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Nonlinear optics of semiconductors under an intense terahertz field
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A theory for nonlinear optics of semiconductors in the presence of an intense terahertz electric field is
constructed based on the double-line Feynman diagrams, in which the nonperturbative effect of the intense
terahertz field is fully taken into account through using the Floquet states as propagating lines in the Feynman
diagrams.
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[. INTRODUCTION the Floquet state¥,which have the nonperturbative effect of

. . the THz field fully included. In fact, a compact theory for
Since the early 1990s, thanks mainly to the emergence ciﬂear optics of THz-driven semiconductors has been formu-

free flectrpn lasers operating in the terah&feiz) wave  |ata in the Floquet-state baditn the next section, the gen-
band, the interaction between semiconductors and a strong| formalism for nonlinear optics of semiconductors under
THz field has been brought under intensive investigationsg strong THz field will be constructed with the double-line
Nonlinear transpoft° and linear optics 2 are the two main Feynman diagrams frequently used in textboBKEIn Sec.
themes of these investigatiofisere we use the terminology |jj, some examples will be given to illustrate how to calcu-
of “linear optics” or “nonlinear optics” in the sense that the |ate the nonlinear optical susceptibility from the Feynman
intense THz field is treated as a part of the system but not agiagrams. The conclusions are given in the last section.
optical excitation, otherwise, if the THz field is viewed as an
external optical field, even the so-called linear optics here Il. GENERAL THEORY
would be highly nonlinear To thoroughly understand the
physics in THz-field-driven semiconductors, as well as to
develop novel devices based on these systems, nonlinear o
tical spectroscopies are a powerful and sometimes necessat
method due to their accessibility both in ultrafast time reso
lution and in multifrequency mixing. For example, the four- R
wave mixing spectroscopy has been adopted to study the H=Hq(t)— E e Fo(t), (1)
effect of the strong THz field induced by Bloch oscillation in P
biased semiconductor superlatticBsnd a theory based on whereH,(t) is the unperturbated Hamiltonian of the semi-
Floquet state® of time-periodic systems has been developedsondyctor with the THz-field driving includegy is the di-
to consider the nonperturbative effects of the THz dipolepo|e operator, and
field® Recently, the difference-frequency processes were ' _ _
proposed to generate THz emission, and the estimated Fo(t,R)=F,ee Rty cc. 2
strength of THz field could be of the order of kv/icth,” o\ o perturbative optical field
which is so large that the feedback effect of the THz field on . . . ' -
the nonlinear difference-frequency process may be impor- With the density matrix of the sxsterAn denoted fit),
tant. So, as a common theoretical basis, a nonlinear opticiiie optical polarization isP(t)=Tr[p(t)u]. As the THz
theory of semiconductors in the presence of an intense THield, with photon energy much smaller than the band gap,
field is desired. induces no interband excitation, the system is assumed in the
To construct such a theory, it is essential to include théiemiconductor ground state before optical excitation, i.e.,
nonperturbative driving of the THz field. To this end, a goodp(—«)=|0)(0|. Thus thejth component of théNth order
starting point is the eigenstates of the THz-driven systemd,y™)] nonlinear optical response to the optical field$'{$

The system to be considered is a semiconductor irradiated
an intense cw THz laser. The Hamiltonian of this system
der excitation of additional weak lasers can be expressed

+
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where the summation is over all permutations of the indicesvhere
as indicated, and

T ~
o Mq,m;q’ET_lf <Qamat|l‘|q,at>dt:ﬂq;q',7m
U(t’t/)ETe—I/ﬁ It’HO(tl)dt1=UT(t',t) 0

is the unperturbed propagator of the system. The system i
the presence of a THz field is time periodic, i.&lg(t)
=Hy(t+T), whereT=27/w with » denoting the angular S N B (! —t
frequency of the THz field. The eigenstates of the time-  Y(1 Hp=[a’m' t")e MEm g, b g(ant], ()
periodic Hamiltonian is the Floquet statfs,t)}, which are

time periodic and satisfy the secular equation ;}U(t,t’):|q,t);u.q;q,,m,e’”thﬂm’(H')(q’,m’,t’l. (8)

[Ho(t)—i%a]a,t)=Eqla.t) = Eqla.t+T), @ With Egs. (7) and (8) used, respectively, on the left and
whereE,, in analogy of quasimomentum of Bloch states, isright sides 00)(0| in Eq. (3), the nonlinear optical response
termed quasienergy. Obviously, the sidebands of the Floquetan be derived. The double-line Feynman diagrams can be
stategq,m,t)= exp (mwt)|q,t) are also eigenstates of Eg) used to assist such a derivation as well as in static cases. For
with quasienergyE, = Eq+mhw. Now the propagator this particular time-periodic system, the rules of the Feyn-

'ﬁ the time average of the dipole matrix element. Thus we

can be expanded into the Floquet states as man diagrams for the optical respor%]é‘)(t) are[see Fig. 1
. , @l
U(t,t")=|g,tye” /M Ealt=t(q,t'], 5 (i) The evolution of the diagram starts from the ground

osfate|0)(0| att=—cc and ends at with the final Floguet-
Slate density matrig,n)(q,n+m|.
(i) The N interaction vertices at,<t (p=1,2,...N)

(hereafter all superscripts and subscripts appearing only
the right-hand side of an equation are assumed dumb indic
to be summed ovérThe dipole matrix element between the

Floquet states is consist of a photon lindthe dotted arrowwith frequency
Q,, the Floquet state before interactioa,(m,) on the left
Ha:q (1) =(q t|lAl|C1’ t>:eimwtﬂq i (6) branch or(a,m,| on the right branch and the state after

interaction (c,m.) on the left branch orc,m. on the
right branch. The photon lines pointing to inside and out-

X n><X,n+m : . o
|q,n><q,n+m-:|w | | side represent photon absorption and emission processes, re-
[’F TQ Q T IT Q spectively. Thepth vertex contributes a dipole matrix ele-
Q, i e ment (/%) pem_:am, [or —(i/h) pam_;cm ] if it is on the
T §<C’mc'| (b) |0><0| left (or right) branch, and a factor from the optical field
|j,m> e Fpexp (—iQut,+iK,-R)  for  photon absorption or
' Ll €, F;,‘ expQpt,—iK,-R) for photon emission.
A% [0><0,m] Q (iii) The photon emission vertex at final timeontributes
Qb . <a,m | ' the factor (MJ-)CJT,C;q’,wme‘”“‘”t where (c,m| is the state
) “w. Q, 1| <X.n| before photon emission.
0 (iv) The double line between two neighbor verticegat
(a) |0><0] (C) j0><0] 2% andt, (t;<t,) represents the unperturbed propagator of the
density matrix. If the state associated with the double line is
|b,my){c,m¢|, the factor due to the propagator is
(d) X0, ><X 0, +m (e) |B,n><B,n+m O(t,—ty)e” 1M Eomicm = Tom, cm)(t2t2)
A Q ; Q whereEy m, .c.m =Ep m,—Ecm_ IS the transition energy be-
<0.1| Qb tween the Floquet states, abig n, .c.m /7 is the relaxation
Liz. Q, ’ <X,.ny rate of the density matrix due to the interaction with envi-
Q | X on>| 6l Q ronment. _ _
L |<Xny| R P (v) For each diagram, all factors described above should
' Bl o Q. A be multiplied together and all Floquet states and their side-
105<0) o3 T 0><0) bands are summed over. Then all different diagrams, which

are determined both by how tiévertices are grouped into
FIG. 1. (a) The general form of double-line Feynman diagrams {WO branches and by the time ordering, should be summed.

for nonlinear optics of semicondcutors in the presence of an intensE0! @ certain optical configuratiofwhich determines each

THz electric field.(b) and (c) The double-line Feynman diagrams Vertex is a photon absorption or emission progetsere are

for linear optics of THz-field-driven semiconductor@l) and (¢  totally 2VN! different diagrams, among which there art 2

Two of the double-line Feynman diagrams fgf) four-wave mix-  elementary diagrams and the others can be derived from

ing in THz-field-driven semiconductors. them by permutation of thi vertices. And still, there are™2
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different optical configurations. In a certain experiment, onlystates. Second, the THz field induces new resonances at THz-

one optical configuration needs to be considered. photon-assisted transitions, as the sidebands of the Floquet
The nonlinear optical susceptibility in frequency domainstates act as intermediate states in the nonlinear optical pro-
is defined as cess. And third, there is an extra dynamic phase factor
e~ 'met at the final photon-emission vertex, which makes the
Xl(!\jl)l'jz _____ jN(Q;Ql,QZ, o) energy of the emitted photon differ from the total input en-

ergy by an integer multiple of the THz-photon energy, cor-
B (N) _ ) responding to the physical process of THz-photon-sideband
= | dudty - diyxgy g, (Gt ) generatiom:®® In the time-periodic systems, the energy-
conserving condition is relaxed to the quasienergy conserva-
tion. We reiterate that the nonperturbative effect of the THz

The rules for constructing susceptibility in frequency domainfield has been fully included through the renormalization of
from the Feynman diagrams can be easily derived from th&lipole matrix element and transition energy.
rules above:

(i) The interaction vertex, consitituted by the photon line . EXAMPLES
with frequency(),,, the initial statga,m,) (or (a,m,|), and . _ _ .
the final state|c,m¢) (or (c,m|), contributes the factor As an illustrative exgmp_le, the Feynman diagrams for lin-
(/5) (1 Ve, -am. [OF = (i/5) (1 )am. -cm] if the vertex ear optics are plottgd in Figs( a}nd Xc). From.th(.e rules
. preocrtia prar e for the Feynman diagrams, the linear susceptibility can be
is on the left(or right) branch.

(i) The factor associated with the double-line Stateformulated as

|b,mp){c,m| betweent; andt, (t;<t,) is

@l =it~ 10t - ity 9)

XY (Q:0)=275Q - Q1 mw)

INE
(,U«j)O;X,ner(Mjl)X,n;O

-1
_ih<Eb,mb;c,mc_irb,mb;c,mc_ Z Qn) .
EX,n;O_iFX,n;O_Ql

th<to X

(iif) The factor associated with the final photon emission
vertex att is () x.n0m( 4 )oxn

- - . 10
N EO;X,n_|FO;X,n_Ql ( )
2775( QO—mow-— Z Qn [ (#))e,mqn+ms where |X,n) denotes the THz-photon sidebands of the
=t Floquet-state excitons ar@,n) denotes the sidebands of the
where(c,m.| is the state before photon emission. ground state. This result is identical to that in Ref. 8 derived

(iv) All factors are multiplied together and all intermedi- with nonequilibrium Green’s-function technique.
ate Floquet states and their sidebands are summed over. ThenNow we consider another example, th&®) four-wave
all possible diagrams are summed. For a certain optical cormixing, in which three input beams propagate in the direc-
figuration, the frequency, is positive or negative depend- tions Ky, K, and K3, respectively, and the signal is de-
ing on whether the corresponding vertex is an absorption otected in the directiok,+K,—Kj5. Corresponding to this
emission process. optical configuration, there are 48 different Feynman dia-
From the rules described above, we can see that the nograms, among which only 16 are under resonant excitation
linear optical response of THz-field-driven semiconductorscondition. We calculate two typical diagrams as examples of
or generally speaking, time-periodic systems, takes the formesonant excitation of excitons and bi-excitgagciton mol-
very similar to the textbook formalism for static systetfs®  ecules constituted by two excitonsFigure 1d) is a Feyn-
The difference lies on three aspects: First, the dipole matrixnan diagram for resonant excitation of excitons, which con-
element here is the time average of that between Floquétibutes to the susceptibility as

2w(Q =01 —Qp+ Q35— mw)(:“jg)o;xz,nz(sz)Xz,nz;O,n(Mj)O,n;xl,nl+m(ﬂjl)xl,n1;0
(Exl,nl;o,n_ [ 1—‘Xl,nl;O,n_Ql_ Q2"'93)(E>(1,n1;xz|n2_ [ 1—‘Xl,nl;Xz,nz_Ql'i' Q3)(EO;X2,n2_ i FO;Xz,n2+ QS) ’

and Fig. 1e) is a diagram for resonant excitation of bi-excitons, which contributes to the susceptibility as

—270(Q = Q1= Qo+ Q3= M) (1)) 0, ny(Hj)xg 0580+ m( K, Bn:x, 0y (H5,)X; 0y 00
(Eenxana~ 1TBnxan. = Q1= QoF Q) (Ex noxana— 1% 00 ixan = Q1+t Q3)(Ex n 0~ 10, 0 Q1)
373 33 1771730713 17173013 171 171
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where |B,n) denotes the sidebands of Floquet-state bi-an intense THz field. The basis of the Feynman diagram is
excitons. From the two terms above, we can easily identifiythe eigenstates of the time-periodic systems, i.e., the Floquet
the resonances associated with the THz-photon-assistetiates, so the nonperturbative effect of the THz field has been
Floguet-state exciton and bi-exciton transitions. The sidefully taken into account. Many phenomena, including the
band generation, as indicated by tAgunction with argu- THz-photon-assisted exciton or bi-exciton resonances and
ment containing an integer multiple of THz-photon energy,the THz-photon sideband generation, are naturally accounted
accounts for the four-wave mixing signal out of the excita-for in this theory.
tion spectrum observed in the numerical calculations in Ref.
15.
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