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Resistivity of the liquid gallium-lead miscibility gap system
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We present our electrical resistivity measurements of the gallium-lead system which shows a very large
miscibility gap between 2.4 and 94.5 at. % lead with a critical temperature of 606 °C and composition of 40
at. % lead. A small negative deviation of the experimental temperature coefficient of the resistivity~TCR!
appears near the critical composition of the alloy. The resistivity of the alloys is interpreted and discussed in
terms of the extended Faber-Ziman formula using thet-matrix formalism with hard-sphere and experimental
~for pure metals only! structure factors. An approach is proposed, taking into account the information given by
the experimental density of states which allowed us to explain the resistivity of pure lead and that of the liquid
gallium-lead alloys. As a conclusion it was shown that two electrons in the conduction band of liquid lead
better explain the experimental resistivity than four electrons.
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I. INTRODUCTION

Over the last decade the formation of chemical sho
range order in liquid metallic alloys has been the subjec
increasing attention. The understanding of the mixing beh
ior of two elemental metals forming a binary alloy has
ways attracted interest for physicists and metallurgists.
positive enthalpy of mixing can induce the miscibility gap
the liquid alloys. Several classical experimental metho
chemical analysis,1–3 thermal analysis,4–6 neutron scattering
on Li-Na,7 Cu-Pb,8 Bi-Zn,9 and more recently the isopiest
technique,10 have been used to measure the degree of imm
cibility in phase-separating liquid alloys. It is interesting
investigate the effect of the immiscibility on the electron
transport properties of these alloys.

Most liquid alloys composed of nontransition metals b
have as nearly free electron conductors, and their electr
properties can be well described by the theory of Faber
Ziman11 which was originally developed by Ziman12 for pure
normal metals and was ‘‘extended’’ by Evanset al.13 to ap-
ply to liquid noble and transition metals. They simply repla
the weak ion pseudopotential in the Ziman theory12 by the t
matrix determined using the muffin-tin approximation e
pressed in terms of phase shifts. Within the ‘‘extended Zim
formalism,’’ two approaches have been developed. The
one was initiated by Dreirachet al.14 and the second one b
Espositoet al.15 The main difference lies in the fact that th
former includes onlys andp electrons to form the conduc
tion band whereas the latter also takes into account thd
electrons. The electronic transport properties of liquid me
are based on the scattering of nearly free electrons by po
tials. We used an approach called the ‘‘method of the neu
pseudoatoms’’ introduced by Ziman.16 It starts with the
muffin-tin potential of an atom and takes into account
exchange contribution through a Slater17 ~or Kohn-Sham18!
formula. This method was first used for liquid metals
0163-1829/2003/68~18!/184201~9!/$20.00 68 1842
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Dreirach19 and for liquid alloys by Dreirachet al.,14 Hirata
et al.,20 and other authors. We used a description of the
change and correlation effects21 by employing either the lo-
cal density approximation~LDA !22 approach only, or the
LDA approach with a generalized gradient approximati
~GGA! contribution.23–25 It is clear that the position of the
Fermi energy, with respect to the scattering muffin-tin pote
tial, plays an essential role in the electronic transport pr
erties. Its position depends on the location of the conduc
band bottom relative to the muffin-tin zero and on the sha
of the density of states. Dreirachet al.14 assumed a free elec
tron density of states band whose bottom is shifted byEB
from the muffin-tin zero@Fig. 1~a!#. The EB value is calcu-
lated following an expression due to Ziman26 and discussed
explicitly by Ballentine et al.27 Espositoet al.15 postulate
that the bottom of the free electron band is located at
muffin-tin zero @Fig. 1~b!#. But they take into account the
true shape of the conduction band by using Lloyd
formula28 to calculate the integrated density of states. In t
work, we make a synthesis of the two approaches, and
into account the fact that, according to the experimental to
density of states,29 the liquid lead is split into two bands
separated by a gap. The 6p band is located above the 6s
states and is separated by a genuine energy gap.29 We take
into account this experimental information in order to d
scribe the shape and the position of thep conduction band
@Fig. 1~c!#.

In Sec. II we recall the theoretical formula of the resisti
ity and the calculation of bottom of the free electron ban
We describe the experimental method in Sec. III. Our exp
mental results are presented in Sec. IV and are discu
semiquantitatively.

II. THEORY

A still unsolved problem is the number of conductio
electrons of liquid lead. Nearly all earlier papers consid
©2003 The American Physical Society01-1
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FIG. 1. Determination of the Fermi energy following the methods of Dreirach, Esposito, and our approach. The muffin-tin potentV(r )
is represented on an absolute scale of energy where« is the energy necessary to put an electron at infinity with a velocity zero. We u
second reference of energyE. The zero corresponds to the muffin-tin zero potential.~a! Dreirach approach: the bottom of the conducti
band is located atEB from the muffin-tin zero;EB can be positive or negative. The band is a free electron band includings andp electrons.
~b! Esposito approach: the bottom of the conduction band is located at the muffin-tin zero (EB50); the band is a free electron band correct
by using the scattering theory expression of Espositoet al. ~Ref. 15! derived originally by Lloyd~Ref. 28!. It may include ad electron band.
~c! Our approach: we separate thes-p band into as andp band following experimental DOS~Ref. 29!. The p band is shifted byEB as in
Dreirachet al. ~Ref. 14! and the DOS is corrected by Lloyd’s expressions given in the EEG paper.
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that four electrons are accommodated in the conduc
band. This is in opposition with the experimental density
state measured by Indlekofer29–31 and Wotherspoon32 where
a valence of 2 seems more adequate. Similary, theore
density of states~DOS! calculations of solid lead within a
semirelativistic augmented plane wave~APW! method by
Zdetsiset al.33 and of liquid lead by Jank and Hafner34 lead
to the same conclusions. So it is of interest to test the ef
of the valence on the electronic transport properties an
compare the results to our measurements. Chaı¨b et al.35 in-
terpreted the resistivity and thermopower of liquid copp
lead using the same assumption (Z52) and the crude Slate
exchange contribution in the construction of the muffin-
potential.

A. Expression of the resistivity

We express the electrical resistivity of a normal metal a
function of both the energyE and the wave vectork follow-
ing a scheme described by Makradiet al.21 using the
Ziman12 formula. The resistivityr can be written as function
of energy:

r~E!5
3pme

2V0

4e2\3k6 E
0

2k

a~q!ut~q,E!u2q3dq, ~1!
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whereV0 is the atomic volume,q is the transfer wave vec
tor, a(q) is the structure factor,t(q,E) is the t matrix ex-
pressed in terms of energy dependent phase shifts14,36

t~q,E!52
2p\3

mA2mEV0
(

l
~2l

11!sinh l~E!exp@ ih l~E!#Pl~cosu!, ~2!

wherePl(cosu) are the Legendre polynomials andu is the
angle between the incident and the scattered wave ve
The phase shiftsh l(E) are calculated from muffin-tin poten
tials constructed following the method of Mukhopadhy
et al.37 The same formalism has also been applied to tra
tion metals taking explicitly into account the fact that ele
trons with spin up and electrons with spin down do not fe
the same potential.38 To compare with the experimental re
sistivity, the formula~1! has to be taken at the Fermi energ
(E5EF) and at the Fermi wave vector (k5kF).

The wave vector is written

k5S 3p2
NC~E!

V0
D 1/3

. ~3!
1-2
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RESISTIVITY OF THE LIQUID GALLIUM-LEAD . . . PHYSICAL REVIEW B 68, 184201 ~2003!
k andE are related byE5 \2k2/2me 1EB (EB is the bottom
of the free electron band and will be discussed in Sec. II!.
In the case of alloys, the expressiona(q)ut(q,EF)u2 is re-
placed by

t1
2~q,EF!@c~12c!1c2a11~q!#

1t2
2~q,EF!@c~12c!1~12c!2a22~q!#

1t1~q,EF!t2* ~q,EF!c~12c!@a12~q!21/2#

1t1* ~q,EF!t2~q,EF!c~12c!@a12~q!21/2#. ~4!

The Fermi wave vector is obtained by a linear interpolat
of the number of conduction electrons of the pure metals

NC
alloy~E!5cNC

Ga1~12c!NC
Pb. ~5!

The atomic volume is a linear interpolation of the atom
volume of pure metals

V0
alloy5cV0

Ga1~12c!V0
Pb. ~6!

c is the concentration of the first species~gallium! and (1
2c) is the concentration for the second species~lead!. The
phase shifts are taken at the Fermi energy of each m
band. The number of conduction electrons is that of the a
as in Dreirachet al.14 Of course this ‘‘two band model’’ is an
approximation since we have to use and fill the ‘‘alloy de
sity of states’’ band by the conduction electrons.

B. Muffin-tin potentials

The construction of the liquid lead and gallium potentia
is based on the superposition of neutral atomic charge.
phase-shifts entering in the expression of the electronic p
erties are calculated from a muffin-tin potential using t
LDA-GGA approximation. In all our calculations we use th
exchange and correlation effects of Perdew, Burke, and E
zerhof ~PBE!.25

1. Hartree Fock formalism

In the framework of the Hartree-Fock~HF! theory, the
atomic one particle potential is given by

na~r !52
z

r
1E r~r 2r 8!

ur 2r 8u
dr81nex~r !, ~7!

wherez is the atomic number. The first and second terms
the potentials due, respectively, to the Coulomb interac
with the nuclear charge and with the other electrons. The
term is the exchange and correlation potential. The excha
correlation contribution has been approximated by Slat14

who introduced a weighted average over occupied state

nex~r !523F S 3

8p D r~r !G1/3

, ~8!

where r(r ) is the local density of the system in questio
This expression has been used by Chaı¨b et al.35
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2. Density functional theory

The density functional method provides a framework
the calculation of the ground state of atomic one parti
potential. While density functional theory~DFT!25 is exact in
principle, a practical implementation of the method requi
the approximation of the exchange-correlation potential. T
simplest and most widely approximation used to calcul
the exchange-correlation potential is the local-dens
approximation,22 which is valid only for slowly varying den-
sities. The LDA has been improved with the development
the generalized gradient approximation23,24 in which the
exchange-correlation functional incorporates density gra
ent terms. All details of the construction of the liquid sing
site potential and the superposed muffin-tin potentials
given in the paper of Makradiet al.21

C. Fermi energy determination

Two approaches are widely used for the determination
the Fermi energy.

1. Dreirach et al. method

The first method has been proposed by Dreirachet al.14

and has also been used by Hirataet al.20 In this method the
Fermi energyEF is related to the muffin-tin zero potentia
@Fig. 1~a!# and can be written as

EF5EB1
\2kF

2

2m*
, ~9!

whereEB is the bottom of the band andkF is the free elec-
tron Fermi wave number.EB is a structure independent qua
tity that can be related to thes-phase shift of the muffin-tin
potential.26,27 The parameterm* is an effective mass tha
Dreirachet al.19 determined from the band structure in th
crystalline state. The energyEF is counted from the muffin-
tin zero energy@Fig. 1~a!# and not from the bottom of the
free electron band.

2. The bottom of the conduction band

Ziman26 has proposed a method to calculate the energ
the bottom of the band depending on the properties of
s-p-d wave phase shifts produced by a muffin-tin potenti
This procedure enables us to numerically calculate the
lowing results: For the lead atT5750 °C, the bottom of
electron band isEB520.24 Ryd and for the gallium atT
5550 °C, the bottom of electron band isEB520.35 Ryd.

3. Espositoet al. method

The second approach was presented by Espositoet al.15

who proposed a consistent method to determineEF without
any value ofEB and m* . They introduced the number o
conduction electrons per atomNC ~effective valence! which
is different than the valenceZ. The Fermi energyEF is ob-
tained by filling the density of states curve byZ electrons.
The Fermi wave vectorkF is obtained fromEF by
1-3
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TABLE I. Fermi energyEF , bottom of the bandEB , ‘‘effective number of conduction electrons’’NC ,
and calculated resistivity~r! with Dreirachet al. ~Ref. 14!, Espositoet al. ~Ref. 15!, and our approach.

Metal Lead (Z52) approach 1 Lead (Z54) approach 2 Gallium (Z53)

Dreirach approach EB520.24 Ryd EB520.24 Ryd EB520.35 Ryd
NC52 NC54 NC53

EF50.1655 Ryd EF50.4038 Ryd EF50.389 Ryd
r5435.74mV cm r552.48mV cm r551.93mV cm

Esposito approach EB50 Ryd EB50 Ryd EB50 Ryd
NC52.51 NC54.60 NC53.58

EF50.47 Ryd EF50.71 Ryd EF50.8311 Ryd
r568.80mV cm r539.37mV cm r533.82mV cm

Our approach EB520.24 Ryd EB520.24 Ryd EB520.35 Ryd
NC52.68 NC54.51 NC53.75

EF50.2534 Ryd EF50.4575 Ryd EF50.5069 Ryd
r5148.11mV cm r546.67mV cm r530.07mV cm
s
to
en

o
he

ith
be
en

o

n

ak
ck

t
gy
of
s

on

-

n no
ies
an
’s

rize

f

ne
the
tion
s
par-
n

ch

the

by
kF5
~2mEF!1/2

\
. ~10!

The effective valenceNC is obtained fromkF by

NC5
kF

3V0

3p2 . ~11!

The interpretation of this prescription is based on Lloyd’28

expression for the total integrated density of states per a
appropriate to a system of nonoverlapping muffin-tin pot
tials:

N~E!5N0~E!1
2

p (
l

~2l 11!h l~E!1Nm~E!. ~12!

N0(E) is the free-electron integrated density of states prop
tional toE3/2, h l(E) the energy dependent phase shift of t
single-site scattering, andNm(E) the effect of multiple scat-
tering. In order to obtain the Fermi energy together w
other free-electron parameters, consistent with the Fa
Ziman formula,39 only single-site scattering has to be tak
into account. According to Lloyd,28 this implies thatEF has
to be determined using the total number of valence electr
per atom in the conduction band:

Z5N~EF!'N0~EF!1
2

p (
l

~2l 11!h l~EF!. ~13!

The location of the Fermi energy with respect to the muffi
tin potential is illustrated in Fig. 1~b!. The multiple-scattering
termNm(EF) has been neglected. This point may be a we
ness of the approach but its importance has not been che
for computational reasons.

4. Our method

The Fermi energy has been determined with respect to
muffin-tin zero potential taken as the origin of the ener
scale @Fig. 1~c!#. It depends on the integrated density
statesN(E) which has been obtained following Lloyd’
18420
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method.28 We have introduced the number of conducti
electrons per atomNc ~effective valence! which is different
than the valenceZ. The Fermi energy is obtained by filling
the density of states curve byZ electrons per atom. Contrar
ily to the Espositoet al. approach,15 we choseEBÞ0. This
means that in our scheme the density of statesN(E) is
shifted and, as a counterpart, the free density of states ca
longer be corrected by Lloyd’s formula for electron energ
below the muffin-tin zero. As a result, only electrons with
energy higher than the muffin-tin zero, give rise to a Lloyd
contribution in the density of states. Thus we can summa
our approach as follows:

H N~E!'N0~E! for EB,E,0,

N~E!'N0~E!1
2

p (
l

~2l 11!h l~E! for E.0

~14!

the Fermi wave vector is obtained fromkF

5A2m(EF2EB)/\ andNc is obtained fromkF by formula
~11!. It cannot be considered as evident that the number o
conduction electrons isZ54 for liquid lead if one observes
the experimental and theoretical densities of states.29–34Thus
we did the calculations within two assumptions: the first o
with a conduction band containing four electrons and
second one with two separated bands. The latter assump
implies a lower band completely filled with two electron
and an upper band considered as the conduction band
tially filled with the remaining two electrons. The resolutio
of Eq. ~10! gives rise to the results reported in Table I whi
will be compared to the results obtained by Dreirachet al.14

and Espositoet al.15

III. EXPERIMENTAL DESIGN

Resistivity measurements were performed by using
four-probe method40 with a quartz cell fitted with tungsten
electrodes~Fig. 2!. The resistance of the sample is given
R5rC, where C is the geometrical ‘‘cell constant’’C
1-4
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5*0
L @dl/S(l)# . The cell constant was determined at room te

perature by using triple distilled mercury whose resistivity
well known. Since the variation of the cell constant due
the expansion from the room temperature up to 1100 °C
less than 0.5%, we have neglected this variation. The
was used for the investigations of the entire concentra
range of the phase diagram above the binodal curve~i.e., in
the homogenous alloys!. The measurements were made in
at. %. steps. The temperature was measured with t
chromel-alumel thermocouples in contact with the cell.

IV. RESULTS AND DISCUSSIONS

A. Experiments

The entire system was connected to vacuum or argon
mosphere. The alloys were prepared from gallium and l
supplied by Johnson and Mattey with a nominal purity
99.999%. The experimental resistivity was measured wit
resolution of better than 0.01% and an accuracy of 0.3%
our knowledge, the electrical resistivity of gallium-lead allo
has only been measured by Kononenkoet al.41 for the dilute
alloys~until 1 at. % Pb! and by Sokolovskiiet al.42 who have
measured the ‘‘electroconductivity’’ of the same liquid allo
in the entire concentration-temperature range of the misc
ity gap. Our resistivity measurements versus temperature
all compositions are presented in Fig. 3. The experime
data have been fitted by fourth-order polynomials namelr
5a01a1Tc1a2Tc

21a3Tc
31a4Tc

4 and the coefficients are re

FIG. 2. Experimental measurement cell.
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ported in Table II. The difference between the polynom
and our experimental result is lower than 0.03% bel
1000 °C.

When the temperature decreases, it appears clearly in
3 that, at a certain temperature, the resistivity increases
idly. The observed phenomenon indicates that we reach
miscibility gap temperature. Thus the resistivity behavior
veals to be a useful tool to determine the binodal curve
more generally the liquidus curve.

We summarize in Table III the temperatures of the ph
separation (Ts) that we obtain and we compare these valu
to those of the literature. We obtain a ‘‘critical temperatur
of 616 °C. However, it is useful to precise that our alloy
not homogenous in temperature along the capillary. Thus
observed phenomenon occurs when the lowest tempera
of the capillary reaches the miscibility gap. It introduces co
sequently an error of about 5 °C.

The obtained value of 616 °C is 10 °C higher than t
literature value~Massalski!43 and lower by about 12 °C than
that of Sokolovskiiet al.42 Concerning the resistivity, the dif
ference between their values and ours is more than 2
Since the temperature dependence of the resistivity is lin
this disagreement does not influence the resistivity but ov
estimates the liquidus curve. The remaining difference m
be attributed to the uncertainty in temperature measurem
or to the prescriptions used for measuring the diagram
ported in Massalski.43 We can observe that all the resistivitie
seem to be a linear function versus temperature both for p

FIG. 3. Experimental electrical resistivity of liquid gallium-lea
alloys as a function of temperature for different atomic concen
tions.
1-5
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TABLE II. Coefficients of polynomials fitted on the experimental resistivity of liquid GaxPb12x alloys at
different gallium concentrationxGa.

xGa a0

~mV cm!
a13102

(mV cm C21)
a23105

(mV cm C22)
a33108

(mV cm C23)
a431012

(mV cm C24)
Between
T(°C)

1 25.057 2.0660 0.1486 20.7478 4.3039 30–1100
0.9 35.237 20.0324 4.6126 24.4424 15.5512 509–1100
0.8 38.956 1.3250 2.1823 22.2407 8.2353 589–1100
0.7 41.552 2.9000 20.1655 20.4923 3.4012 612–1100
0.6 61.787 4.4430 14.9321 214.2702 50.8363 616–1100
0.5 44.481 7.0560 27.4336 5.4135 214.2730 612–1100
0.4 50.159 7.4250 27.6648 5.5713 214.5684 601–1100
0.3 67.746 1.9790 2.9519 23.0976 11.8924 577–1100
0.2 73.498 2.0220 3.61410 23.73122 13.3985 526–1100
0.1 73.278 5.0580 21.4744 0.60707 0.28780 415–1100
0 78.703 5.0460 20.7350 20.1846 1.2015 327–1100
em
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metals and for liquid alloys above the phase separation t
peratureTS . The nonlinearity which appears in Table I
small if one observes Fig. 3. The experimental resistiv
temperatures coefficients of the liquid Gax2Pb(12x) alloys
versus the temperature (T5630, 700, and 800 °C) and con
centration are presented in Fig. 4. The TCR coefficient
creases linearly with the gallium concentration. A relati
minimum of the TCR appears at the critical compositi
when the critical temperature is approached. We interpret
phenomenon by relating it to the divergence of the struct
factor at long wavelength limits~small q values!. The diver-
gence of the structure factor at low angles has been obse
for other liquid alloys@Cu-Pb~Ref. 8! and Bi-Zn ~Refs. 44,
45!# which also present a miscibility gap.

By analyzing the experimental measurements devote
the electrical properties of segregated and demixed liq
alloys, we note that Schu¨rman and Parks46 measured the re
sistivity of the demixing alloy~Ga-Hg! but that they ob-
served no anomaly in the derivative of the resistivity. Ho
ever, they showed a strong divergence of the specific he47

Schürman and Parks48 also observed that for the liqui

TABLE III. Temperatures of phase separation (Ts) with the cor-
responding resistivities compared to the literature values.

xGa

This work
Sokolvskii et al.

~Ref. 42!
Massalski
~Ref. 43!

Ts ~C! rexp

~mV cm C!
Ts ~C! rexp

~mV cm C!
Ts ~C!

0.9 509 42.22 517
0.8 589 50.66 565 42.6 583
0.7 609 58.53 603 45.0 602
0.6 616 65.02 628 51.1 606
0.5 612 70.18 604
0.4 601 77.35 628 59.4 595
0.3 577 84.50 576
0.2 526 88.97 596 68.8 536
0.1 415 92.35 442
18420
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sodium-lithium alloy, the TCR presents a positive peak at
critical composition and at the critical temperature. Philipp
et al.49 have observed a large negative deviation of the te
perature coefficient of the sound velocity near the criti
composition for Ga-Pb. They indicated a similar behavior
the temperature coefficient of the adiabatic compressibility
is known that the adiabatic compressibility is related to
structure factor at the long wavelength limit@S(0)# which
exhibits a divergence for this kind of alloy.

FIG. 4. Isotherm of the temperature coefficient of the resistiv
of gallium-lead atT5630, 700, and 800 °C near the miscibilit
gap.
1-6
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B. Theoretical investigation discussion

For the theoretical interpretation of our experimental
sults, we used the extended formula of Faber and Zim
expressed in terms of the phase shifts. We have calcul
the phase shifts as a function of the energy for electr
scattered by a muffin-tin potential. Its construction has b
adapted to the liquid metals by Hugelet al.50 and supple-
mented by the recent contribution of PBE’s exchan
correlation potential.25

Based on the Indlekofer experimental determination
the density of state derived from UPS spectra29–32 we have
assumed that the outer 6s2 and 6p2 electrons are split into
two individual bands. This means that the lower band fil
to the top with two electrons cannot be considered as par
pating to the conduction process. The remaining two e
trons occupy the energy states of an unfilled conduction b
which serves in our approach for the determination of
Fermi level.

1. Resistivity as function of energy for pure metals

Lead. We calculate the resistivity as a function of ener
by using the muffin-tin potentials constructed as describe
Sec. II B. Two curves are plotted in Fig. 5, the first o
corresponding toEB50 ~Esposito approach! and the second
one to EB520.24 Ryd ~Dreirach and our approach!. Both
curves use the hard sphere structure factor with a pac
fraction obtained with Waseda’s formula 3.1.1 of Ref.

FIG. 5. Energy dependence of the electrical resistivity of liqu
lead compared to our measurement.
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@h(T)5A exp(2BT)#. It appears that if one uses Dreirach
approach~free electron density of states andEBÞ0) the re-
sistivity obtained with four conduction electrons~52.48
mV cm: Table I! underestimates the experimental resistiv
~113.4mV cm!. On the other hand a valence ofZ52 over-
estimates it~435.7 mV cm!. With the approach of Esposito
(EB50 and density of states determined with Lloyd’s fo
mula! we obtain 39.4 and 68.8mV cm with, respectively,Z
54 andZ52. We are far from the experimental value. B
there is no reason that the bottom of the band starts from
muffin-tin zero energy. Furthermore, there is no reason
the band is free-electron-like as has been shown by an
perimental determination of the density of states.29–31 Thus
the only reasonable approach seems us to be a combin
of Esposito and Dreirach approaches taking into account
informations given by UPS spectra.29–31 In our approach we
obtain, with Z54, 46.67mV cm which is two and a half
times smaller than the experimental resistivity. If we use
valueZ52 we obtain 148.11mV cm which is 30% above the
experimental resistivity. The agreement with the experim
tal resistivity can be improved by a few percent if, instead
using the hard sphere structure factor, we use the experim
tal structure factor. We obtain 141.34mV cm which is now
24.6% above the experimental value. It appears that wi
the model used for the DOS and the resistivity calculatio
valence 4 for lead does not give the best agreement w
experiment.

Other experimental and theoretical values also concl
in the same way. The calculation of Jank and Hafner34 show
‘‘a 6s band which is separated from the 6p band by a gap of
1–2 eV related to relativistic effects, which tend to lower t
s states relative to the higher-angular-momentum state
Hüttner52 measured the optical properties of lead and c
cluded that lead is far from showing Drude’s behavior. H
attributed it to interband effects confirming earlier measu
ments of Inagakiet al.53 No definite conclusions can be ob
tained from Hall effect measurements.54,55 The experimental
situation is not clear since the valence obtained in a f
electron model goes from 1.5 to 3.5 electrons per ato
However, a free electron model cannot be used to inter
measurements as emphasized by Ballentine56 who introduced
a contribution due to ‘‘skew scattering.’’

Gallium. The resistivity of liquid gallium has been studie
by Ben Hassineet al.57 using Slater and Kohn Sham ex
change and correlation. Presently, using the LDA-GGA
pression one can observe in Fig. 6 that our results are
proved. The density of states of Indlekofer58 indicates that
the DOS is near that of a free electron one. It is clear that
have to takeZ53. In Fig. 6 we represent the resistivity ca
culated with EB50 ~Esposito approach! and EB5
20.35 Ryd ~Dreirach et al.14 and our approach!. Our ap-
proach takes into account the deviation from the free elec
DOS given by Lloyd in the determination ofEF .

We also represent the curve calculated with the exp
mental structure factor~at EB520.35 Ryd only!. It appears
that this curve differs only at higher energies than the Fe
energy. Taking the hard sphere structure factor does not
the resistivity.
1-7
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2. Resistivity of alloys

We represent the resistivity as a function of concentrat
in Fig. 7. It appears clearly that withZ54 for liquid lead, the
resistivity of the alloy is systematically underestimated. T
only calculation which gives an acceptable result is our
proach which is a compromise of Dreirach’s and Esposi
concepts withZ52. The remaining ‘‘discrepancy’’ can b
attributed to the inherent inaccuracy of such a calculati
Indeed a small error in the experimental pair correlat
function used to construct the muffin-tin potential can ha
an important effect on the resistivity. We have also fitted
calculated resistivity on the experimental one for pure m
als. We obtain a Fermi energy of lead ofEF50.2878 Ryd,
which corresponds toNc52.97 and a Fermi energy of pur
gallium of EF50.4322 Ryd, which corresponds toNc
53.34. The calculated resistivity of the alloy is very near t
experimental curve. We can conclude that the structure of
alloy is pretty well described with our calculated HS stru
ture factor. The main contribution to the resistivity com
from the first peaks of the structure factors. Its divergenc
low q values has only a small effect on the temperat
coefficient.

However, a weakness of our calculation may stem fr
the fact that we combine the density of states of pure l
and gallium. In fact we can consider that the true alloy d
sity of state is the result of a mixing of the two individu
densities. This means that, on alloying, the band gap betw

FIG. 6. Energy dependence of the electrical resistivity of liqu
gallium compared to our measurement~horizontal line!.
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6s and 6p bands is progressively filled. But as the part
resistivities are weighted by the square of the concentrat
the lead rich alloys behave as if the the valency of lead is
while on the gallium rich side we may take a valency of
the square of the concentration minimizes this contributio

V. CONCLUSION

In conclusion, our approach, inspired by the experimen
density of states, allows a satisfactory explanation of the
sistivity of lead and gallium as well as that of the liqu
gallium-lead alloys. The results presented in Fig. 7 clea
show that the resistivity calculated from a conduction ba
occupied with two electrons is revealed to be closer to
periment. The raised question of whether the conduct
band of liquid lead contains two or four electrons appears
us definitively in favor of a conduction band occupied
two electrons in agreement with DOS, optical measureme
and calculations. The resistivity measurements are a v
simple and efficient tool for the experimental determinati
of the liquidus. We have shown the existence of a small T
anomalous behavior in the neighborhood of the critical po

FIG. 7. Comparison between experimental and calculated re
tivities of liquid lead-gallium alloys as a function of atomic conce
tration at 750 °C. We plot sixab initio calculations withZ52 and
Z54 using Dreirach, Esposito, and our approach. We also com
our experiment to a calculation where the Fermi energy is fitted
order to obtain the experimental resistivity for the pure metals.
1-8
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RESISTIVITY OF THE LIQUID GALLIUM-LEAD . . . PHYSICAL REVIEW B 68, 184201 ~2003!
of the liquid gallium lead alloy which may be related to th
miscibility gap. It may be interesting to study the cons
quence of the electronic configuration on other physic
properties~structure factor, for example! using pseudopoten
tial and molecular dynamic calculations.
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46H. K. Schürman and R. D. Parks, Phys. Rev. Lett.26, 367~1971!.
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