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Thermodynamic properties of the two-dimensionalSÄ 1
2 Heisenberg antiferromagnet coupled

to bond phonons

Carsten H. Aits* and Ute Löw†

Institut für Theoretische Physik, Universita¨t zu Köln, Zülpicher Strasse 77, D-50937 Ko¨ln, Germany
~Received 1 July 2003; published 19 November 2003!

By applying a quantum Monte Carlo procedure based on the loop algorithm we investigate thermodynamic
properties of the two-dimensional antiferromagneticS5

1
2 Heisenberg model coupled to Einstein phonons on

the bonds. The temperature dependence of the magnetic susceptibility, mean phonon occupation numbers, and
the specific heat are discussed in detail. We study the spin-correlation function both in the regime of weak and
strong spin phonon coupling~coupling constantsg50.1, v58J andg52, v52J, respectively!. A finite-size
scaling analysis of the correlation length indicates that in both cases long-range Ne´el order is established in the
ground state.
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I. INTRODUCTION

During the past years, there has been considerable int
in low-dimensional spin systems with spin phonon couplin
While one-dimensional~1D! models including this mecha
nism have been studied extensively, little is known ab
two-dimensional~2D! systems with spin phonon coupling.

In 1D systems, the mechanism of spin phonon couplin
closely connected with the phenomenon of the spin Pei
transition. Theoretical understanding of this phase transi
goes back to the work of Pytte,1 who showed that a three
dimensional system consisting of uniform antiferromagne
S5 1

2 Heisenberg chains is unstable towards dimerization
the chains if coupled to three-dimensional lattice vibratio
Additionally, he showed that in the adiabatic limit of sma
phonon frequencies the dimerized phase can be describe
a statically dimerized spin model with temperatur
dependent dimerization. Cross and Fisher2 improved on the
calculation of Ref. 1 by treating the spin part of the Ham
tonian in continuum field theory.3 Their calculation yielded a
convincing description of the phonon softening in the lim
of small spin phonon couplings. In the case of CuGeO3,
however, which was the first inorganic spin Peierls co
pound discovered,4 this treatment is not sufficient. For thi
reason various 1D dynamical models have been investiga
taking into account the coupling of magnetic and phono
degrees of freedom explicitly. Most publications on this iss
refer to two different models, both showing a quantum ph
transition between a dimerized and a Ne´el ordered phase
While in the so-called difference coupling model5–9 the mag-
netic interaction between nearest neighbors depends on
distance between neighbored sites, the bond coup
model7,10–14is considered to be more realistic for describi
the spin phonon coupling mechanism in CuGeO3.15,16

In the case of the 2DS5 1
2 Heisenberg antiferromagne

with spin phonon coupling discussions of statically dim
ized models are found in the literature.17–21As in one dimen-
sion, these models are thought to describe the dimer
phase of dynamical models in the adiabatic limit. In contr
to the 1D case though it is not clear how to place alterna
magnetic couplings in both spatial directions on a squ
0163-1829/2003/68~18!/184416~9!/$20.00 68 1844
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lattice. By comparing ground-state energies of three st
cally dimerized models Sirkeret al.21 conclude that a stair-
like distortion of the lattice is the energetically favore
dimerization pattern, contradicting an older result by Ta
and Hirsch17 who find a plaquettelike distortion.

The aim of this paper is to investigate thermodynam
properties of the 2D Heisenberg model coupled to bo
phonons. Such a model takes into account the elastic en
due to lattice distortions which is not included in statica
dimerized models. Furthermore, the whole range of pho
frequencies is accessible in our treatment.

The paper is organized as follows. In Sec. II we introdu
the model Hamiltonian and describe our quantum Mo
Carlo algorithm. In Sec. III we discuss the temperature
pendence of the magnetic susceptibility, mean phonon oc
pation numbers, and the specific heat. An analysis of
spin-correlation function is found in Sec. IV. Section V co
cludes with a summary.

II. MODEL HAMILTONIAN AND QUANTUM MONTE
CARLO METHOD

The model we consider is a generalization of the 1D bo
coupling model from Refs. 11 and 14. The Hamiltoni
reads22

H5
J

2 (
i , j 51

N

~sW i j sW i 11,j21!~11g@ai j 1ai j
† # !

1
J

2 (
i , j 51

N

~sW i j sW i , j 1121!~11g@bi j 1bi j
† # !

1v (
i , j 51

N

~ai j
† ai j 1bi j

† bi j !. ~1!

HeresW i j denote Pauli spin operators at lattice site (i , j ) on a
square lattice, whileai j and ai j

† @bi j and bi j
† ] are phonon

annihilation and creation operators on the bond between
( i , j ) and site (i 11,j ) @between sites (i , j ) and (i , j 11)].
Note that we assume periodic boundary conditions.

By shifting the phonon operators according to
©2003 The American Physical Society16-1
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ai j →ai j 1
gJ

2v
, bi j →bi j 1

gJ

2v
~2!

and neglecting a constant energy contribution, model~1! can
be mapped onto the phenomenologically more reali
Hamiltonian

H̃5
1

2 (
i j

~J81g8@ai j 1ai j
† # !sW i j sW i 11,j

1
1

2 (
i j

~J81g8@bi j 1bi j
† # !sW i j sW i , j 11

1v(
i j

~ai j
† ai j 1bi j

† bi j !, ~3!

with rescaled coupling constantsJ8[J(11g2J/v) and g8
[gJ. Note that Eq.~3! differs from Eq.~1! by the absence o
the ~unphysical! static terms2Jg/2(ai j

† 1ai j ), 2Jg/2(bi j
†

1bi j ). Model ~3!, however, cannot be analyzed directly in
quantum Monte Carlo study because a sign problem occ
For this reason we choose Hamiltonian~1! as a starting point
for our analysis and shift the numerical results if needed

To study the properties of model~1!, we developed a
quantum Monte Carlo23 algorithm similar to the algorithm
described in Ref. 11. First, the partition function of the 2
quantum system~1! is mapped onto a three-dimension
classical system. Technically, this is done by means o
Trotter-Suzuki decomposition.11 We then apply an updat
procedure which treats spin and phononic degrees of f
dom separately. For the spin updates, we make use
modified loop algorithm24,25 for quantum spin systems. Th
main advantage of the loop algorithm is that it allows glob
spin updates, substantially reducing autocorrelation tim
Furthermore, so-called improved estimators can be use
the evaluation of the magnetic susceptibility and spin co
lations. To modify the phonon occupation numbers we ap
local heat bath updates. By building clusters of phonons
imaginary time direction we extended the algorithm fro
Ref. 11, diminishing autocorrelation effects even more. O
viously the detailed balance condition is fulfilled for bo
steps separately and thus for the whole procedure.

For the phonon updates we had to introduce a cutoff,
lowing occupation numbers up to 40 phonons per bond.
effect of such a truncation of the Hilbert space is negligible
the measured mean phonon occupation numbers are
than an order of magnitude smaller than the cutoff. In S
III B we show explicitly that this condition is fulfilled. In
order to take into account the high dimension of the phon
subspace of the Hilbert space, we employed the importa
sampling technique and made 30 phonon updates per
update, using only the last configuration for the evaluation
expectation values. Additionally, for each temperature
first 25% of the sweeps were skipped for thermalization.

For Monte Carlo simulations based on a Trotter-Suz
decomposition the estimates of thermodynamic quanti
depend on the inverse Trotter number squared.26 In the fol-
lowing sections we give the explicit value for the Trott
numberM. With the values forM chosen, we find the statis
tical fluctuations of our results larger than the effect of t
finite Trotter number.
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Before discussing the results in detail we add one furt
remark concerning statistical errors. In our calculations
neglected autocorrelation effects and—as a rough estima
calculated root-mean-squared errors only. If no error bar
the plots of this paper are shown, the errors are smaller t
the symbol size used.

III. THERMODYNAMIC PROPERTIES

In this section we discuss the finite-temperature proper
of model ~1!. We expect that the knowledge of how a no
vanishing spin phonon coupling influences the thermo
namic properties will be of importance for the interpretati
of experiments. This might be of particular interest for su
stances which display, e.g., acoustic anomalies or for wh
it is known that the exchange integral depends sensitively
the positions of the ions.

Here, we confine ourselves to temperatures 0.5J<T
<4J. In this temperature range, we find that the depende
of measured quantities on the system size is negligible if
consider linear system sizesN>12. All results presented in
this section were calculated on a lattice with 12312 sites,
providing statements about system properties in the ther
dynamic limit. If not stated differently, at each temperatu
105 spin updates were executed. For the Trotter numbe
value ofM580 was chosen.

A. Magnetic susceptibility

We start with a discussion of the magnetic susceptibi
per sitex for vanishing magnetic fields. Figure 1 shows t
dependence of the susceptibility on the spin phonon coup
g for fixed phonon frequencyv and Fig. 2 the dependenc
on v for fixed g. In both figures Monte Carlo results for th
susceptibility of the 2D Heisenberg model are included.

The results can be summarized as follows. For fixedv,
the overall height of the susceptibility is diminished wi
increasing spin phonon coupling. As in the 1D case,11 a large
spin phonon coupling tends to reduce the magnetic respo
of the system. On the other hand, for fixedg the susceptibil-

FIG. 1. Magnetic susceptibility vs temperature for fixedv
52J and spin phonon couplingg between 0.5 and 2.0. For com
parison Monte Carlo results for the Heisenberg model are plott
6-2
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THERMODYNAMIC PROPERTIES OF THE TWO- . . . PHYSICAL REVIEW B 68, 184416 ~2003!
ity is growing with increasing phonon frequency. In the a
tiadiabatic limit phononic degrees of freedom are su
pressed, yielding the results of the Heisenberg model.
curves show a broad maximum which is typical for antife
romagnetic spin models. This maximum is shifted to high
temperatures with increasinggJ/v.

We find that both the shift of the position of the maximu
and the reduction of magnetic response with increasinggJ/v
are mainly due to the static terms in Eq.~1!. In units of the
rescaled magnetic couplingJ8 from the transformed Hamil-
tonian Eq.~3! the shift of the maximum is reduced signifi
cantly ~see Fig. 3!, and the reduction of the magnetic r
sponse due to the spin phonon coupling is not very stro
The same behavior has already been reported for the
bond coupling model in Ref. 14.

For comparison betweend51 and d52 we return to
model ~1! without phonon shift. Figure 4 shows the susce
tibilities for g50.5, v52J. Compared to the 1D case, th
overall height of the susceptibility of the 2D model is dimi
ished. This effect is explained by the larger coordinat
number in the 2D case, reducing the response of the sys
to an external magnetic field.

FIG. 2. Magnetic susceptibility vs temperature for fixedg51
and phonon frequenciesv between 2J and 8J. Again for compari-
son Monte Carlo results for the Heisenberg model are shown.

FIG. 3. The data from Fig. 1 in terms of the rescaled magn
couplingJ8.
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Qualitatively the influence of the spin phonon coupling
similar in d51 and d52. In Fig. 4 the exact result from
Refs. 27 and 28 for the 1D and the Monte Carlo results
the 2D Heisenberg model are shown. Both in 1D and 2D
find a significant shift of the maximum and a strong redu
tion of the maximum height as compared to the Heisenb
model.

B. Mean phonon occupation numbers

Further insight into the model can be gained by study
the influence of the spin phonon coupling on the mean p
non occupation numbers:

^n&5
1

N2 (
i j

^ai j
† ai j &, ~4!

^m&5
1

N2 (
i j

^bi j
† bi j &. ~5!

as compared to the free phonon case. These numbers c
viewed as a measure of the strength of lattice vibrations
therefore allow to analyze how the lattice is influenced
the spin degrees of freedom.

As expected, we find no difference in the mean occu
tion numberŝ n& and^m&, and therefore restrict the follow
ing discussion to the behavior of^n&. Figure 5 shows the
Monte Carlo results for̂n& for different values ofg andv in
a plot vsT/v. The data are compared to the Bose distrib
tion for free Einstein phonons:

nfree~T!5
1

ev/T21
, ~6!

which is also shown in Fig. 5. Again we find a striking sim
larity to the 1D bond coupling model. Ind51 it has been
found that the mean phonon occupation numbers obey
relation11

c

FIG. 4. Temperature dependence of the magnetic susceptib
in d51 and d52 for g50.5 andv52J. For comparison ind
51 the exact result from Refs. 27 and 28 and ind52 Monte Carlo
data for the Heisenberg model are shown.
6-3
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CARSTEN H. AITS AND UTE LÖW PHYSICAL REVIEW B 68, 184416 ~2003!
^n&~T!5n01nfree~T! ~7!

with a temperature-independent constantn0. As a good ap-
proximation, this relation is valid in a temperature ran
0.5J<T<3J in the 2D case as well. This can be seen m
clearly in Fig. 6, which shows the same results as Fig. 5 w
relation ~6! subtracted from the Monte Carlo data.

In order to derive an expression forn0, we averaged the
differences^n&2nfree over the temperature range 0.5J<T
<3J and plotted these values vsg2J2/v2 ~see Fig. 7!. By
applying linear regression we find that ind52 the shift
obeys the relation

n0'~1.37560.003!S gJ

v D 2

. ~8!

Thus the only difference between the relations for the m
phonon occupation numbers in the 1D and 2D cases is g
by the numerical prefactor in Eq.~8!, the value being 1.375
in d52 and 2 ind51.11

We close this section with a technical remark concern
our choice for the cutoff for the phonon occupation numbe
As can be seen in Fig. 5, in the whole temperature range

FIG. 5. Mean phonon occupation numbers^n& as a function of
T/v. The solid line shows the Bose distributionnfree for free Ein-
stein phonons.

FIG. 6. Differenceŝ n&2nfree vs T/v.
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measured mean occupation numbers are more than an
of magnitude smaller than the cutoff 40. In retrospect o
choice therefore is justified. With Eqs.~7! and ~8! we have
also found an expression that might be important for ot
numerical methods~e.g., exact diagonalization! which de-
pend crucially on a~low! cutoff in the phonon numbers.

C. Specific heat

Another important thermodynamic quantity is the spec
heat per siteC. Although in principle this observable is di
rectly accessible in the experiment, it is dominated by latt
vibrations, making it difficult to extract its magnetic par
Even for a simple model as given by Hamiltonian~1!, we
find this behavior confirmed. Figure 8 shows Monte Ca
data for the specific heat in a system withg52 andv52J
and the exact result

FIG. 7. Over the temperature range 0.5J<T<3J averaged val-
ues n0 vs. g2J2/v2. The solid line shows the result from linea
regression.

FIG. 8. Specific heat plotted vs. temperature forg52 and v
52J. The solid line shows result~9! for free phonons of the sam
frequency. Plotted are also Monte Carlo results for the 2D Heis
berg model and the sum of the free phonon and Heisenberg res
The number of spin updates is 53105 for the system with spin
phonon coupling and 105 in the Heisenberg case.
6-4
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THERMODYNAMIC PROPERTIES OF THE TWO- . . . PHYSICAL REVIEW B 68, 184416 ~2003!
Cfree~T!52S v

T D 2 ev/T

~ev/T21!2
~9!

for free phonons of the same frequency~the factor 2 accounts
for two phonons per lattice site!. There is only a small dif-
ference in the overall height ofC andCfree. At high tempera-
tures, both curves approach the same constant value, yie
the Dulong-Petit rule.

The spin phonon coupling influences the specific heat
nificantly though. As can be seen in Fig. 8 as well, the cu
for the system with spin phonon coupling differs signi
cantly from the sum of Monte Carlo results for the 2
Heisenberg model and contribution~9! for free Einstein
phonons. Note that both the strong fluctuations and the
vergency of the data forT→0 are due to difficulties in evalu
ating the specific heat within Monte Carlo procedures as
cussed in Ref. 29.

IV. SPIN-CORRELATION FUNCTION AND GROUND-
STATE PROPERTIES

We now turn our attention towards ground-state proper
of model ~1!. In principle the Monte Carlo method is onl
applicable at finite temperatures. By analyzing the beha
of the spin-correlation function at low temperatures, ho
ever, it is possible to make statements about system pro
ties atT50.

The argument is as follows. Suppose that we choose
coupling constants in Eq.~1! such that the system is Heise
berg like, showing long-range Ne´el order in the ground state
Then for reasons of universality we expect that the sp
correlation function

G~dW !5
1

N2 (
rW

^sW rWsW rW1dW& ~10!

obeys the result known for the 2D Heisenberg model30–32

G~dW !;~21!d11d2udW u2le2udW u/j(T), ~11!

with the algebraic exponentl close31 to the classical
Ornstein-Zernike value of1

2 . Here j(T) is the spin-
correlation length which can be interpreted as the mean
of domains with antiferromagnetic order. AtT50 these do-
mains get macroscopic, because forT→0 the correlation
length diverges exponentially.30–33 Assuming l5 1

2 in Eq.
~11!, this means that the static structure factor

S~qW !5(
dW

eiqW dWG~dW ! ~12!

diverges for momentum45 qW 5(p,p) with the linear system
size likeN3/2. As long as the correlation length in the infini
system stays significantly larger than the system sizes
sidered, this behavior should be visible at low temperatu

We first illustrate this in case of the 2D Heisenberg mo
@g5v50 in Eq. ~1!# at T50.1J, taking 105 spin updates
and choosing a Trotter number ofM5160 for the evaluation
of spin correlations. At this temperature, the correlat
18441
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llength in the infinite system is of the order of 109 lattice
spacings.30–33As can be seen in the upper plot of Fig. 9, t
static structure factor shows a pronounced maximum aqW
5(p,p), and the peak height roughly scales with the syst

FIG. 9. Static structure factorS(q,q) of spin correlations as a
function of momentumq for a diagonal cut through the first Bril
louin zone atT50.1J8 for different system sizes. Shown are resu
for the 2D Heisenberg model~top! and for model ~1! with g
50.1, v58J ~middle! andg52, v52J ~bottom!, respectively. In
all plots the inset shows the height of the maximum at (p,p) as a
function of N3/2.
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CARSTEN H. AITS AND UTE LÖW PHYSICAL REVIEW B 68, 184416 ~2003!
size likeN3/2. Note that deviations from theN3/2 dependence
might indicate that in the quantum systeml differs slightly
from the value of12 chosen above.

We now return to model~1! with spin phonon coupling
and discuss our results for two different choices of coupl
constants. To compare our results for different values og
and v we drop the unphysical terms2Jg/2(ai j

† 1ai j ),
2Jg/2(bi j

† 1bi j ) in Eq. ~1!. We therefore measure the tem
perature in units of the rescaled magnetic couplingJ8 of the
effective Hamiltonian~3!. We calculated spin correlations a
T50.1J8, taking 53105 spin updates andM5160 in our
calculations. First, we consider a system with a small va
for gJ/v (g50.1, v58J) where no dimerization is ex
pected. Again the static structure factor shows a pronoun
peak forqW 5(p,p), and the peak height scales with the sy
tem size likeN3/2 ~middle of Fig. 9!, indicating Heisenberg-
like behavior as anticipated.

For the second system we chooseg52 andv52J. In the
1D case this choice corresponds to a system which stro
dimerizes in the ground state.14 Even here we find a pro
nounced peak ofS for (p,p) ~bottom of Fig. 9!, the maxi-
mum height scaling likeN3/2. The interpretation is that eve
in the regime of large values forgJ/v the system shows
antiferromagnetic order in the ground state. This is a strik
difference to the 1D bond coupling model. Compared to
case withg50.1 andv58J, however, we find that the spi
phonon coupling counteracts the tendency of the system
order antiferromagnetically in the ground state. As can
seen in Fig. 9, for fixed system size the peak heightsS(p,p)
in the case of strong spin phonon coupling are slightly
minished as compared to the weak coupling regime.

Our results can be confirmed by a direct analysis of
temperature dependence of the spin-correlation length.
both systems and at various temperatures we extracted
system correlation lengthsjN by fitting the function

f ~dW !5a~21!d11d2S e2udW u/j

AudW u
1

e2(N2udW u)/j

AN2udW u
D ~13!

with two free parametersa,j to our data for system size
N510,12,14,20,24. Forg50.1 andv58J, we selected val-
uesM5120 for temperatures 0.5J<T<0.9J andM580 for
T>J, taking 105 spin updates~for N524 we choseM
5120 for all temperatures!. For g52 andv52J the choice
was M5160 for 1.5J<T<1.9J, M5120 for 2J<T<4J,
andM580 for T>5J, again averaged over 105 Monte Carlo
sweeps~for N520 we took 1.53105, for N524 and 1.5J
<T<1.9J we took 23105 spin updates!. The values for the
Trotter number are sufficiently large to avoid finite-size
fects in Trotter direction.

As has been said above, in case of the Heisenberg m
in leading orderj behaves likeeJ/T at low temperatures.30–33

In the upper panel of Fig. 10 the natural logarithm ofjN is
plotted vs 1/T for g50.1 andv58J. At high temperatures
no dependence on the system size is visible, and as expe
we find the same behavior as in the Heisenberg model
low temperatures finite-size effects become important
the curves branch off from the asymptotic linear behavior
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the case of strong spin phonon coupling the graph sh
very similar features~bottom of Fig. 10!. We therefore find
Heisenberg-like behavior ofj at finite temperatures also i
the regime of strong spin phonon coupling. The main diff
ence between the two cases is that at the same effe
temperature the correlation length forg52, v52J is sig-
nificantly smaller than forg50.1, v58J. The analysis ofj
therefore also implies that a strong spin phonon coupl
weakens antiferromagnetic order. Both observations are c
sistent with the conclusions drawn from the analysis ofS(qW ).
Note that in both plots of Fig. 10 the temperatures are giv
in units of J8.

By means of scaling arguments our analysis can be
tended to make direct statements about ground-state pro
ties. Suppose the system shows long-range Ne´el order in the
ground state. In terms of the renormalization group t
means that there is a critical fixed point atT50 which con-
trols the system properties at low temperatures. In this ca
finite-size scaling ansatz33–35

j2N~T!

jN~T!
5FS jN~T!

N D ~14!

FIG. 10. Natural logarithm of finite system correlation lengt
jN vs inverse temperature for five different system sizes forg
50.1, v58J ~top! andg52, v52J ~bottom!, respectively. Note
that all temperatures are given in units ofJ8.
6-6
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THERMODYNAMIC PROPERTIES OF THE TWO- . . . PHYSICAL REVIEW B 68, 184416 ~2003!
holds, whereF is a universal scaling function. With the da
from Fig. 10 it is possible to test the scaling prediction~14!.
Plotting j2N /jN vs jN /N with N510,12 we find that both
for g50.1, v58J ~top of Fig. 11! and g52, v52J ~bot-
tom of Fig. 11! the data lie on one curve. The shape of t
scaling functionF in Eq. ~14!, however, depends on th
choice of the coupling constants. The interpretation is tha
the weak- and in the strong-coupling regimes model~1!
shows long-range Ne´el order in the ground state, strong
confirming the conclusions drawn from our analysis of t
static structure factor at low temperatures.

It is instructive to compare these results to the lo
temperature behavior of spin correlations ind51. Our argu-
mentation is completely analogous to the 2D case. As
been discussed in Sec. I, the 1D model shows a quan
phase transition between a Ne´el ordered and a dimerize
phase.7,11,14Though only the approximate shape of the pha
separation line in coupling constant space has been d
mined, it is known that for small valuesgJ/v the system is
Heisenberg like, showing quasi-long-range Ne´el order in the
ground state. This means that the 1D correlation function

G1D~d!5
1

N (
i 51

N

^sW isW i 1d& ~15!

FIG. 11. Test of the scaling prediction~14! for g50.1, v58J
~top! andg52, v52J ~bottom!.
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decays exponentially at finite temperatures, with a rate gi
by the correlation lengthj1D}1/T.36–40At T50, there is a
crossover to an algebraic decay3,41–43

G1D~d!;
~21!d

d
, ~16!

and atT50 the static structure factor

S1D~q!5 (
d51

N

eiqdG1D~d! ~17!

diverges for momentumq5p like theNth partial sum of the
harmonic series with the system size. As ind52, signs of
this divergence should be visible at low temperatures.

For large valuesgJ/v, on the other hand, the chai
dimerizes. This means that long-range dimer order is es
lished in the ground state. Therefore the spin-correlat
length j1D stays finite atT50, and we expect no depen
dence ofS1D on N in the low-temperature regime.

In Fig. 12 the static structure factorsS1D for two systems

FIG. 12. Static structure factorsS1D(q) of spin correlations vs
momentumq in the 1D case for different system sizes and tempe
ture T50.1J8. In the upper graph the coupling constants areg
50.1 andv58J, in the lower graphg52 and v52J. In both
plots the inset shows the height of the maximumS1D(p) as a func-
tion of N.
6-7
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with the same choice of coupling constants as ind52 are
plotted. As ind52, we measure the temperature in units
the rescaled magnetic couplingJ8 of the 1D counterpart of
Eq. ~3!. We selectedT50.1J8 and M5160, executing 5
3105 spin updates. In both systemsS1D shows a maximum
at q5p. In the Heisenberg-like system the maximum
more pronounced though, and for small system sizes
peak height depends onN. For larger system sizes, howeve
such a behavior is not visible. This leads to the conclus
that in contrast to the 2D case the correlation length in
infinite system is not larger than the system sizes in con
eration. In the system with dimerization in the ground st
we find the expected behavior: The valuesS1D(p) do not
depend on the system size, indicating thatj1D is very small.

By analyzing the temperature dependence ofj1D it is pos-
sible to distinguish more clearly between the two regim
Similar to d52 we extracted correlation lengthsj1D by fit-
ting an exponential decay with two free parameters to
data. Forg50.1 andv58J, we executed 53105 spin up-
dates and selectedM5160, which is large enough to avoi
effects by the finite Trotter number. Furthermore, the sys
sizes were chosen that large that finite size effects are n
gible (N5500 for T50.025J,0.05J, N5400 for T
50.075J,0.125J; andN5300 for T50.1J,0.15J). This can
be seen in the inset of Fig. 13, wherejN

1D is plotted vsN at
T50.05J'0.05J8. For g52 and v52J also 53105 spin
updates were made. The correlation lengths are that s
that a chain length ofN5200 is sufficient to make state
ments about the thermodynamic limit. The effect of the fin
Trotter number is more important in this system. ForM
5400 at the lowest temperatures, however, the effec
smaller than the error which enters our analysis during

FIG. 13. Correlation lengthsj1D vs inverse temperature in th
1D case. Note that the temperatures are given in units ofJ8. The
inset shows the finite-size behavior ofjN

1D for g50.1, v58J at T
50.05J8.
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fitting procedure ~we chose M5400 for T
50.05J,0.075J,0.1J; M5360 for T50.15J; and M5160
for T>0.2J).

Figure 13 shows the correlation lengths in a plot vs
inverse temperature in units of the rescaled effective c
pling J8. In both systems we find the expected behavior:
the Heisenberg-like system the correlation length grows
early with the inverse temperature, while in the dimeriz
systemj1D takes small values and shows no such dep
dence in the temperature range shown.

We close this section with a final remark concerning t
2D model~1!. The results from this section need not me
that the model shows no lattice distortion. In both the sta
cally dimerized stair and plaquette models, e.g., a phase
coexisting dimerization and long-range antiferromagnetic
der is known.21 For model~1! it is therefore conceivable tha
small lattice distortions appear which cannot be detected
analyzing spin correlations at low temperatures. Even
finite-temperature phase transition seems possible, bec
due to the Mermin-Wagner theorem44 a breaking of the dis-
crete lattice symmetry at finite temperatures cannot be
cluded in a 2D system. However, we find no hints on
finite-temperature phase transition in the behavior of therm
dynamic properties in the temperature range discusse
Sec. III. Further investigations of the model seem appro
ate to clarify whether dimerization appears and which dim
ization pattern is realized.

V. SUMMARY

By combining loop updates for spin and cluster upda
for phononic degrees of freedom we have developed a qu
tum Monte Carlo algorithm to study the properties of the 2
antiferromagnetic Heisenberg model coupled to bo
phonons.

As thermodynamic quantities are concerned, we stud
the susceptibility, mean phonon occupation numbers,
specific heat in the temperature range 0.5J<T<4J. The
properties of the model at finite temperatures are simila
the 1D case.

For temperatures 0.5J<T<3J, we derived an expressio
for the mean phonon occupation numbers which is of pr
tical value for further investigations of the model.

We investigated the temperature dependence of the s
correlation length for two choices of coupling constants. O
analysis indicates that the model shows long-range Ne´el or-
der in the ground state both in the regime of weak and str
spin phonon coupling.
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