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Resonance and mode conversion of phonons scattered by superlattices with inhomogeneity
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For phonons propagating through superlattices, ‘‘intermode’’ Bragg reflections due to the coupling of dif-
ferent polarization modes can occur besides ordinary ‘‘intramode’’ Bragg reflections, and corresponding fre-
quency gaps are classified according to the types of Bragg reflection. We demonstrate the difference between
localized modes generated in different types of frequency gaps in superlattices with inhomogeneity. In particu-
lar, we show for a superlattice with a free surface, a ‘‘perfect’’ resonant reflection associated with surface-
localized modes is realized inside frequency gaps in which intermode Bragg reflections occur. This resonance
can be interpreted as resonant tunneling through a symmetric double-barrier potential.
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The noticeable behavior of phonons in periodic super
tices~SL’s! is mainly related to the appearance of frequen
gaps due to Bragg reflections of phonons.1,2 Since Bragg
reflections occur essentially as a result of the interferenc
waves, they are also seen in the propagation of photons
electrons through periodic media.3 In the case of phonons
there exists an inherent type of Bragg reflection in addit
to ordinary Bragg reflections.4 When phonons are injecte
into interfaces of a SL at an angle, three modes
propagation—one longitudinal~L! and two transverse~T!—
are involved in the reflection and transmission proces
This leads to coupling between the modes and mode con
sion at the interface. As a result of the multiple reflection
the interfaces of the periodic SL, ‘‘intermode’’ Bragg refle
tions can occur besides ordinary ‘‘intramode’’ Bragg refle
tions. For example, incident L phonons can be Bragg
flected as T phonons, i.e., the amplitudes of the reflecte
phonons add up in phase but those of the reflected L phon
are canceled out. Therefore, the corresponding freque
gaps should be classified when mode-dependent charac
tics of phonon propagation are investigated.

On the other hand, a lot of studies have shown that
inhomogeneity embedded in a periodic SL causes local
vibrational modes inside the frequency gaps.5–14 It is ex-
pected that these localized modes also have different fea
according to the types of frequency gaps in which the loc
ized modes exist. However, this has not been well recogn
till date. In the present paper, we study theoretically the
calized modes generated in the different types of freque
gaps. We examine the resonant interaction of locali
modes with acoustic phonons injected into SL’s with inh
mogeneity at an angle. We calculate the reflectance
phonons scattered by SL’s with a free surface or defect la
In particular, we show for the SL with a free surface tha
‘‘perfect’’ resonant reflection is realized inside the frequen
gaps in which intermode Bragg reflections occur.

First of all, we briefly summarize the features of phono
propagating through a periodic SL without inhomogene
and emphasize the characteristics of the frequency ga
which intermode Bragg reflections occur. As a numerical
ample, we show in Fig. 1~a! the calculated dispersion rela
tion of acoustic phonons propagating through a~001! GaAs/
AlAs SL at an angle of 25°~in GaAs layers!. The calculation
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is carried out by means of the transfer matrix method. In
present calculation, we adopt the isotropic continuum
proximation for each constituent layer of the SL. Under th
condition, the phonon modes polarized in the sagittal pla
are decoupled from the horizontally polarized shear~SH!
mode. We consider the coupled L and T vibrations in t
sagittal plane. Frequency gaps are generated inside the m
Brillouin zone as well as at the zone center and bound
The condition for ordinary intramode Bragg reflections c
be written as

2q5mG0 , ~1!

with the order of the reflection denoted asm. Here, q
52p cosu/l is the component of the wave vector normal
the interfaces,u is the angle the wave vector makes with t
interface normal,l is the wavelength of the phonons, an
G052p/D is the reciprocal vector of the SL with periodicit
D. The condition~1! is satisfied at the center and edges of t
mini-BZ for both L and T modes. The corresponding ga
are labeled with LL and TT in Fig. 1~a!. On the other hand
the condition for intermode Bragg reflections was given b4

qL1qT5mG0 , ~2!

where qL and qT are the normal components of the wa
vectors of the L and T phonons, respectively. This condit
~2! is satisfied at the points where the folded dispersion cu
of the T phonons intersect with that of the L phonons. T
corresponding frequency gap is labeled with LT in Fig. 1~a!.
To demonstrate the qualitative difference among the LL, T
and LT gaps, the calculated transmittance and reflectance
shown in Fig. 1~b!. The incident phonons are assumed to
L phonons in this numerical example. The solid~broken! line
is for the transmitted L~T! phonons. From Fig. 1~b!, we can
see a variety of propagation patterns in each frequency
Within the LL and LT gaps, there is no transmitted phono
Though the incident L phonons are Bragg reflected as
phonons within the LL gap in which Eq.~1! is satisfied, they
are reflected with mode conversion within the LT gap
which Eq.~2! is satisfied. Within the TT gap, the incident
phonons are transmitted as L phonons. That is, Bragg re
tions do not occur because the TT gap is not a real freque
©2003 The American Physical Society05-1
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gap for L phonons. Within this frequency range, in fact, the
exists the dispersion curve corresponding to the L mode@see
Fig. 1~a!#.

Here, we note that the behavior in each gap is essent
independent of the incident angle. Main difference conce
the width of the LL, TT, and LT gaps. For a small angle, t
coupling of the L and T modes hardly occur. As a result,
width of the LT gap is narrow and that of the LL~or TT! gap
is wide. For a larger angle, the width of the LT gap is wid
but that of the LL~TT! gap becomes narrower. WhenuL
525, the LL, TT, and LT gaps have similar widths in th
present numerical example. To demonstrate the differenc
the LL, TT, and LT gaps within one figure, we choseuL
525.

Next, we examine localized modes generated inside e
gap. As a first example, we consider the vibrational mo
localized at an impurity layer embedded in a periodic S
Figure 2 shows the transmittance and reflectance calcul
for the GaAs/AlAs SL with a GaAs impurity layer. Here, w
note that the present system is symmetric. That is, the G
layer is sandwiched between the same two GaAs/AlAs

FIG. 1. ~a! Dispersion relation of phonons propagating at o
lique incidence in a~001! GaAs/AlAs SL, with uL525 in GaAs.
The unit period of the SL consists of (GaAs)15(AlAs) 15. ~b! The
transmittance and reflectance of phonons incident on a~001! GaAs/
AlAs SL with 25 periods. The substrate and detector layer are
sumed to be GaAs. The incident phonons are assumed to
phonons. The solid~broken! lines are for the transmitted L~T!
phonons.
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and the substrate and detector layer are also assumed
GaAs. Inside the LT gap, we can see the resonant peak
transmittance and reflectance for both L and T modes. Th
peaks are due to the localized vibrational modes. This me
that additive interference between the incident L phono
and reflected T phonons is violated at the eigenfrequenc
the localized mode. In the LT gap, the localized modes c
sist of both L and T components with imaginary wave nu
bers~that is, this gap is a real frequency gap for the coup
L and T phonons!. As a result of the resonant interaction wi
the localized mode, the incident L phonons are trapped in
impurity layer for a while and then transmitted and reflect
as L and T phonons. That is, after the scattering process
incident L phonons are equally divided into four pieces.
the LL gap, the intramode Bragg reflection is broken off
the eigenfrequency of the localized mode. That is, addit
interference between the incident L phonons and reflecte
phonons is violated. As a result of the resonant interact
most of the phonons are transmitted as L phonons. The
are transmitted and reflected as the T phonons since on
small amount of mode conversion occurs at each interface
the LL gap, the localized mode consists of a L compon
with imaginary wave number, and there is a dispersion cu
due to the T component. Furthermore, we can also see
resonance in the TT gap. The T phonons converted from

-

s-
L

FIG. 2. The transmittance and reflectance of phonons obliqu
incident on a~001! GaAs/AlAs SL with a GaAs impurity layer. The
substrate and detector layer are also assumed to be GaAs. Th
cident phonons are assumed to be L phonons. The solid~broken!
line is for the transmitted L~T! phonons.
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incident L phonons at each interface resonate with the lo
ized mode consisting of T components.

The resonant transmission of phonons in the present
tem can be regarded as a resonant tunneling throug
double-barrier quantum-well structure@see Figs. 3~a! and
3~b!# because the wave vectors of the phonons within
frequency gaps have an imaginary part in the region of
SL. For electrons tunneling through the double-barr
quantum-well structure, it is well known that the perfe
resonant tunneling~with unity transmittance! occurs if the
system is symmetric@see Fig. 3~a!#.15 For phonons, this per
fect resonant transmission can also occur if the phonons
propagating normal to the interfaces.9 For normal incidence,
all three phonon modes are decoupled from each other~if the
interfaces are a mirror symmetry plane!. In this case, inciden
phonons have only one channel, that is, they are reflecte
transmitted with the same polarization@see Fig. 3~b!#. For
oblique incidence@Fig. 3~c!#, on the other hand, they hav
two channels~or three channels for the anisotropic med!
and perfect resonant transmission does not occur, as sh
in Fig. 2.

As a second example, we consider a SL with a free s
face. In this system, the phonons injected from a subst
are all reflected irrespective of the frequency though
characteristics of the phonon propagation is frequency
pendent. The L phonons injected from the substrate bec
reflected L phonons or reflected T phonons@see Fig. 3~d!#. In
other words, they effectively have only one channel. We
particularly interested in the resonant interaction of incid

FIG. 3. Schematic diagram of the double-barrier structure
the superlattices with inhomogeneity.
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phonons with the surface-localized modes generated in
present system. It should be stressed that the present sy
is considered to be symmetric because the phonons hav
make a round trip in this situation. Thus, perfect reson
reflection can be expected. Mode conversion occurs at
surface in addition to the interfaces between constituent
ers. Thus, the overall profile of the reflectance spectrum
comes complicated. However, the features inside the g
are understandable. The calculated reflectance within e
frequency gap is shown in Fig. 4. For a SL with a free s
face, it is known that surface-localized vibration is only po
sible when the acoustic impedance of the surface laye
smaller than that of the other layer.5 This condition is satis-
fied for a GaAs/AlAs SL with an AlAs surface layer@Fig.
4~a!#. For comparison, the result calculated for a GaAs/Al
SL with a GaAs surface layer is shown in Fig. 4~b!.

For the SL with a GaAs surface, the incident L phono
with the frequency inside the LL gap are Bragg reflected a
phonons, that is, intramode Bragg reflections occur, as in
SL without a surface@Fig. 1~b!#. The reflectance of the L
phonons is close to unity. Within the TT gap, L phonons c
propagate up to the surface but they are reflected by
surface and come back to the substrate. Within the LT g
the reflectance of the L phonons becomes very small s
intermode Bragg reflections occur.

d
FIG. 4. The reflectance of phonons obliquely incident on a~001!

GaAs/AlAs SL with a free surface. The surface layers are~a! AlAs
and~b! GaAs. The incident phonons are assumed to be L phon
The solid lines are for the reflected L phonons.
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For the SL with a AlAs surface, we can see two reson
peaks within the LT gap. The magnitudes of these peaks
shown to be unity within the numerical accuracy. That
perfect resonant reflection is realized within the LT gap,
expected. In this frequency window, incident L phonons
generally reflected as T phonons. At the eigenfrequencie
the surface-localized mode, however, the additive inter
ence between the incident L phonons and reflected
phonons is violated. As a result of resonance, the incide
phonons are reflected as L phonons with unity reflectan
This resonance can be interpreted as caused by resonan
neling through the symmetric double-barrier potential w
one channel, as discussed above. Since the LT gap is a
gap, the wave numbers of both L and T phonons beco
imaginary within this gap. On the other hand, the LL~TT!
gap is not the real gap, that is, the wave numbers of the L~T!
phonons are imaginary but those of T~L! phonons are real
The T~L!-polarized vibrational mode is extended over t
superlattice. Thus, mode conversion at interfaces or at
surface leads to mixing of the localized phonons and
tended phonons. As a result, the resonant peak broaden
its magnitude becomes smaller than unity. Perfect reso
reflection occurs only inside the LT gap.

In conclusion, we have examined the resonant interac
of localized modes with acoustic phonons injected into S
with inhomogeneity at an angle. We demonstrated the dif
ence among the localized modes generated in the LL,
and LT gaps. In particular, we found a perfect resonant
flection for phonons scattered by the SL with a free surfa
This resonant reflection occurs inside the LT gap. In the
gap, incident L phonons are generally reflected as T phon
because of the intermode Bragg reflection, i.e., the addi
interference between the incident L phonons and reflecte
phonons. This additive interference is broken at the eigen
quencies of the localized modes. The resonant interactio
the incident phonons with the localized modes genera
te
tte
.

-
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sharp peaks in reflectance. For the phonons reflected by
SL with a free surface, perfect reflection without mode co
version is realized if the frequencies coincide with the eig
frequencies of the surface-localized modes. This perfect
flection of phonons can be interpreted as the reson
tunneling through the symmetric double-barrier potential
which the perfect resonant transmission occurs.

It should be noted that the behaviors demonstrated in
present paper are quite general. As a numerical example
chose a particular incident angle (uL525). The results given
in the LT gaps of Figs. 1, 2, and 4 are essentially independ
of the incident angle. In particular, we emphasize that
perfect resonant reflection in the LT gap shown in Fig.
occurs also foruLÞ25. On the other hand, there is no reas
for the perfect resonant reflection to be expected in the
and TT gaps. In addition, incident phonons are assumed t
L phonons in the present study. In the case where the i
dent phonons are T phonons, the essential results do
change. The results for the incident T phonons can be
plained by exchanging symbols L and T in the results for
incident L phonons. For example, the curves illustrated
Fig. 4 can be interpreted as the results for the reflecte
phonons. Finally, we remark that in anisotropic SL the mo
conversion of phonons is more complicated. Mode conv
sion between two T modes becomes possible in addition
the mode conversion from the L to both T modes. Howev
as far as we consider the phonon propagation in a sag
plane of the crystalline structure with mirror symmetr
mode conversion between L and single T modes as studie
the present paper is a valid assumption.
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