done with standard library routines and the nu-
a slightly generalized Hubbard model can also be an exmerics do not involve severe difficulties.
tremely valuable tool in getting the first idea of what is going  The persistent current of an eigenstatgin a single ring
on in small, numerically exactly diagonalizable systemsis usually viewed via the expressiop(¢) = — JE,/d¢.?1?
With the Hubbard model and exact diagonalization it is easyn the presence of multiple rings and different currents, how-
to introduce the effects, including an impurity, disorder, mag-ever, we have to use the current operator. From the relation

netic and electric fields, and external leads, which are muclbove and from the Feynman-Hellmann theorem we obtain
harder to include with other models. Here one does not need

to limit to a certain region in the parameter space but can X Aty i@l (bl do) t
explore all the possible values of the parameters and we get Jkio= b0 Im[e 'CyyCio ] )
an illustrative representation of the results.

The calculations show that imperfections mainly decreaséor the spine-electron current operator between ttieel-
the persistent current. The interaction, however, can introevany sitesk andl. The persistent current with the definition
duce coupling of the two spin-currents and result in increasé(¢) = — JE/d¢ is the sum of the two different spin currents.
of the PC in certain situations, especially when the imperfecUsing this operator is beneficial also because we obtain the
tion is of localizing nature. We conclude that spinless modelgurrent directly by taking the expectation value of operator
cannot show these effects. (2) in a given state.

and the Hamiltonian reads
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read either as an interaction as such or as a measure of the
one-dimensionality of the ring.

Ill. RESULTS AND DISCUSSION

The effect of a single impurity on PC has been studied by
several authors2%2"Figure 2a) shows PC influenced by
an on-site energy, and the interaction. With zero impurity,
the current decreases when the interactib(or one-dimen-
sionality) increases. This happens because with incredding
Hamiltonian (1) prevents electrons from moving indepen-
dently and eventually only rotation as a rigid rotor is pos-
sible. These observations are in agreement with more spe-
cialized papers®?®

The current always decreases monotonously with increas-
ing positivee;. Investigating Fig. 2a) more carefully with a
fixed positive impurity, one can see that there is a slight
increase of the current with the interaction. This result, con-
firming earlier calculation$’~3! tells that a greater interac-
tion makes the electron system more correlated, pushing the
impurity-affected electrons more effectively. Because there
are observations contradicting this resisaying that in the
presence of impurity the interactions suppress PC even fur-
ther, we hasten to add that with>0 the current with large
enough interaction is slightly smaller than the current with-
out interaction. Note that in the case of, for example, the
Coulomb potential, the interaction is either on or off, and this
kind of gradual increase in the interaction strength is usually
not considered. However, as discussed above, the increase of
electron-electron interaction corresponds to a decrease of the
width of the quasi-one-dimensional ring.

With often disregarded attractive impurity and fixéd
one can see a local maximum loWith specifice;. Here the
impurity localizes electrons, and if the depth of the impurity
potential is equal to the interactiob,+ e;=0, the electrons
with the opposite spin do not feel any extra on-site energy as
an effect and thus pass the impurity unaffected. Either in-
creasing or decreasirlg (or €;) makes the effective on-site

FIG. 1. (a) Structures of some of the Hubbard rings used in theenergy repulsive or attractive, on decreasingway from
calculations. The size of the point represents the on-site energy. THBiS region of local maximumespecially withU=0) the
dashed line represents a weaker strongey hopping probability. — attractive impurity decreases the current more effectively
(b) Persistent current of a perfect ring with=7 andN;=N ;=2 as  than the repulsive one.

a function of the interactiod and the flux¢. Note the periodicity A similar effect is seen in Fig.(®), where the “impurity”
change fromg, to ¢ /Ne= ¢o/4 as the interaction increases. is now a different hopping integral,. The current goes to
zero witht,, as it should, but surprisingly, it has a maximum

The persistent current is a periodic function éfwith neart,;,~1, above which it decreases. The physics is the
periodicities¢g, ¢o/2, anddy/N, increasing with the inter- same as with attractive impurity, because the large negative
action, as shown in Fig.(h). The periodicity has been stud- kinetic energy of the strong link localizes an electron pair to
ied before’?*?°and the purpose of Fig.(ld) is just to show the corresponding sites, creating a similar kind of blocking
that it makes sense to characterize the persistent current leffect; note that the form of Fig.(B) with t;,>1 is the same
fixing ¢ as long as it does not contain any discontinuities.as that in Fig. 2a) with €;<0.

Like many other authors$:** we have used the value Because we have an equal number of electrons with the
=0.25¢, and the ground-state persistent current throughoubpposite spin, the different spin currents, by symmetry, are
the paper. the same. But iN,;# N, they are in theoppositedirection.

It is suggestive that in the Hubbard model the quasi-oneThis can be seen in Figs(@ and 2Zd), which show spin-up
dimensionality can be mimicked by adjusting the interactionand spin-down currents as a function dfand the single
term: A Hubbard ring with multiple channel&ig. (@] and  impurity strength folN; =2 andN =1. The opposite signs
U>1 is mimicked by a single channel and a relatively smalland relative magnitudes of PC with zero interaction and im-
U.% Thus the Hubbard) in these ringlike structures can be purity, i.e., 1,(0,0)/1,(0,0), can in fact be easily explained
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FIG. 2. Effect of a single impurity on the persistent current at a fixed value of #ux@.25p.). In (8) the impurity is described with
an on-site energy;, in (b) with a hopping parametes, (L=7, N;=N,=2), and(c) and(d) show separately the spin-up and spin-down
currents in the case of three electrohs=7, N;=2, N;=1) and a single impurity described with.

also with noninteractingelectrons in a continuous, strictly current a maximum withJ ~W. The increase of PC withl
one-dimensional ring. The effect of interaction is to “grab” (<1) has been confirmed by other auth&ts® Physically
the spin-down electron to move to the same direction as ththe maximum can again be explained by the effective poten-
spin-up electrons, leading eventually to the rigid rotation oftial smoothening that originates from the disorder-localized
the whole electron system. However, to the total currentlectrons and their repulsive interaction towards the electrons
(I4+1,) the impurity has the same effect in the three-of opposite spin. The impact of interactions can be different
electron case as in the four-electron case. With other odih spinless model§ (where intersite interaction is required,
numbers of electrons the situation is similar to that of thee.g., a Coulomb-like interaction teffis. But at this point we
three-electron case. want to stress that if the spin currents, potentially even of
A random external potential at the ring is often called opposite sign, are present, then the effect of interaction, by
disorder and its effect on PC and the energy spectra is largelyoupling the two currents as described above, is quite subtle
studied subject mainly due to the relevance in experimentadnd differs from the effect in spinless models.
sampled?~1° Figure 3a) shows an ensemble averaged By comparing carefully Figs. (@) and 3b), the resem-
I(U,W), whereW is the measure of the disorder, defined asblance is obvious. Figure(B) shows the same plot as Fig.
W=max{e})—min({g}) with {€} being random on-site en- 3(a) but now with disorder strengttW replaced by the
ergies(the ensemble consisted of 60 ringShe current de- strengthVg of an electric field parallel to the plane of the
creases monotonously with, but the role of the interactions quantum ring. The physics remain the same: while the field
is again not trivial, since a given disorder strength gives théinclines” the ring so that some electrons tend to roll down
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FIG. 3. Effect of random on-site energié® and electric field
(b) on the persistent current gi=0.25¢, (L=7, N;=N;=2). W
is a measure of the disorder of the on-site energies\gnés the
strength of the electric field parallel to the plane of the ring.
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FIG. 4. (a) Temperature dependence of the persistent current in

a perfect ring withL.=7 andN;=N =2 (kgT measured in units of
t). (b) The energy spectrurk;(¢) of a ring with six sites and a
stub with two sitegin 1(a) a related system is shown with a ring of
seven sites and a stub of three sjtd$he system has four electrons
(Ny=N;=2) and U=1000. The low-energy spectrum is nearly
identical with a spectrum of three electrons in a pure ring without
the stub.

the ground state. The observations agree with the noninter-

acting picture of Refs. 15, 33.
As is the temperature, so are the external leads an inevi-

to the other end of the ring, the interaction smoothens thgaple imperfection in externally tuneable quantum rifgs.

way to the electrons of the opposite spin, creating an optiwith a lattice model one could imagine modeling these with
mum interaction for giverMg. On the other hand, for a an attractive on-site energy, larger hopping integral, or
given U an increasing electric field destroys the Aharonov-maybe with a smaller interaction term that is due to the
Bohm oscillations, since the wave function does not extendarger space available in the vicinity of the leads. The ring-

throughout the whole rind?

stub system, a schematic of which is shown in Fig),lhas

Finite temperature behavior of the persistent current ideen studied by continuum modéfs3’It was found that the
more intuitive, as seen in Fig.(@. The current decreases stub can create standing waves that are not affected by the

monotonously witHJ at all temperatures, and with a fixéd
the current is almost constant for small enoughuntil it

magnetic flux piercing the ring. With our approach, including
now also the many-body effects, it is found that with large

decreases essentially to zero in the temperature range thatdsough interaction, the stub of definite length can localize an
given by the energy gap between the ground state and thateger numbeNg,,, of electrons, and as a result the remain-
excited states. This is because the directions of the currenisg electrons in the ring exhibit normal AB oscillations with
of the excited states are frequently opposite to the current dfl.-N,,,, electrons,as if the stub would be absent. This is
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shown in Fig. 4b), where we have a system of four elec- of empty lattice sites is increased. Furthermore, for these
trons, but the low-energy spectrum is essentially the same dsw-electrons systems, because of tbeal interaction, the

the pure-ring spectrum with just three electrons. If the stubmodel does not necessarily compare to real continuum mod-
length would be increased by one site, the standing wavels better ifL is increased.

would not have a node anymore at the stub-ring interface and

the localized electron would start interfering with the elec- IV. CONCLUSIONS

trons in the ring, suppressing the curr&ht® . .
If the stub is connected to another quantum ring, as de-. To cpnclude, we have.stu_dled small imperfect Hubbard
rings with exact diagonalization. The results show that the

picted in Fig. 1a), we get coupled quantum rings, which . . .
could be experimentally realistic in a dense ensemble of selfmperfection, whether localized or not, almost always de-

assembled quantum ringsStudied with noninteracting con- ' €2S€S the persistent current. The interaction, however, can
tinuum electroné® the relative directions of PC in coupled mtr(_)duce cou_pllng of the tWO. spm_—currents, making the ef-
rings of different radii were found to depend on the magneticfeCt'Ve potential felt by opposite-spin electrons smoother and

flux. If we define a reference ring with length to enclose a :ﬁ:uilrtnmelrr;gggieigfol:;cfolgaﬁ;r;alnnzttgfetlovrs/sé 22?:%1?%\'252
flux ¢,, a ring with lengthL then encloses a fluxp P 9 '

—(L/L,)2¢,, and we can have rings of different sizes by effects cannot be seen with spinless electrons. The decrease

applying the corresponding fluxes to the phase factor of thcgopg I";S ir]l":ﬁ;"o; tﬁ; 'Qﬁfgg}! dpeogreenatgsssa[ctr? t\évr';h ezr(;rtzre
hopping integral in Hamiltonial). It is found that the cur- pe. N p 9 P

rents in the rings of length., and L, indeed run in the monotonously in a scale given by the energy gap above the

opposite direction if, e.g., the flux through the first ring is ground state.

L . By comparing with other studies, it is shown that even
less _and the flux through the second ring is more 'ghan mtege[F]es)é veryimal?rings give the same physics and phenomena
multiple of a flux quantun{! Though we have two indepen-

. o that is obtained with more involved Hubbard-model calcula-
dent currents, it turns out that the derivative of the total en-. ) . .

tions, including, e.g., Bethe-Ansatz calculations. Further-
ergy resembles the sum of the currents very closely, and thus

e . . more, many realistic investigations with continuum models
][nay Iea_d to large periodicities If; /L, differs only slightly leave the phenomena obtained with this approach mainly in-
rom unity.

Most of the figures show results for rings with=7 and tact.
Ne=4, but it is important to point out that also other rings
were investigated, giving similar results. We want to defend
this choice by the notion that in the limit of larde, the We would like to thank Susanne Viefers and Prosenjit
Hubbard model becomes the Heisenberg model with an efSingha Deo for valuable discussions. One of(BK. ac-
fective coupling constanit, 1”2 which, for largeL, scales  knowledges the Vada foundation for financial support.
asJesr<L 2. This, together with our calculations, shows that This work was supported by the Academy of Finland under
the energy separations—and consequently the persistetite Finnish Center of Excellence Program 2000-2005
current—decrease with.. This implies that the general (Project No. 44875, Nuclear and Condensed Matter Program
trends depicted in the figures tend to diminish as the numbeat JYFL).
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