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First-principles calculation of the electronic, dielectric, and dynamical properties of CaF2

Matthieu Verstraete* and Xavier Gonze
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Calcium fluoride is a prototypical very large band-gap material, with applications in far-ultraviolet optics.
We study the electronic, dielectric, and vibrational properties of CaF2 from first principles, using density-
functional theory. The phonon band structure is well reproduced with standard pseudopotentials, except for one
optical T1u mode nearG and X. However, the calculated dielectric properties are very poor. Improving the
quality of the dielectric constants of the crystal requires a pseudopotential for Ca with additional semicore
electrons. We perform a detailed analysis of the static and dynamical charges, as well as the interatomic force
constants.
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I. INTRODUCTION

Very large scale integration in microelectronics has be
made possible by the development of photolithograp
methods: a photosensitive resin is exposed using ultra-v
~UV! radiation passing through a mask. Semiconductor
cuits can be mass-produced with typical feature sizes d
to 0.13mm as of 2003. The further reduction of transist
sizes is limited by the wavelength of the UV radiation. T
use of shorter wavelength light, in particular, x rays mig
circumvent this problem. However, as the wavelength
creases, it becomes more and more difficult to make lense
focus the radiation. For far-UV radiation lenses, the pres
material of choice is calcium fluoride, or fluorite, CaF2. The
search for better materials is however ongoing; one of
main problems of fluorite is birefringence, which appears
very short wavelengths,1 despite the cubic symmetry.

Experimental characterizations abound for CaF2, espe-
cially as a host lattice for heavy atoms in fluorescence stu
~see, e.g., Ref. 2!. The phonon spectrum was determined e
perimentally by Elcombe and Pryor3 as early as 1970. The
stress dependence of phonon modes was investigated i
early 1980s.4,5 However, little theoretical work exists o
CaF2’s crystalline structure and properties, despite the sim
structure it adopts. The electronic band structure of CaF2 was
determined first by Albertet al.,6 who added an empirica
potential to correct the conduction-band structure, then
Heaton and Lin7 with a pure self-consistent-field metho
The optical properties have been studied more recently
Shirley and co-workers,1,8 and in particular the intrinsic qual
ity of the birefringence in CaF2 at short wavelengths. On
side note, de Leeuwet al.9 studied the effect of water on th
surface of CaF2, and determined some of its electronic pro
erties. Finally, the zone-center phonons, elastic consta
and total energies were determinedab initio using different
techniques@Hartree-Fock, density-functional theory~DFT!#
very recently in several different approximations, by Me´rawa
and co-workers.10 We are aware of on-going work~both ex-
perimental and theoretical! on phonons in CaF2 and other
fluorides by K. Schmalzl and co-workers.11

Given the widespread use of CaF2, its technological im-
portance, and the present drive beyond the limit of ‘‘tra
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tional’’ photolithographic techniques, the theoretical chara
terization of fluorite is of general interest. We determine t
electronic, dielectric, and vibrational properties of fluorit
including the full phonon and electron band structures a
the interatomic force constants, through density-functio
theory12,13 methods. We use theABINIT ~Ref. 14! software
package, which employs a plane-wave basis set, and im
ments density-functional perturbation theory~DFPT! for the
determination of the linear response to atomic displacem
and electric fields. CaF2 is an ionic material, and we estimat
the charge on each atom by two different methods. The
of this article is organized as follows: the theoretical metho
and the system are described in Sec. II. The resulting e
tronic and phononic band structures and related prope
are presented in Sec. III. Our conclusions are presente
Sec. IV. Atomic units are used throughout, unless otherw
specified.

II. THEORETICAL METHOD

We employ a standard implementation of DFT theo
with the wave functions represented in a plane-wave b
set, and periodic boundary conditions.14 A review of the
method~and of the algorithms used for the convergence
the electronic density and atomic positions! can be found in
Ref. 15. CaF2 is a cubic compound with three atoms p
primitive face-centered-cubic unit cell~Ref. 16 group IVa1!
in the reduced positions Ca (0,0,0) and F6(1/4,1/4,1/4).
The Broyden algorithm17 is used to relax the lattice param
eter.

The effect of the approximation to the exchang
correlation~XC! energy is considered, comparing the loca
density approximation~LDA ! ~from Perdew and Wang,18 pa-
rametrized with electron-gas data by Ceperley and Alde19!
to the generalized gradient approximation~GGA! of Perdew
et al.20

Norm-conserving pseudopotentials of the Troullie
Martins21 ~TM! type are chosen to describe the interacti
between the valence electrons and the nuclei and core e
trons. A nonlinear-core-correction~NLCC! ~Ref. 22! simu-
lates the nonlinear XC effects of the core electrons, wh
overlap the valence s states substantially in calcium. T
©2003 The American Physical Society23-1
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plane-wave kinetic-energy cutoff for the basis set is 50
with the pseudopotentials generated, for which the lat
parameter is converged to 0.04%. To limit the computatio
time, for phonons we use a slightly lower cutoff of 40 H
the lattice parameter is only converged to within 1% but
phonon frequencies are converged to within a few perc
which is small enough with respect to the intrinsic DFT er
in LDA and GGA.

Calcium is a notoriously difficult element to pseudize. W
perform a preliminary test for the GGA pseudopotential
CaO, another ionic compound of calcium, and find the
laxed lattice constants are within 1.6% of experiment. T
precision is typical of GGA-DFT calculations. Fluorine
also a difficult element, but does not present a slower c
vergence in the full CaF2 system.

To tackle dielectric properties, a more precise calculat
is needed which includes the semicore~SC! 3s and 3p states
for Ca: in this case a Hartwigsen-Goedecker-Hutter~HGH!
~Ref. 23! pseudopotential is used with an energy cutoff
100 Ha. The TM pseudopotentials present the advantag
having a low cutoff and being easily obtained in both t
LDA and GGA. Adding semicore electrons to the TM pote
tials is possible but can be very involved, can generate g
states, and can no longer present any advantage in term
cutoff energies. HGH pseudopotentials are available only
the LDA, and present much higher cutoff energies. Howev
as they are cast directly as projectors and fitted, instea
being obtained by a Kleinman-Bylander~KB! ~Ref. 24!
transformation, they are not subject to the ghost states in
duced by the KB procedure~see Ref. 25!, and can be gener
ated as easily for configurations with semicore electrons

The Brillouin zone is sampled with an 83838
Monkhorst-Pack-type grid26 ~60 irreduciblek points! with
which the lattice constant is converged to within 1025 Å.

The vibrational properties of CaF2 are determined in lin-
ear response~perturbation theory!, Refs. 27–30.

III. RESULTS

The experimental lattice parameter of CaF2 is 5.4630 Å
~Ref. 16! and in the GGA approximation we find 5.5637
with a 50 Ha plane-wave cutoff. The lattice parameter
CaF2 is thus reproduced to within 2%, a normal agreem
by GGA standards. The LDA pseudopotential gives a latt
parameter of 5.3519 Å, and underestimatesa by 2%, which
is also typical of the LDA. These results are of the sa
precision as those in Ref. 10, though their GGA@Perdew-
Wang 1991# ~Ref. 31! seems slightly better, i.e., to 1% ofa.

A. Electronic properties

The band structure and density of states~DOS! for CaF2
is represented in Fig. 1. The tetrahedron method32,33 is used
to generate an accurate DOS from 28 k points in the irred
ible Brillouin zone. The zero in energy is set at the top of t
valence band. The calculated indirect gap (X→G) is seen to
be 7.07 eV. Experimentally, the direct band gap is 12.1
and the indirect gap is estimated to be 11.8 eV.34 It is well
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known that the local-density and generalized-gradient
proximations to DFT systematically underestimate the ba
gap in semiconductors: the error of a factor of 2 is typica

Our results agree well with the self-consistent field~SCF!
results of Refs. 6 and 7, in particular, with those of Heat
and Lin,7 who use a basis set of linear combinations
atomic orbitals, and a SCF method.

B. Electronic charge-density analysis

We carry out an analysis of the electronic density, us
the Bader35,36 and Hirshfeld37 methods. We expect a clea
ionic character in the bonding of CaF2. These techniques
allow us to quantify the ionicity, and to compare the differe
pseudopotentials. We will consider the experimental latt
parameter, giving a unit cell volume of 40.76 Å,3 except
where anothera is specified.

The Bader method finds critical points of the Laplacian
the electronic density, and ‘‘bond paths’’ between ato
along which the density is maximal: in all directions perpe
dicular to the path, the density decreases. Along the path
density is maximal at the atoms at both ends. The point al
the path where the density is at a minimum defines a crit
point. Further, a critical surface is defined: points of minim
density along different paths between atoms. This surface
zero flux of the density gradient through it. In this way th
unit cell is cut up into basins of charge attributed to differe
atoms. Each basin has a certain volume, shape, and attrib
the charge that it contains to its central atom.

We first consider the different pseudopotentials used.
each, the electronic density is generated and analyzed.
values of the Bader charges are presented in Table I.

FIG. 1. Electronic band structure and DOS of CaF2. The insu-
lating gap of 7.1 eV is underestimated with respect to experim
~11.8 eV! as expected in a GGA-DFT calculation.

TABLE I. Atomic charges and volumes@in Å Ref. 3!# calculated
by the Bader method, with different pseudopotentials and wit
larger lattice parametera. The changes vary a little with the pseud
potential or the value ofa.

SC-LDA LDA GGA GGA 5.56 Å

Ca charge 1.647 1.648 1.665 1.679
Ca volume 11.61 11.40 11.40 11.94
F charge 20.821 20.824 20.832 20.838
F volume 14.85 14.58 14.58 15.39
3-2
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FIRST-PRINCIPLES CALCULATION OF THE . . . PHYSICAL REVIEW B 68, 195123 ~2003!
difference between the two LDA pseudopotentials~with and
without semicore electrons! is negligible: 0.001 electron on
the calcium atom and 0.03 Å.3 The difference with GGA is
also small: 0.018 electrons and 0.03 Å.3 We see that the
bond is strongly ionic, as expected, but that the charge tr
fer is not complete. The volume of F is slightly larger, whi
could be due to the extra electron on F, or due to the differ
geometry of the positions of F and Ca~the latter being of
higher symmetry and with more neighbors!.

Since we will consider two different lattice parameters
the phonons, we consider briefly the effecta has on the
charges. Relaxing the structure with the GGA potential gi
a lattice parameter of 5.56 Å. The last column in Table
contains the charges obtained in this case. The differenc
minimal: 0.014 electrons with respect to the GGA case
the experimental value ofa.

With the Bader analysis, we see the attributed charg
almost independent of the pseudopotential and lattice par
eter used. The differences are slight between LDA and GG
as is the variation of the charges with the cell volume. As
method depends mainly on the bonding region between
atoms, this comforts our assessment of the TM potential
giving a good description of the bonding and chemistry
CaF2, with a much smaller kinetic-energy cutoff.

The Hirshfeld method has been the subject of renew
interest in the quantum chemistry community over the p
few years following the demonstration that it is a partitioni
with maximal information.38 The approach is somewhat di
ferent: first the total electronic densities of the isolated ato
or ‘‘proatoms,’’ are superposed in space. Then, the contri
tion of a proatom of typek to the superposed density at
given point determines which fraction of the total electron
density will be attributed tok. In this way, one obtains ef
fective charge densities for each atom, the sum of wh
gives the total density. The densities can be integrated to
the apparent charge of the atom. The method was develo
for atoms in molecules, where each atom is unique. I
solid-state context with periodic boundary conditions,
consider the sum of the proatomic densities fromk and all its
translated images.

The Hirshfeld method gives small net charges on ato
This follows many results obtained in the literature,37,39,40

which suggest that the Hirshfeld charge transfer is system
cally much smaller than the Bader one.

Using the GGA pseudopotential and the experimental
tice parameter,QCa50.2377 andQF520.1188. In LDA,
the charges areQCa50.1943 and QF520.0971. The
pseudopotential with semicore electrons givesQCa50.3818
andQF520.1909 electrons.

To test the effect of the lattice parameter, we calculate
charges in GGA with a slightly different value of the lattic
parameter~5.49 Å!, and obtainQCa50.2731 andQF5
20.1366.

We see that the Hirshfeld analysis is much more sensi
to the details of the calculation than the Bader analysis.
exchange-correlation potential can change the Hirsh
charges significantly, although the order of magnitude a
the direction of the transfer is the same. Since the proa
densities used in the different calculations are the same~for
19512
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the GGA case both a GGA and a LDA proatom were tes
and no difference was observed!, the variation must come
from the distribution of the electronic density between t
atoms.

C. Dielectric properties

We describe and define here briefly the different dielec
properties we will consider. See Ref. 30 for the implemen
tion and for the explanations of the notations used in t
section. The electronic contribution to the dielectric consta
e` can be calculated from

eab
` 5dab2

4p

V0
2Eel

EaEb , ~1!

whereEel
EaEb is the second derivative of the total electron

energy with respect to a perturbing electric field along dir
tionsa andb, andV0 is the unit cell volume.e` is typically
measured in the visible spectrum for frequencies mu
smaller than the gap energy.

The variation of the force on a given atom, under t
application of an electric field, defines the Born effecti
charge

Zk,ab* 5
]Fk,a

]Eb
. ~2!

The additional contribution of phonons to the dielect
constant becomes important asv→0

eab~v!5eab
` 1

4p

V0
(
kk8

(
a8b8

Zk,aa8
* @C̃~q50!

2Mv2#ka8,k8b8
21 Zk8,bb8

* . ~3!

where M is the mass of the unit cell andC̃ is the Fourier
transform of the matrix of interatomic force constants.

For dielectrics, there exists a sum rule for the second
rivatives of the total energy with respect to atomic positio
@the acoustic sum rule~ASR!—see Ref. 30#

(
k8

]E

]Rk8a8]Rka

50. ~4!

The sum rule reflects the invariance of the forces on
atoms under uniform translation of all the atoms. The ASR
broken in our calculation, because of the representation
the XC potential on a discrete grid in real space: an infi
tesimal displacement of the atoms will always change
XC grid.

The experimental and theoretical values ofe` , Z* , and
e0 are presented in Table II. Because of the cubic symme
the dielectric matrices and the Born effective charges fo
given atom are all diagonal and have the same value a
x,y, andz.

Globally, the HGH pseudopotential with SC electro
gives the best agreement with experiment. In most DFT
electric constant calculations,e0 and e` are overestimated
and this is the case with the HGH pseudopotential. In
3-3
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MATTHIEU VERSTRAETE AND XAVIER GONZE PHYSICAL REVIEW B68, 195123 ~2003!
calculations using the TM pseudopotentials, however, b
dielectric constants are underestimated. We attribute thi
the absence of core electrons in the calculation: though m
of the phonon modes are well reproduced, the electronic
sponse of the system remains incorrect. More specifica
the calcium atom has lost all of its valence electrons, and
core electrons should be dynamically rearranging themse
as a function of the phonon modes, which is naturally i
possible in the frozen-core approximation.

The Born effective charges are close to the formal1II
and 2I charges for Ca and F in all cases. The calcula
charges support our explanation of the differences betw
the phonon modes and dielectric constants with the diffe
pseudopotentials: the charge for Ca is even higher when
electrons are free to move, with the HGH pseudopoten
The Born charges are larger than the Bader charges ca
lated in the preceding section, and vary more when semic
electrons are included. This is a further indication that, e
if the ground-state density is correct, response function
culations are more sensitive to core electron effects an
the differences between pseudopotentials. Another part o
differences can be explained by the static or dynamic ch
acteristics of the charges, as in Ref. 41.

The two Troullier-Martins pseudopotentials allow us
determine the effect of the exchange-correlation poten
there are no major differences ine` and theZ* . On the other
hand,e0 is higher in LDA than in GGA. This is due to th
difference in the phonon eigenfrequencies, shown in the
lowing section. The fact that LDA gives better results here
probably coincidental.

D. Vibrational properties

The phonon band structures in GGA and LDA, and t
corresponding DOS are presented in Fig. 2. Eight irreduc
q points are used for the interpolation of the interatom
force constants~IFC! in the Brillouin zone. The experimenta
data of Elcombe and Pryor3 are included as circles. Bot
GGA and LDA give good band structures, and the LDA v
ues are closer to experiment than GGA. For the acou
branches, the agreement is excellent.

Phonon frequencies atG are presented in Table III. As ca

TABLE II. Comparison of experimental dielectric constants a
Born effective charges with those obtained in DFPT, us
Troullier-Martins ~LDA and GGA! and Hartwigsen-Goedecker
Hutter ~LDA with semicore electrons! pseudopotentials. Two
slightly different lattice parameters are considered: the experime
value 5.46 Å and a slightly larger 5.49 Å. Experimental data
taken from or cited in Ref. 3.

a ~Å! e` ZCa,1,1* ZF,1,1* e0

Experiment 5.46 2.28 1II 2I 6.76
LDA 5.46 2.06 12.18 21.09 5.30
LDA 5.49 2.05 12.18 21.09 5.57
GGA 5.46 2.03 12.18 21.09 4.92
GGA 5.49 2.02 12.18 21.09 5.14
LDA SC 5.46 2.32 12.36 21.18 9.02
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be seen in Fig. 2, the main disagreement occurs atG for the
first optical mode. Compared to the values of Refs. 43,
and for the experimental lattice constant, the difference
;12% in LDA and 18% in GGA. BetweenK andX there is
also a difference on the same order, for the analogous p
non branch~the first optical mode!. In general, for optical
branches, a 10% error in LDA or GGA can be consider
acceptable, although much better results are obtained
simple, covalently bonded systems.27,28 The zone-center
frozen-phonon calculations in Ref. 10 give more homog
neous accuracy: better values for the infrared-~IR! active
mode but worse for the Raman mode~errors of;7 to 8% in
LDA and GGA!. The authors do not specify whether th
experimental or the relaxed lattice parameter is used~see
below!.

The sizable difference in frequencies for the first optic
mode calls for an explanation; we examine two main facto
the lattice parameter and the pseudopotential.

In some systems the phonon frequencies can be very
sitive to the lattice parametera. Values are shown for the
experimental lattice constant 5.46 Å, as well as for a sligh
different value of 5.49 Å. A shift is observed, of between
and 15 cm21, i.e., up to 6%. However, the improveme
when using the experimental lattice constant is not syst
atic: for LDA the results are generally worse and for GG
better. This implies that the larger lattice parameter comp
sates the LDA error on the frequencies and aggravates
GGA error.

The other main source of discrepancy is the pseudopo
tial used: the Troullier-Martins potentials are fairly soft,
semicore electrons are not treated explicitly, but are fro
into the ionic core. A nonlinear-core correction is used
include the response of the outer core electrons and w
well for ground-state properties~in particular, the lattice con-
stants!. However, the transverse optical phonon frequenc
at G depend on the electronic response to the polariza
induced by the phonon@which gives the splitting between th
longitudinal and transverse optical modes~LO-TO!#. Here
the NLCC correction seems insufficient.

In order to quantify the effect of the different pseudop
tential approximations, we employ a more accurate HG
pseudopotential for Ca, with 3s and 3p semicore electrons
Our first observation is that the convergence with t

tal
e

FIG. 2. ~Left! Phonon band structure of CaF2 using Troullier-
Martins pseudopotentials fora55.49 Å. Frequencies in cm21:
continuous line5 GGA, dashed line5 LDA. The circles are ex-
perimental data from Ref. 3.~Right! Phonon density of states in
GGA ~continuous line! and LDA ~dashed line!.
3-4
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TABLE III. Comparison of experimentalG point frequencies (cm21) with those obtained in DFPT, using
Troullier-Martins ~LDA and GGA! and Hartwigsen-Goedecker-Hutter~LDA-SC! pseudopotential for Ca
Imposing the acoustic sum rule changes the optical phonon frequencies significantly in the HGH case.
pseudopotentials without SC the effect is very small; the results are shown after imposition of the AS

a ~Å! T1u-TO ~IR! Diff T2g ~Raman! Diff T1u-LO Diff

Experiment 5.46 257.2a, 270b 322.2c, 327.5d 466.4a

LDA 5.46 301.7 ~17.3%,11.7%! 328.9 ~2.1%,0.5%! 484.3 ~3.8%!

LDA 5.49 287.0 ~11.6%,6.3%! 318.7 ~1.1%,2.7%! 473.1 ~1.4%!

GGA 5.46 319.5 ~24.2%,18.3%! 347.8 ~8.0%,6.2%! 497.8 ~6.8%!

GGA 5.49 304.9 ~18.6%,13.0%! 337.6 ~4.8%,3.1%! 486.5 ~4.4%!

LDA SC 5.46 227.1 ~11.7%,15.9%! 298.9 ~7.2%,8.7%! 447.8 ~4.0%!

aReference 42.
bReference 43.
cReference 44.
dReference 45.
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pseudopotential is much more difficult. With a plane-wa
kinetic-energy cutoff of 100 Ha the total energy and forc
are converged. Our results for the HGH pseudopotent
~with SC! are included in Table III. The improvement for th
phonon frequencies over the TM pseudopotential is not s
tematic, but as shown above the dielectric properties cha
dramatically. The HGH calcium pseudopotential undere
mates the modes, whereas the TM overestimates them.

The anharmonicity of the phonon modes would nece
tate higher-order perturbations to be reproduced, but is p
ably not a problem in our case. Strock and Batterman46 stud-
ied the anharmonicity of CaF2’s vibrational modes as a
function of temperature and showed that the effect rema
small at low temperatures (<300 K).

E. Interatomic force constants

Finally, we analyze the behavior of the interatomic for

constants in real space.F i j
ak,a8k8 denotes the IFC exerted o

atom k8 in cell a8 in direction j, when atomk in cell a

undergoes a unit displacement alongi. F i j
ak,a8k8 is the Fou-

rier transform of the dynamical matrix, obtained from t
second variation of the total energy with respect to atom
positions. The IFC can be decomposed into an electros
~Ewald! contribution, which is long ranged, and a ‘‘local
contribution which can be attributed to covalent bondin
The behavior of the total IFC and of the local contributio
as a function of interneighbor distance, is shown in Fig.
The top figure shows the longitudinal IFC for calcium
calcium interactions, the middle one for calcium-fluorin
and the lower one for fluorine-fluorine interactions. In ea
case the total IFC decays as 1/r 3 for larger, as shown by the
fitting curve.

For each species pair, we consider the extent of the lo
part of the IFC to characterize the interaction. For the C
interaction, the local part goes to zero very quickly—it
reduced to less than 6% of the total after the nearest C
neighboring pair~after 4.6 Å!. For Ca-Ca and F-F, howeve
the local part stays large and changes sign several times
fore decaying. Only at the third Ca-Ca neighbor do
19512
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FIG. 3. Longitudinal projection of the interatomic force co
stants between~upper! Ca and Ca atoms,~middle! Ca and F atoms,
~lower! F and F atoms. The IFC are decomposed into a local an
Ewald ~electrostatic! component. The latter is fitted by a 1/r 3 func-
tion, and the local part vanishes quickly. The position and value
the nearest-neighbor IFC is shown with an arrow.
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F local
Ca,Ca/F total

Ca,Cabecome less than 3%~6.73 Å!. The F-F inter-
action becomes small (,3%) only for the fifth F-F neighbor
~6.14 Å!. The knowledge of the IFC is the basis for unde
standing the deformations induced by line or point defe
such as impurities or vacancies. The fact that differing C
ions are almost independent after a very short distanc
striking given the extent of the same-species interaction
point defect, for example, will interact mainly with sam
species sites to distances up to 6 or 7 Å. This gives an e
mation of the supercell size needed to correctly calcu
defect properties in fluorite.

Our database of dynamical matrices and the IFC anal
for CaF2 is available on the world wide web at ftp:
ftp.mapr.ucl.ac.be/pub/outgoing/MVERSTRA/

IV. CONCLUSION

The electronic structure, dielectric properties, and vib
tional properties of calcium difluoride are presented, de
mined using density-functional theory. The electronic pro
erties of CaF2 are well reproduced in our calculations, apa
from the usual DFT band-gap underestimation. We comp
atomic charges calculated by the Bader and Hirshfeld m
ods. The Bader charges are insensitive to changes in
pseudopotentials or in the lattice parameters, which imp
that the bonding and chemistry does not depend too stro
on the presence of semicore electrons. The Hirsh
charges, however, vary much more strongly, which dem
strates that a real variation of the local charge density aro
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