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Complex lithium ion dynamics in simulated LiPO3 glass studied by means of multitime
correlation functions
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Molecular dynamics simulations are performed to study the lithium jumps in LiPO3 glass. In particular, we
calculate higher-order correlation functions that probe the positions of single lithium ions at several times.
Three-time correlation functions show that the nonexponential relaxation of the lithium ions results from both
correlated back-and-forth jumps and the existence of dynamical heterogeneities, i.e., the presence of a broad
distribution of jump rates. A quantitative analysis yields that the contribution of the dynamical heterogeneities
to the nonexponential depopulation of the lithium sites increases upon cooling. Further, correlated back-and-
forth jumps between neighboring sites are observed for the fast ions of the distribution, but not for the slow
ions and, hence, the back-jump probability depends on the dynamical state. Four-time correlation functions
indicate that an exchange between fast and slow ions takes place on the time scale of the jumps themselves;
i.e., the dynamical heterogeneities are short lived. Hence, sites featuring fast and slow lithium dynamics,
respectively, are intimately mixed. In addition, a backward correlation beyond the first neighbor shell for
highly mobile ions and the presence of long-range dynamical heterogeneities suggest that fast ion migration
occurs along preferential pathways in the glassy matrix. In the melt, we find no evidence for correlated
back-and-forth motions and dynamical heterogeneities on the length scale of the next-neighbor distance.

DOI: 10.1103/PhysRevB.68.184301 PACS number~s!: 66.30.Dn
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I. INTRODUCTION

In view of numerous technological applications and
large variety of phenomena, recent scientific work repeate
focused on glassy ion conductors. On the one hand, it is
known that the macroscopic charge transport in these m
rials results from the diffusion of mobile ions in a basica
rigid glassy matrix; on the other, a detailed microscopic p
ture of this dynamical process is still lacking. One key fe
ture of the dynamics in glassy ion conductors is the non
ponential relaxation of the mobile ions; i.e., the depopulat
of the sites cannot be described by a single exponential
dicating the complexity of the motion. For instance, ve
broad loss peaks are found in electrical and mechanica
laxation experiments.1–5 Likewise, the electrical conductivity
s(v) shows a strong frequency dependence.6–12 Moreover,
when the dynamics of the mobile ions are studied by me
of advanced nuclear magnetic resonance~NMR! techniques,
nonexponential correlation functions are observed.13–16Non-
exponential relaxation can result from two fundamenta
different scenarios.17 In the homogeneous scenario, the d
namics of all particles are characterized by the same re
ation function that is intrinsically nonexponential due to
specific mechanism of the motion, e.g., correlated back-a
forth jumps. Contrarily, in the heterogeneous scenario,
particles are random walkers, but a distribution of correlat
times G(lg t) exists. In our case of a complex motion, o
may expect that both homogeneous and heterogeneou
namics contribute to the nonexponential relaxation.

A strong frequency dependence of the electrical cond
tivity s(v) of ion conductors indicates that back-and-for
motions occur during ionic diffusion.6–12 However, to study
a complex motion in detail, it is not sufficient to probe th
dynamics at two times, but one has to resort to multiti
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correlation functions.17 For example, three-time correlatio
functions can be used to quantify the extent to which
nonexponential relaxation results from the homogeneous
the heterogeneous scenario, respectively.18 Four-time corre-
lation functions allow one to measure the lifetime of dynam
cal heterogeneities, i.e., the time scale of exchange proce
between fast and slow ions. Two methods have rece
proven well suited to record multitime correlation functio
for glassy ion conductors. While ion dynamics on the ps–
time scale can be studied in molecular dynamics~MD!
simulations,19 multidimensional NMR techniques prob
jumps on a time scale of ms–s. Specifically, multidime
sional 109Ag NMR experiments showed that a broad ra
distribution governs the jumps of silver ions in silve
phosphate-based glasses.14 Hence, both correlated back-and
forth jumps and dynamical heterogeneities indeed contrib
to the nonexponentiality. However, to the best of our know
edge the relevance of both contributions has not yet b
quantified for glassy ion conductors.

MD simulations are an ideal tool to investigate dynamic
processes on a microscopic level. Prior work on the origin
the nonexponential relaxation in glassy ion conductors
focused on alkali silicate glasses. For lithium silicate glass
it was reported that dynamical heterogeneities contribute
the nonexponential relaxation of the lithium ions where t
lifetime of these heterogeneities is limited.19,20Further, back-
and-forth motions on various length scales were observ
including a backward correlation beyond the first neighb
shell at low temperatures.19 For sodium silicate glasses, n
evidence for back-and-forth jumps between adjacent sod
sites was found at higher temperatures.21 Moreover, several
workers demonstrated that, though there is no microsegr
tion, the sodium ions follow preferential pathways in th
glassy matrix.22,23 The sodium ions inside these channe
show a higher mobility than the ones outside and, hen
©2003 The American Physical Society01-1
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dynamical heterogeneities exist.24 In addition, studying ex-
amples of ionic trajectories the mechanism of alkali ion m
gration in silicate glasses was described as a ‘‘vacancy
process.’’25 During a correlated motion of two cations, a
alkali site is left by one ion an occupied by another.

In the present work, we use MD simulations to analy
the complex mechanism of ion dynamics in an alkali ph
phate glass. In this way, we intend to complement the p
studies on silicate glasses and to compare the nature o
diffusion in different amorphous materials. Moreover, bas
on an analysis of novel higher-order correlation functio
new information about this dynamical process is revealed
detail, the dynamics of noncrystalline LiPO3 is investigated
in a temperature range where the motions of the vari
atomic species strongly decouple upon cooling. While
lithium ionic subsystem can be equilibrated at all chos
temperatures, the diffusion of the phosphorus and the oxy
particles freezes in on the ns time scale of the simulation
other words, the dynamics in the melt and in the glass
studied. Our main goal is to identify the temperature dep
dent origin of the nonexponential relaxation of the lithiu
ions. For this purpose, we calculate multitime correlat
functions that link the positions of single ions at subsequ
points in time. In this way, we quantify the homogeneous a
heterogeneous contributions to the nonexponential relaxa
and measure the lifetime of the dynamical heterogeneit
Since the multitime correlation functions observed in NM
experiments on solid ion conductors and some of the qu
tities computed in the present study have a similar inform
tion content, a future comparison of the respective result
very promising.

II. DETAILS OF THE SIMULATION

The potential used to describe the interaction of the i
in LiPO3 can be written as the sum of a Coulomb and
Born-Mayer-Huggins pair potential

Fab~r !5
qaqbe2

r
1Aabexp~2r /r!, ~1!

wherer is the distance between two ions of typea and type
b, respectively. The potential parameters, except forALiO ,
are adopted from the work of Karthikeyanet al.26 Here,ALiO
is reduced to obtain a more realistic interatomic dista
r LiO ; cf. below. In detail, we use effective chargesqLi
50.6, qP53.0, andqO521.2 as well asr50.29 Å. The
parametersAab are listed in Table I. Most simulations ar
performed in theN-E-V ensemble forN5800 particles. To
take into account the thermal expansion of phosph
glasses, the density is fixed atr52.15 g/cm3 as compared to
r52.25 g/cm3 observed in experiments at roo
temperature.27 This approximation for the density at highe
temperatures is obtained based on the linear expansion
ficient of LiPO3 glass.28 In addition, we consider system
with N5200 andN5400 to check for finite-size effects
Moreover, some simulations are performed at ‘‘const
pressure’’ to enable a comparison with experimentally de
mined activation energies. Strictly speaking, we continue
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ing runs in theN-E-V ensemble, but the size of the simul
tion box is adjusted so that a pressurep57.060.1 GPa is
obtained at all temperatures. This procedure results in a
crease of the density fromr52.21 g/cm3 at 744 K to r
51.95 g/cm3 at 3000 K. The equations of motion are int
grated using the velocity form of the Verlet algorithm with
time step of 2 fs. Further, periodic boundary conditions
applied and the Coulombic forces are calculated via Ew
summation. In doing so, consistent results are obtained w
computing the trajectories with the programMOLDY ~Ref.
29! and our own MD simulation program, respective
While the whole system can be equilibrated atT>1006 K,
the phosphate glass matrix is basically frozen on the t
scale of the simulation at lower temperatures. In the la
cases, we pay attention that the lithium ionic subsystem
still in equilibrium. For example, the sample is equilibrat
for 20 ns atT5592 K before recording the data.

Karthikeyan et al.26 demonstrated that the structure
LiPO3 glass is well reproduced when using the two-bo
potential specified in Eq.~1!. We confirmed this result by
analyzing the structure of the glass obtained after a que
from T5592 to 300 K. Table I shows that the interatom
distancesr ab are in good agreement with the correspondi
experimental values.27,30 Typical of phosphate glasses,31 the
P-O distance for tangling oxygens (r PTO51.51 Å) is shorter
than for bridging oxygens (r PBO51.66 Å). Further, the re-
duction of ALiO , as compared to the value used b
Karthikeyanet al.,26 improves the agreement with the actu
distancer LiO .27,30 Consistent with experimental findings fo
LiPO3 glass,31–33 the bond-angle distributions and coordin
tion numbers indicate that the simulated glass consists
well-defined phosphate tetrahedra that are connected by
of their corners to form long chains and/or rings. Concern
the intermediate-range order, some differences betw
simulated and actual LiPO3 glass may exist. In agreemen
with results by Karthikeyanet al.,26 we find a mean P-O-P
bond angle that is larger than the one observed in exp
ments on vitreous P2O5.31 As a possible consequence, th
interatomic distancer PP in our model is about 10% large
than the experimentally determined value. To fix the me
P-O-P angle at the experimental value for vitreous P2O5,
Liang et al.34 used a three-body potential in simulations
LiPO3 glass. We refrain from doing so because, first, t
P-O-P bond angle in metaphosphate glasses has not yet

TABLE I. Interaction parametersAab @cf. Eq. ~1!# together with
the interatomic distancesr ab as obtained from the present simul
tions and from experimental work~Refs. 27 and 30!, respectively.

Aab @eV# r ab @Å# r ab @Å#

Simulation Experiment

LiLi 167.47 2.74
LiP 158.09 3.31
LiO 300.00 2.03 2.02
PP 148.93 3.33 3.01
PO 694.66 1.51/1.66 1.52–1.56
OO 2644.8 2.58 2.52
1-2
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determined experimentally and, second, three-body inte
tions distinctly slow down the simulation. For our analysis
is important to perform simulations at sufficiently low tem
peratures, because not until then does the lithium dynam
show several characteristic features, e.g., back-and-f
jumps between adjacent sites.19,35 Therefore, we keep the
potential as simple as possible so as to be able to equilib
the system at these temperatures.

III. RESULTS

A. Two-time correlation functions

To study the dynamics of noncrystalline LiPO3, we first
display the mean-square displacement~MSD! of the lithium
ions,

r Li
2 ~ t !5^@r j~ t !#2&5^@ urW j~ t01t !2rW j~ t0!u#2&, ~2!

in Fig. 1~a!. Throughout this article, brackets^•••& denote
the average over the lithium ionic subsystem,r j (t) is the
displacement of lithium ionj during a time intervalt, and
rW j (t0) specifies its position at timet0. At temperaturesT
<2040 K, r Li

2 (t) exhibits three characteristic time regime
ballistic motion r Li

2 }t2 at short timest,0.1 ps, sublinear
diffusion due to back-and-forth motions of the lithium ions
intermediate times, and linear diffusionr Li

2 }t at long times.
Upon cooling the diffusion of the lithium ions slows dow
and the time window of sublinear diffusion is extended.
qualitatively similar behavior is found for the MSD of th
oxygen and phosphorus ions,r O

2 (t) and r P
2 (t) ~not shown!.

The diffusion constantsDLi ,O,P extracted from the long-
time behavior ofr Li ,O,P

2 (t) are compiled in Fig. 1~b!. Evi-
dently, the lithium diffusion decouples from the oxygen a
the phosphorus dynamics. WhileDLi follows an Arrhenius
law with activation energy ED50.40 eV, the curves
log10 DO,P(1/T) show a downward bending. In particular, o
the 10-ns time scale of our simulation, a basically rigid ph
phate glass matrix exists belowT'1000 K. Therefore, we
refer to Tg51000 K as the computer glass transition

FIG. 1. ~a! MSD of the lithium ions,r Li
2 (t), in noncrystalline

LiPO3 at the indicated temperatures. Dashed line:r Li
2 (t)56DLit

with DLi58.3131027 cm2/s. ~b! Temperature dependence of th
diffusion constantsDLi , DO , andDP . Solid symbols:N5800, r
52.15 g/cm3. Open symbols: N5800, p57.0 GPa. Vertical
stripes: N5400, r52.15 g/cm3. Horizontal stripes:N5200, r
52.15 g/cm3. Lines: Arrhenius fits to the data forN5800.
18430
c-
t

cs
th

te

t

-

LiPO3. For comparison, the diffusion constants resulti
from the calculations forN5200 andN5400 and from the
constant-pressure simulations are also included in Fig. 1~b!.
We find no indication that the diffusion constants depend
the system size. On the other hand, the temperature de
dence ofDLi in the constant-pressure runs (ED50.47 eV) is
stronger than in the constant-volume simulations.

Next, the incoherent intermediate scattering functi
Fs(q,t) for the lithium ions is considered:

Fs~q,t !5^cos$qW @rW j~ t01t !2rW j~ t0!#%&. ~3!

In our case of an isotropic sample, this function only depe
on the absolute valueq of the wave vector. To obtain infor
mation about dynamical processes on the length scale o
Li-Li interatomic distance,q5qm52p/r LiLi is used. Figure
2 showsFs(qm ,t) for the N-E-V ensemble (N5800). We
see temperature-dependent, nonexponential decays. T
findings can be quantified by fitting the data to a Kohlraus
Williams-Watts ~KWW! function36 A exp@2(t/t)b#. Then, a
stretching parameterb'0.42 characterizes the nonexpone
tiality at T,Tg . Above Tg , an increase tob'0.54 is ob-
served; however, the absence of a short-time plateau
Fs(qm ,t) leads to larger error bars in this temperature ran
In the inset of Fig. 2, we display the mean time constantstFS
calculated from the fit parameters according totFS
5(t/b)G(1/b) whereG(x) is theG function. Though there
are some deviations, the temperature dependence oftFS can
still satisfactorily be described by an Arrhenius law with a
tivation energyEFS50.62 eV. In the same way,EFS50.67
60.03 eV is obtained from the constant-pressure simu
tions. Thus, in both cases,EFS is significantly larger than
ED . In addition, Fig. 2 shows that the time constantstFS do
not depend onN and, hence, finite-size effects are again a
sent. In the remainder of this article, we analyze the d
from constant-volume simulations forN5800.

To study the mechanism of lithium dynamics, we fir
look at some representative trajectories. Figure 3 displ

FIG. 2. Incoherent intermediate scattering functionFs(qm

52.28 Å21,t) for the lithium ions in noncrystalline LiPO3 at the
indicated temperatures (N5800, r52.15 g/cm3). Inset: tempera-
ture dependence of the mean correlation timetFS . Solid symbols:
N5800. Vertical stripes:N5400. Horizontal stripes:N5200.
Line: fit to an Arrhenius law forN5800.
1-3
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M. VOGEL PHYSICAL REVIEW B 68, 184301 ~2003!
projections on thexy plane for trajectories during compa
rable time intervals atT52040 and 592 K. While the mecha
nism of the motion resembles liquidlike diffusion at hig
temperature, it is rather complex in the glass. Specifica
the following features are obvious forT5592 K: ~i! The
motion of most lithium ions can be decomposed into lo
vibrations and jumps between adjacent sites.~ii ! The lithium
ions show different mobilities.~iii ! Back-and-forth dynamics
involves distinct lithium sites.~iv! The number of correlated
back-and-forth jumps varies. While numerous back-and-fo
jumps are observed for ion 4, only a few are found for ion
~v! Several ions~5, 6, 7–10! follow the same preferentia
pathway. Consistent with the results of simulations on alk
silicate glasses,35,37–39all these features elucidate the com
plexity and diversity of ionic diffusion in glasses.

A statistical analysis of the mechanism of the motion
possible based on the self-part of the van Hove correla
function for the lithium ions. It is given by40

Gs~r ,t !5^d„r 2r j~ t !…&, ~4!

whered(x) denotes the delta function.Gs(r ,t) measures the
probability that a lithium ion moves a distancer in a time
interval t. Figure 4 showsGs(r ,t) for three characteristic
temperatures. ForT52040 K, we observe a single max
mum that shifts to larger values ofr when t is increased.
Though the findings resemble expectations for liquidlike d
fusion, an asymmetry of the curves fort'1 ps indicates de-

FIG. 3. Representative trajectories of the lithium ions in no
crystalline LiPO3. Left-hand side: trajectories atT52040 K during
a time interval Dt53 ps. Right-hand side: trajectories atT
5592 K during a time intervalDt5100 ps.

FIG. 4. Space and time dependence of the self-part of the
Hove correlation functionGs(r ,t) for noncrystalline LiPO3 at the
indicated temperatures.
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viations. ForT<Tg , Gs(r ,t) exhibits oscillations that be
come more pronounced upon cooling. Specifically, there
minima atr'1.7 Å andr'4.2 Å together with a maximum
at r'2.7 Å'r LiLi . Thus, the glassy network provides we
defined lithium sites that are separated by energy barrierE
.kBT so that, to a good approximation, the lithium ion
motion can be described as a sequence of hopping proce
i.e., the time scale it takes to cross the barriers is m
shorter than the time scale the ions fluctuate about the s
In particular, it is possible to distinguish between ions th
after a time t, ~i! still reside at the same site@r j (t)
<1.7 Å#, ~ii ! have jumped to a next-neighbor site@1.7 Å
,r j (t),4.2 Å#, and ~iii ! have moved beyond an adjace
site @r j (t)>4.2 Å#. These findings forGs(r ,t) agree with
both the appearance of the trajectories in Fig. 3 and the
sults of previous simulations.19,35,39,41–44

Next, we define the two-time correlation functionS2(t)
5^s2

j (t)& where s2
j (t)51 for r j (t)<1.7 Å and s2

j (t)50
otherwise. In our case of hopping motion,S2(t) measures the
probability that a lithium ion is still at the initial site after
time t. Thus, it directly reflects the depopulation of the in
tially occupied lithium sites. In Fig. 5, we see thatS2(t)
decays nonexponentially. This nonexponentiality can re
from correlated back-and-forth jumps between neighbor
sites and/or from dynamical heterogeneities, i.e., the p
ence of a distribution of jump rates. Based on an appropr
three-time correlation functionS3, both contributions will be
quantified later in this article. The average time it takes
the lithium ions to successfully escape from their sites—i
the time scale of the depopulation of the sites—can be c
acterized by the 1/e decay time ofS2(t), tS2. Figure 6 shows
that the temperature dependence oftS2 is well described by
an Arrhenius law with activation energyES50.44 eV.

B. van Hove correlation functions of subensembles

In the remainder of this article, the origin of the none
ponential relaxation of the lithium ions in simulated LiPO3
glass is studied in detail by analyzing various multitime c
relation functions. All these functions correlate the positio
of single lithium ions at subsequent timest1,t2,•••. To
characterize the motion of ionj between two timesta,tb ,
we use the notationrWa

j[rW j (ta), rWab
j [rWb

j2rWa
j , r ab

j [urWab
j u

and tab[tb2ta .

-

n

FIG. 5. Two-time correlation functionS2(t) at the indicated
temperatures.
1-4
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To show the existence of dynamical heterogeneities an
study their lifetime, we define a ‘‘four-time van Hove corr
lation function’’

G4~r ,t125ts ,t23,t345ts!5^a~r 12!d~r 2r 34
j !&. ~5!

In this equation, the terma(r 12) simply means that three
subensembles are selected with respect to the displace
during the time intervalt125ts : SE0 consists of ions that are
still at the initial site@r j (t12)<1.7 Å#, SE1 contains the ones
that have jumped to an adjacent site@1.7 Å,r j (t12)
,4.2 Å#, and the ions of SE2 show r j (t12)>4.2 Å. Thus,
G4(r ,ts ,t23,ts) probes the van Hove correlation functio
Gs(r ,ts) of the respective subensembles starting at a timet23
after their selection. The results forts5204.8 ps and various
t23 at T5713 K are displayed in Fig. 7. Fort2350, the three
subensembles show clearly differentG4. In particular, the
first peak is highest for SE0, indicating that ions that have
not escaped from their sites duringt12 move also less then
the average particle in the time intervalt34. In other words,
slow and fast ions are distinguishable and, hence, dynam
heterogeneities exist.17 An extension oft23—i.e., of the delay
between selection and detection—allows us to study the
time of the dynamical heterogeneities. In Fig. 7, we see
the curves for the different subensembles approach e

FIG. 6. Various time constants characterizing lithium ion d
namics in noncrystalline LiPO3; see text for details.

FIG. 7. Four-time van Hove correlation functionG4(r ,ts ,t,ts)
for the lithium ions in LiPO3 glass atT5713 K. A filter time ts

5204.8 ps was used to select three subensembles of lithium
SE0 , SE1, and SE2; see text for details.
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other whent23 is increased until they are nearly identic
after a timet2354.6 ns. At this timet54.6 ns, the decay o
S2(t) is just complete; cf. Fig. 5. Thus, information about t
initial dynamical states is lost when all ions have succe
fully escaped from their sites; i.e., the dynamical hetero
neities are short lived. A more detailed analysis of the li
time of the dynamical heterogeneities will be presen
below.

For a study of back-and-forth jumps, we focus on lithiu
ions that have moved to a neighboring site duringt12 and
map their motion in the subsequent time intervalt23. This
analysis is possible based on the ‘‘three-time van Hove c
relation function’’

G3~r ,t12,t23!5^d~r 12
j !d~r 2r 13

j !&, ~6!

whered(r 12
j )51 for 1.7 Å,r 12

j ,4.2 Å andd(r 12
j )50 oth-

erwise. G3(r ,t12,t23) measuresGs(r ,t5t121t23) exclu-
sively for ions that occupy a next-neighbor site at the tim
t2 . G3(r ,t12,t2350) is different from zero only in the rang
1.7 Å,r ,4.2 Å. For t23.0, backward jumps towards th
initial positions rW1

j yield the intensity I b at r ,1.7 Å,
whereas forward jumps contribute to the intensityI f at r
.4.2 Å. Hence, when multiple jumps are negligible—i.e
for t23,t12—the ratio I b /I f provides information whethe
the subsequent motion is backward or forward correlated
Fig. 8, we display G3(r ,t12,t23) at T5592 K for t12
512.8 ps, 819.2 ps and varioust23. Nearly independent of
t23,t12, integration yieldsI b /I f'15 for t12512.8 ps and
I b /I f'0.3 for t125819.2 ps. While the former ratio indi
cates a significant backward correlation, the latter is com
rable toI b /I f'1/3 as expected for a random walk based
a mean coordination numberzLiLi '4. For an interpretation
of these results, it is useful to recall the existence of dyna
cal heterogeneities and to reinspect Fig. 4. It becomes c
that the population at the neighboring site is still small af
a timet12512.8 ps and, hence, it mainly results from the fa
ions. Vice versa, ions with a medium or a low mobility o
cupy an adjacent after a timet125819.2 ps. Hence, the
curvesG3(r ,t12,t23) for t12512.8 ps andt125819.2 ps re-
flect the behavior of fast and nonfast ions, respectively.
conclude that a significantly enhanced back-jump probab
exists for the fast ions, but not for the slow ions.

ns

FIG. 8. Three-time van Hove correlation functionsG3(r ,t12,t23)
for the lithium ions in LiPO3 glass atT5592 K.
1-5
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M. VOGEL PHYSICAL REVIEW B 68, 184301 ~2003!
One may argue that large-amplitude vibrations can a
lead to I b /I f@1 for short t12. However, one expects tha
displacements due to vibrations are limited byr 12

j ,r LiLi and,
hence, a significant contribution of this type of motion wou
result in an asymmetry ofG3(r ,t12,t23→0). Therefore, the
nearly symmetric shape ofG3(r ,t12,t23<0.4 ps) shows tha
large-amplitude vibrations do not affect our conclusion. T
finding that the back-jump probability depends on the d
namical state is backed up by preliminary results of a m
detailed analysis. There, we explicitly identify the lithiu
sites and calculate the back-jump probabilityp b as a func-
tion of the waiting time at the initial site,tw . Consistent with
results for Li2SiO3,45 we find thatpb(tw) significantly de-
creases with increasing waiting time. Thus, a high backw
correlation exists exclusively for ions that show a high jum
rate at the initial site.

C. Conditional probability functions

The length scales of the dynamical heterogeneities an
the correlated back-and-forth motions can be studied ba
on the conditional probability functionsp(x23ur 12) and
p(y23ur 12). These functions measure the probability to fi
specific valuesx23

j 5x23 andy23
j 5y23, respectively, provided

the particle has moved a distancer 12
j 5r 12 in the first time

interval t12. Here,x23
j is the projection ofrW23

j on the direction

of the motion duringt12, i.e.,x23
j 5rW23

j
•rW12

j /r 12
j , andy23

j is the

projection of rW23
j on an arbitrary direction perpendicular

rW12
j . Motivated by the outcome of prior work,19,46,47we focus

on the first momentx̄23 as well as on the second momen
sx(r 12)5^@x23

j 2 x̄23(r 12)#2(r 12
j )& and sy(r 12)5^@y23

j

2 ȳ23(r 12)#2(r 12
j )&, rather than analyzing the full probabilit

functions.
For the first moment,x̄23(r 12)[0 will result if the direc-

tions of the motions duringt12 and t23 are uncorrelated.46,47

In contrast, if the subsequent motion for a givenr 12 is back-
ward ~forward! correlated, a negative~positive! value of
x̄23(r 12) will be observed. In particular, it has been read

FIG. 9. First momentx̄23(r 12) of the conditional probability
functionp(x23ur 12) for LiPO3 glass atT5592 K. The time intervals
t12 and t23 are indicated.
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shown thatx̄23(r 12)52(1/2)r 12 is found for stochastic dy-

namics in a harmonic potential.19 Figure 9 showsx̄23(r 12) for
T5592 K. For all t12 and t23, x̄23(r 12) follows the curve
2(1/2)r 12 up to r 1251.0–1.5 Å, indicating that the lithium
sites can be described by harmonic potentials on this len
scale. At largerr 12, x̄23(r 12) depends on botht12 and t23.
For a givent12, x̄23(r 12) is more negative the larger the valu
of t23 until a saturation is reached att23'1000 ps. This can
be understood as follows: No significant motion occurs d
ing short time intervalst23 so thatx23

j '0. However, whent23

is extended, more and more lithium ions show a disti
displacement until the average behavior of all ions with
given r 12 is observed for longt23. To study this average
behavior we further discuss the results for a longt23

51000 ps. In this case,x̄23(r 12) is basically constant atr 12
.1 Å for t1251000 ps, whereas fort12<100 ps a decreas
over the whole accessibler 12 range indicates that the back
ward correlation increases even beyond the interatomic
tance r LiLi . A comparison with Fig. 4 shows that fort12
<100 ps the findings in the ranger LiLi <r 12,8 Å, say, re-
flect the behavior of fast ions, while an ion with an avera
mobility shows such displacements during a time inter
t1251000 ps. Thus, the decrease ofx̄23(r 12) at r 12>r LiLi for
short t12 implies that the correlated back-and-forth motio
of fast ions may involve not only one, but also several sit
On the other hand,x̄23'const atr 12.1 Å for long t12 again
shows that the nonfast ions perform local rattling motio
but no correlated back-and-forth jumps between adjac
sites. We add thatx̄23'20.24r 12 at r 12,2 Å and x̄23
5const at r 12.2 Å are found for LiPO3 melt at T
52040 K (t12,1 ps, t23>1 ps). Qualitatively, these find
ings resemble the outcome of MD simulations on sup
cooled liquids.46,47 There, the results were interpreted as
signature of the cage effect describing that, though all p
ticles are mobile, every particle is temporarily captured in
cage built up by its neighbors. Then, back-and-forth motio
take place within the cage, but not when the particles h
left their cages.

Now, we turn to the second moments. If all particles ha
equal mobility, the displacementsr 12 and r 23 are uncorre-
lated so thatsx,y(r 12)5const. In contrast, if dynamical het
erogeneities exist, on average, slow and fast ions show s
and larger 12, respectively. Hence, ions with smallr 12 move
less int23 than those with larger 12 andsx,y(r 12) increases.
Figure 10 showssx(r 12) andsy(r 12) for various time inter-
vals t5t125t23 at two temperatures. ForT52040 K, the
second moments are equal and independent ofr 12 for t
.1 ps, indicating the absence of dynamical heterogene
related to lithium diffusion. In contrast,sx(r 12) andsy(r 12)
for t<1 ps increase, though, with a different slope and th
there are highly anisotropic dynamical heterogeneities
short time scales. Sincer Li(t,1 ps),r LiLi ~cf. Fig. 1!, we
attribute the latter dynamical heterogeneities to the rattl
motions within the local cages. ForT5592 K, a strongr 12
dependence ofsx,y is observed for all chosent. This finding
again implies the existence of dynamical heterogeneities
tributed to lithium diffusion in the glass. Since back jum
1-6
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during t23 result inx23
j Þ0 andy23'0—i.e., the componen

perpendicular to the direction of the forward jump is small
the dynamical heterogeneities can be most directly stud
based onsy(r 12). The ratiosy(r LiLi )/sy(0)@1 shows that
the heterogeneity results for the most part from differ
jump rates at neighboring lithium sites. However, additio
contributions on a length scale of several Li-Li interatom
distances are indicated by a further increase ofsy(r 12) up to
r 12'13 Å for t>1000 ps. Considering also the appearan
of the lithium trajectories in Fig. 3, we suggest that prefer
pathways of ion migration connect several lithium sites.

The oscillatory behavior ofx̄23(r 12) andsx,y(r 12) allows
us to study the energy landscape governing the lithium
namics. Forx̄23(r 12), one expects local minima~maxima!
near positions where the slope of the potential sho
maxima~minima!.19 In Fig. 9, we see thatx̄23(r 12) shows a
minimum at r 12'1.1 Å and a maximum atr 12'2.3 Å.
Hence, there should be an energy barrier at an average
tancer'1.7 Å. At r 12'1.7 Å, the curvessx,y(r 12) exhibit
local maxima. This is reasonable, because ions residing
saddle aftert12 should possess a comparatively high mobil
in the subsequent time interval. A closer inspection of
data reveals that the maxima ofsx,y(r 12) shift to smallerr 12
whent is extended. Thus, for slow ions which exit their sit
at long t, the mean distance between the ionic position at1
and the location of the relevant energy barrier is smaller t
for fast ions which escape at shorter times. As will be d
cussed later in this article, this finding is consistent with
assumption that the Li-Li interaction depends on the wait
time at a site.

D. Multitime correlation functions

To quantify the contributions from the homogeneous a
the heterogeneous scenario to the nonexponentiality of
correlation functionS2 we define the three-time correlatio
function

FIG. 10. Second momentssx(r 12) ~solid symbols! andsy(r 12)
~open symbols! of the conditional probability functionsp(x23ur 12)
and p(y23ur 12), respectively. Data for noncrystalline LiPO3 at T
52040 and 592 K are compared. The time intervalst5t125t23 are
indicated.
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S3~ t125t/2,t235t/2!5^s2
j ~ t12!s2

j ~ t23!&. ~7!

For purely homogeneous and purely heterogeneous re
ation, such three-time correlation functions can be expres
by the corresponding two-time correlation functions.18,46,48,49

While S3(t/2,t/2)5@S2(t/2)#2 is valid in the homogeneou
scenario,S3(t/2,t/2)5S2(t) holds in the heterogeneous sc
nario; cf. the Appendix. In Fig. 11,S3(t/2,t/2) is shown for
three temperatures. ForT51287 K, S3(t/2,t/2)'@S2(t/2)#2

implies that the relaxation is basically homogeneous. Ho

FIG. 11. Three-time correlation functionsS3(t/2,t/2) for non-
crystalline LiPO3 at the indicated temperatures. The results
compared to expectations for purely heterogeneous dynam
S2(t), and for purely homogeneous dynamics,@S2(t/2)#2.
1-7



a-
at
u

ac

ies
el

p
a-
re
i.e

f
f
e

ea

ns

t

st

Fig.

-

e
The
be-

gle
tion
en-

de-
. 5

of
y-
ully

pa-

at
x-
uc-

,
cs
ical

to

ies

e
e

si

es,

M. VOGEL PHYSICAL REVIEW B 68, 184301 ~2003!
ever, aboveTg , hopping dynamics is not a good approxim
tion for the mechanism of the motion and the phosph
matrix dynamics modifies the lithium sites. Therefore, o
findings do not indicate back-and-forthjumpsbetween adja-
cent lithium sites, but rather they reflect back-and-forthmo-
tions that are affected by the matrix dynamics and take pl
on various length scales. AtT,Tg , S3(t/2,t/2) clearly devi-
ates from@S2(t/2)#2 and, hence, dynamical heterogeneit
become increasingly important upon cooling. Their r
evance can be further analyzed based on the ratio

H~ t !5
S3~ t/2,t/2!2@S2~ t/2!#2

S2~ t !2@S2~ t/2!#2
. ~8!

It is easily seen thatH(t)[1 andH(t)[0 hold for purely
heterogeneous and purely homogeneous dynamics, res
tively. In Fig. 12,H(t) is displayed for the studied temper
tures. Evidently, the nonexponentiality at low temperatu
results to a large extent from dynamical heterogeneities;
there is a broad distribution of jump rates. ForT<1006 K,
the curvesH(t) show a maximum at a timetH that increases
upon cooling. Inspecting the temperature dependence otH
in Fig. 6, tH(T)'tS2(T) is found. Thus, the distribution o
jump rates contributes most to the nonexponentiality wh
the lithium ions successfully escape from their sites.

The lifetime of the dynamical heterogeneities can be m
sured based on the four-time correlation function

S4~ t125ts ,t,t345ts!5^s2
j ~ t12!s2

j ~ t34!&. ~9!

In this experiment, a dynamical filter selecting lithium io
that are slow on the time scalets ~Ref. 50! is applied during
two time intervalst125ts and t345ts separated by a timet.
Thus,S4(ts ,t,ts) is given by the fraction of lithium ions tha
are slow duringt12 and a time t later during t34. Conse-
quently, the signal decreases when slow ions become fa

FIG. 12. H(t) for noncrystalline LiPO3 at the indicated tem-
peratures. The data were calculated from the results in Fig. 11 u
Eq. ~8!.
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the time intervalt and mappingS4(t) allows us to measure
the time scale of the exchange of the dynamical state. In
13, various normalized correlation functionsS4

n(t) are com-
piled. In panel~a!, we show results for different filter timests
at T5713 K and, in panel~b!, we display data for compa
rable ts at various temperatures@S2(ts)'0.48#. For the nor-
malization, S4(t) was fitted to a modified KWW function
DS4exp@2(t/t)b#1S4

` and scaled according toS4
n(t)5(S4(t)

2S4
`)/DS4. Evidently,S4

n(t) depends on both the filter tim
and temperature where all decays are nonexponential.
nonexponentiality indicates that the exchange processes
tween slow and fast ions cannot be described by a sin
time constant, but are rather governed by a broad distribu
of exchange times. Further, since dynamically diverse sub
sembles are selected for different filter timests , the depen-
dence on this parameter implies that the exchange time
pends on the dynamical state itself. A comparison with Fig
reveals that the decays ofS2(t) and S4(t) are complete at
comparable times. In accordance with the interpretation
G4, this finding shows that information about the initial d
namical states is lost when all lithium ions have successf
escaped from their sites. The mean time constantstS4—i.e.,
the mean exchange times—can be calculated from the
rameters of the KWW fits toS4(t). Revisiting Fig. 6 we see
that tS4 and tS2 show a similar temperature dependence
T<Tg . All these findings consistently indicate that the e
change of the dynamical state in the glass results from s
cessful jumps among neighboring lithium sites. AboveTg , a
stronger temperature dependence oftS4 is observed. Hence
the modification of the lithium sites due to matrix dynami
provides another channel for the exchange of the dynam
state in the melt.

IV. DISCUSSION

In this article, we presented MD simulations performed
study the dynamics of noncrystalline LiPO3 in a temperature
range where the motions of the various atomic spec
strongly decouple; i.e., the dynamics in the melt (T.Tg) and
in the glass (T,Tg) were compared. We found that th
mechanism of the lithium motion changes from liquidlik

ng

FIG. 13. Four-time correlation functionsS4(ts ,t,ts) for non-
crystalline LiPO3 ~points! and fits to a KWW function~dashed
lines!. ~a! Data atT5713 K for the indicated filter timests . ~b!
Temperature dependence of the curves for comparable filter tim
i.e., S2(ts)50.4860.02 ~592 K, ts5145.0 ps; 713 K,ts540.0 ps;
1006 K, ts54.0 ps; 1287 K,ts51.2 ps).
1-8
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COMPLEX LITHIUM ION DYNAMICS IN SIMULATED . . . PHYSICAL REVIEW B 68, 184301 ~2003!
diffusion to hopping dynamics when the temperature is
creased. Our main goal was to study the lithium ionic jum
at T,Tg . Nonexponential two-time correlation function
such as the incoherent intermediate scattering function,
sublinear diffusion over several orders of magnitude in ti
reflect the complexity of the lithium motion in a rigid pho
phate glass matrix. For a comprehensive analysis of this
namical process, we calculated suitable multitime correla
functions. Three time-correlation functions showed that
nonexponential relaxation of the lithium ions atT,Tg re-
sults from both correlated back-and-forth jumps and the
istence of dynamical heterogeneities, i.e., the presence
distribution of jump rates. Measuring the lifetime of the d
namical heterogeneities by means of four-time correlat
functions, we found that the nonuniformities of the moti
are short lived. In what follows, we summarize and disc
our results in more detail where the quantities that lead to
respective conclusion are indicated in brackets.

The dynamical heterogeneities atT,Tg show the follow-
ing features:~i! The distribution of jump rates contribute
more to the nonexponentiality the lower the temperature (S3 ,
H). ~ii ! For a given temperature, its contribution is max
mum when the lithium ions successfully escape from th
sites (tH /tS2). ~iii ! The exchange between the fast and
slow ions of the distribution takes place on the same ti
scale as the lithium jumps; i.e., the dynamical heterogene
are short lived (G4 , S4). In particular, both processes show
similar temperature dependence (tS4 /tS2). ~iv! The time
scale of the exchange depends on the dynamical state
(S4). ~v! The dynamical heterogeneities mainly result fro
different jump rates at neighboring sites, but there are a
nonuniformities of the motion on a length scaler
>10 Å (sx,y).

The back-and-forth jumps of the lithium ions in the gla
can be characterized as follows:~i! Correlated back-and
forth jumps occur for the fast ions of the distribution, but n
for the slow ions; i.e., the back-jump probability depends
the initial dynamical state (G3 , x̄23). ~ii ! For highly mobile
ions, there is a backward correlation even beyond the
neighbor shell (x̄23). Well aboveTg , dynamical heterogene
ities and back-and-forth motions on the length scaler LiLi are
absent (x̄23, sx,y). However, due to the temporary caging
the lithium ions by the neighboring particles, anisotropic d
namical heterogeneities and a backward correlation exis
short length and time scales.

We conclude that the formation of well-defined lithiu
sites is accompanied by the emergence of correlated b
and-forth jumps and dynamical heterogeneities on a len
scaler>r LiLi . At the lower temperatures, the nonexpone
tial depopulation of the lithium sites results to a large ext
from the dynamical heterogeneities and, hence, the distr
tion of jump rates is broad. The short lifetime of the dynam
cal heterogeneities implies that sites featuring fast and s
lithium dynamics, respectively, are intimately mixed. In pa
ticular, the absence of long-lived heterogeneities exclude
microsegregation of the glass into extended clusters in wh
the lithium ions are mobile and immobile, respectively. I
stead, we suggest that the broad distribution of jump rate
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LiPO3 glass results from a diversity of the local glass stru
ture at neighboring sites, e.g., from varying coordinati
numbers. In this basically random energy landscape, fast
migration occurs along pathways connecting low-energy b
riers. The presence of such channels is not only indicated
the appearance of the lithium trajectories, but also by
existence of long-range dynamical heterogeneities and by
backward correlation beyond the first neighbor shell for
fast ions.

Some of our findings are recovered when analyzing
dynamics resulting from schematic models such as
random-barrier and random-energy models where the
ticles move in a time-independent, external energy la
scape. For example, the particles migrate along prefere
pathways in these models and percolation approaches
been applied to describe the dynamics at lo
temperatures.51–53 Moreover, the back-jump probability de
pends on the dynamical state of a particle; e.g., for
random-barrier model, many back-and-forth jumps oc
over low-energy barriers, whereas slow ions cross high b
riers so that a backward motion is unlikely. However, oth
features of the lithium dynamics in LiPO3 glass are not re-
produced in schematic models. At variance with our findin
~cf. Fig. 12!, a straightforward calculation shows thatH(t
→0)'0.5 is obtained for these models. Furthermore,
observe that the first maximum ofsx,y(r 12) lies at r
.r LiLi /2 and shifts towards shorter distances whent is in-
creased~cf. Fig. 10!. This means that, in contrast to what
captured in simple models, the energy barriers governing
jumps of the fast lithium ions of the distribution are locate
on average, at larger distances from the initial ionic positio
than the barriers relevant for the slow ions. We speculate
simple hopping models are suited to study the tim
independent effects of the glassy matrix on the lithium io
diffusion, but they fail in modelling the influence of the time
dependent Li-Li interactions.

For example, we want to demonstrate that our findings
the position of the energy barrier can be explained wh
assuming that the Li-Li interaction decreases with the w
ing tw at a site due to the adjustment of the neighbor
lithium ions. For simplicity, we consider a lithium ion tha
occupies a site atr 50 and experiences a potentialV(r ,tw)
52cos(pr)1(1/2)a(tw)r 2. Here, the first term is meant t
represent the contribution from the glassy matrix providi
lithium sites atr 50,62, . . . . Thesecond term mimics the
repulsion due to other lithium ions and is assumed to de
on the time scale of the lithium jumps@a(tw)>0,
da(tw)/dtw,0]. A Taylor expansion forr'1 shows that
this potential has a local maximum betweenr 50 andr 52
which lies atr m(tw)51/(12a(tw)/p2). Hence, the energy
barrier for jumps occurring after short waiting timestw lies at
r .1 ([r LiLi /2) due to a(tw).0. When increasingtw ,
da(tw)/dtw,0 leads to a shift of the energy barrier towar
smaller distances untilr m(tw)51 results for sufficiently long
tw whena(tw)50. Thus, within this simple model, the dis
tance between the initial position of the ion (r 50) and the
location of the energy barrier is the smaller the larger
value of the waiting time as observed in our simulations.
1-9
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M. VOGEL PHYSICAL REVIEW B 68, 184301 ~2003!
Comparing the results of MD simulation studies on ph
phate and silicate glasses several similar features of ca
dynamics are striking:~i! It is widely accepted that cation
diffusion at sufficiently low temperatures can be described
a sequence of hopping processes.19,35,39,41–44~ii ! Fs(qm ,t)
consistently shows nonexponential decays that are well
scribed by KWW functions with stretching parametersb
50.42–0.47.23,35 ~iii ! Dynamical heterogeneities with a lim
ited lifetime exist20 that become more pronounced when t
temperature is decreased.19 ~iv! Fast ion transport along pref
erential pathways takes place.22,24 ~v! A high back-jump
probability exists for the fast ions of the distribution, but n
for the slow ions.45 On the other hand, in previous work o
sodium silicate glasses,21 correlated back-and-forth jump
were not observed at somewhat higher temperatures. H
ever, since a high back-jump probability exists only for t
fast ions at sufficiently low temperatures, the percentage
ions showing correlated back-and-forth jumps may ha
been too small to be detected in the study by Sunyeret al.21

Altogether, though it is to be further clarified to which exte
the findings of MD simulations reflect the dynamics in
specific system at lower temperatures, the similarity of
simulation results for various interaction potentials sugge
that the mechanism of cation dynamics in various glassy
conductors is highly comparable.

Finally, we compare our results with experimental fin
ings. First, it can be noted that two-time correlation functio
of lithium dynamics obtained in experiments and simulatio
for LiPO3 glass show a similar nonexponentiality. Spec
cally, the stretching parameterb'0.42 found here compare
well to b50.33–0.54 observed in mechanical relaxati
studies3–5 and in multidimensional7Li NMR experiments.54

Further, in these measurements and in electrical relaxa
studies,7 an activation energyEa'0.68 eV was obtained fo
the lithium dynamics. Comparing this value with the resu
of our constant-pressure simulations good agreemen
found for EFS'0.67 eV, but significant differences must b
noted for ED50.47 eV. For the moment, it is not clea
where the difference betweenEFS andED results from. Since
similar deviations were reported in MD simulation studies
Li2SiO3 glass,19 one may speculate that they are a con
quence of the complexity of ion dynamics in glasses.

In addition, our findings are useful for the interpretati
of experimental results on the origin of the nonexponen
relaxation of the mobile ions in solid ion conductors. Mul
dimensional109Ag NMR experiments on glassy and crysta
line silver ion conductors14,55 showed that the nonexponen
tial silver ionic relaxation is due to the existence of a bro
distribution of jump rates rather than to correlated back-a
forth jumps. On the other hand, the presence of correla
back-and-forth motion is indicated by a frequency dep
dence of the electrical conductivitys(v).6–12 We suggest
that this apparent discrepancy can be cleared up based o
present results. Specifically, we found that, first, the ba
jump probability depends on the dynamical state~see also
Ref. 45! and, second, the contribution of the dynamical h
erogeneities to the nonexponentiality increases upon coo
Sinces(v) is dominated by the fast ions, we expect a d
proportional contribution from the correlated back-and-fo
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jumps of ions in this dynamical state. In contrast, multid
mensional NMR experiments probe the behavior of nonf
ions at low temperatures and, hence, if at all, back-and-fo
jumps should be of minor relevance.

In summary, various techniques have to be applied sim
taneously to obtain a complete picture of a complex dyna
cal process such as ion dynamics in solids. In particula
further comparison of results obtained in MD simulatio
and in multidimensional NMR experiments is very prom
ing since both techniques allow one to study a dynam
process on a microscopic level. For such a comparison,
multitime correlation functionsS2 , S3, and S4 can be par-
ticularly useful, because their information content is simi
to the one of the corresponding quantities in NMR expe
ments.
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APPENDIX: CALCULATION OF THREE-TIME
CORRELATION FUNCTIONS

It is well established for supercooled liquids that, f
purely homogeneous and purely heterogeneous relaxa
three-time correlation functions comparable toS3 can be ex-
pressed by the corresponding two-time correlat
functions.18,46,48,49Here,S3(t/2,t/2)5@S2(t/2)#2 follows, be-
cause no selection is possible for purely homogeneous
namics. Hence, the dynamics duringt12 and t23, respec-
tively, are statistically independent so that the jo
probability for an escape in neither time interval can be w
ten as a product. If this were not true, a dynamically dive
subensemble could be selected based on the motion in
first time interval and, thus, dynamical heterogeneities wo
exist. For purely heterogeneous dynamics, the correla
functions result from a superposition of the contributions
exponentially relaxing subensembles. For the subensem
characterized by a correlation timet i , one has

S2,i~ t !5expS 2
t/21t/2

t i
D5S2,i~ t/2!S2,i~ t/2!5S3,i~ t/2,t/2!.

The second equal sign is due to the definition of the ex
nential function, and the third results because the relation
purely homogeneous dynamics holds for the exponenti
relaxing, undecomposable subensembles. SinceS3,i(t/2,t/2)
5S2,i(t) is valid for all subensembles,S3(t/2,t/2)5S2(t)
follows.
1-10
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