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Crossed Andreev reflection at ferromagnetic domain walls
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We investigate several factors controlling the physics of hybrid structures involving ferromagnetic domain
walls ~DW’s! and superconducting~S! metals. We discuss the role of noncollinear magnetizations inS/DW
junctions in a spin̂ Nambû Keldysh formalism. We discuss transport inS/DW/normal metal ~N! and
S/DW/S junctions in the presence of inelastic scattering in the domain wall. In this case transport properties
are similar for theS/DW/S and S/DW/N junctions and are controlled by sequential tunneling of spatially
separated Cooper pairs across the domain wall. In the absence of inelastic scattering we find that a Josephson
current circulates only if the size of the ferromagnetic region is smaller than the elastic mean free path meaning
that the Josephson effect associated with the crossed Andreev reflection cannot be observed under usual
experimental conditions. Nevertheless, a finite dc current can circulate across theS/DW/S junction due to
crossed Andreev reflection associated with sequential tunneling.
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I. INTRODUCTION

A simple way of obtaining correlated pairs of electrons
solid-state devices is to extract Cooper pairs from a B
superconductor. Devices based on this principle have
cused on an important interest recently. For instance,
tangled pairs of electrons can be manipulated in double
experiments.1 Other devices involving a larger number
quantum dots have been proposed recently as a qua
teleportation experiment.2 Devices involving several ferro
magnetic electrodes connected to a superconductor
been investigated recently.3–6 Noise correlations can als
provide useful information about quantum entanglement.7

Many phenomena are involved in the proximity effect
ferromagnet/superconductor (F/S) interfaces. For instance
it is well established that the pair amplitude induced in
ferromagnetic metal oscillates in space. An interesting c
sequence is the possibility of fabricatingS/F/S p junctions
in which the Josephson relation isI 5I c sin(w1p).8–15 In
F/S/F trilayers the superconducting transition temperatur
larger that in the antiferromagnetic alignment of the fer
magnetic electrodes16,17 because a finite exchange field
induced in the superconductor in the ferromagnetic ali
ment. On the other hand there exist ‘‘nonlocal’’ superco
ducting correlations coupling the two ferromagnetic ele
trodes that favorDF.DAF ~the zero-temperature supe
conducting order parameter is larger in the ferromagn
alignment!.18,19 It is also well known that the superconduc
ing transition temperature ofF/S multilayers oscillates as th
thickness of the ferromagnetic layers is increased.20–25 Sev-
eral recent works have investigated new phenomena ta
place in diffusive F/S heterostructures.26–31 Other recent
works were devoted to understand the interplay between
Andreev reflection and spin polarization at a singleF/S
interface.32–34

In a recent article Giroudet al.have proposed on the bas
of experiments that the proximity effect atF/S interfaces
0163-1829/2003/68~17!/174515~14!/$20.00 68 1745
S
o-
n-
ot

um

ve

t

-

is
-

-
-
-

ic

ng

he

could be strongly modified by the presence of Cooper-p
like states propagating along domain walls~DW’s!.31 These
Cooper-pair-like states correspond to pair states in which
spin-up and spin-down electrons propagate in a neighbo
spin-up and spin-down magnetic domain. This proximity
fect is not strictly speaking equivalent to the proximity effe
a normal metal (N)/S interfaces. The reason is that the pa
correlations induced in theN side of aN/S interface have
entangled orbital and spin degrees of freedom.7 By contrast
for half-metal ferromagnets the wave function associa
with the propagation of superconducting correlations alo
domain walls is given by the product stateue,a,↑&
^ ue,b,↓&, wherea andb represent two points in neighbor
ing magnetic domains. Another difference between aN/S
interface and a multiterminal hybrid structure is that the
coming electron and the Andreev reflected hole propagat
different electrodes in multiterminal structures. As a con
quence the Andreev reflected hole cannot follow the sa
trajectory as the incoming electron. This has important c
sequences regarding disorder averaging.

The purpose of our article is to investigate theoretica
the mechanisms by which the Cooper-pair-like st
ue,a,↑& ^ ue,b,↓& can propagate along a ferromagnetic d
main wall and to investigate several new situations that m
be the object of experiments in the future. In Sec. III w
discuss the perturbative transport formula of aS/DW junc-
tion in which the domain wall consists of many independe
channels in parallel having a rotating magnetization. To d
cuss this model we use the spin^ Nambû Keldysh formal-
ism described in Sec. II. For the sake of obtaining analyti
results we restrict the discussion to the transport form
obtained within lowest-order perturbation theory.

If propagation in the ferromagnet is phase coherent, t
the pair stateue,a,↑& ^ ue,b,↓& injected at one end of the
domain wall can propagate to the other end. On the ot
hand, if the phase coherence lengthl f is small compared to
the size of the ferromagnetic region, then inelastic scatte
©2003 The American Physical Society15-1
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processes are strong and there are just a spin-up and a
down electron propagating independently in the spin-up
spin-down magnetic domains. There is no Josephson cu
but there exists a crossed Andreev reflection taking pl
locally at eachF/S interface, so that the conductance
larger in the presence of the domain wall.

In Sec. IV we discuss theS/DW/N and S/DW/S junc-
tions in a regime where transport properties are domina
by inelastic scattering in the domain wall. The domain w
is represented by two channels in parallel, with an oppo
magnetization. This schematic model of the domain wal
expected to capture the essential physics and can be a u
comparison for more realistic studies involving numeric
simulations that we plan to carry out in the future. We sh
that within the lowest-order perturbation the transport pr
erties are governed by processes taking place locally at
interface once the summation over the different conduc
channels has been carried out. The chemical potentials in
domain wall are determined by evaluating the current cir
lating through each interface and imposing current conse
tion.

In Sec. V we consider the other situation where inelas
scattering within the domain wall can be neglected. In t
situation a finite average Josephson current can circulate
tween the two superconductors of theS/DW/S junction only
o
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if the size of the ferromagnetic region is smaller than t
elastic mean free path. This condition is not realized w
usual ferromagnets and we come to the conclusion that t
is no Josephson current under usual experimental conditi
Final remarks are given in Sec. VI.

To conclude the introductory section we note that t
theory of inhomogeneous ferromagnets with noncollin
magnetizations in contact with a superconductor was alre
elaborated in Refs. 35 and 36 in connection with the lon
range proximity effect associated with the triplet compon
of the superconducting condensate. In our article the emp
sis is put on other aspects of this problem~the transport of
spatially separated Cooper pairs!. Both effects may play a
relevant role in experiments. Finally a recent work37 ap-
peared in which the conductance of aS/DW junction was
calculated independently of our work.

II. PRELIMINARIES

A. Spin‹Nambu‹Keldysh formalism

The direction of the magnetization is rotating in a ferr
magnetic domain wall. To describe superconducting corre
tions in the presence of noncollinear magnetizations we u
spin̂ Nambû Keldysh formalism.38–40 The advanced
Green’s function is a 434 matrix:
Ĝi , j
A ~ t,t8!52 iu~ t2t8!F ^$cj ,↑

† ~ t8!,ci ,↑~ t !%& ^$cj ,↓~ t8!,ci ,↑~ t !%& ^$cj ,↓
† ~ t8!,ci ,↑~ t !%& ^$cj ,↑~ t8!,ci ,↑~ t !%&

^$cj ,↑
† ~ t8!,ci ,↓

† ~ t !%& ^$cj ,↓~ t8!,ci ,↓
† ~ t !%& ^$cj ,↓

† ~ t8!,ci ,↓
† ~ t !%& ^$cj ,↑~ t8!,ci ,↓

† ~ t !%&

^$cj ,↑
† ~ t8!,ci ,↓~ t !%& ^$cj ,↓~ t8!,ci ,↓~ t !%& ^$cj ,↓

† ~ t8!,ci ,↓~ t !%& ^$cj ,↑~ t8!,ci ,↓~ t !%&

^$cj ,↑
† ~ t8!,ci ,↑

† ~ t !%& ^$cj ,↓~ t8!,ci ,↑
† ~ t !%& ^$cj ,↓

† ~ t8!,ci ,↑
† %& ^$cj ,↑~ t8!,ci ,↑

† ~ t !%&

G . ~1!
uct
ion

in
d-
The Dyson equation relates the Green’s functions of the c
nected system to the Green’s functions of the disconne
system. In compact notation the Dyson equation takes

form Ĝ5ĝ1ĝ^ Ŝ ^ Ĝ, where the symbol̂ includes a sum-
mation over the sites of the network and a convolution o
time variables. Since we consider stationary transport

FIG. 1. The device involving crossed Andreev reflection a
elastic cotunneling with noncollinear magnetizations. Electro
ending at site ‘‘a’’ is a ferromagnet with a magnetization pointing
the directionua . Electrode ending at site ‘‘b’’ is a ferromagnet wit
a magnetization pointing in the directionub .
n-
ed
e

r
e

convolution over time variables becomes a simple prod
after a Fourier transform is carried out. The Dyson equat
for the Keldysh Green’s functionĜ1,2 is given by49–51

Ĝ1,25@ Î 1ĜR
^ Ŝ# ^ ĝ1,2

^ @ Î 1Ŝ ^ ĜA#, ~2!

where the self-energyŜ contains all the couplings present
the tunnel Hamiltonian. The tunnel Hamiltonian correspon
ing to Fig. 1 takes the form

W5(
s

@ ta,aca,s
† ca,s1ta,aca,s

† ca,s1tb,bcb,s
† cb,s

1tb,bcb,s
† cb,s#. ~3!

The current through the linka-a is given by

I a,a5
e

2h E Tr$ŝz@ t̂ a,aĜa,a
1,22 t̂a,aĜa,a

1,2#%dv, ~4!

where the matrixŝz is given by

e

5-2
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CROSSED ANDREEV REFLECTION AT FERROMAGNETIC . . . PHYSICAL REVIEW B 68, 174515 ~2003!
ŝz5F 1 0 0 0

0 21 0 0

0 0 1 0

0 0 0 21

G ~5!

and the Nambu representation of the hopping matrix e
ments is given byt̂ a,a5ta,aŝz , t̂a,a5ta,aŝz , t̂ b,b5tb,bŝz ,
t̂b,b5tb,bŝz .

B. Green’s function of a ferromagnetic metal

Now we give the expressions of the Green’s functions
a ferromagnetic metal. We first suppose that the spin qua
zation axis is parallel to the direction of the magnetizatio
The Green’s function takes the form

ĝ~R,v!

5F g1,1~R,v! 0 0 0

0 g2,2~R,v! 0 0

0 0 g3,3~R,v! 0

0 0 0 g4,4~R,v!

G .

~6!

The four diagonal elements are given by

g1,1~R,v!5 2
m↑a0

2

\2

a0

2pR
expH 2 i S kF

↑ 1
v

vF
↑ DRJ

3expH 2S R

l f
D J , ~7!

g2,2~R,v!5
m↓a0

2

\2

a0

2pR
expH i S kF

↓ 2
v

vF
↓ DRJ expH 2S R

l f
D J ,

~8!

g3,3~R,v!52
m↓a0

2

\2

a0

2pR
expH 2 i S kF

↓ 1
v

vF
↓ DRJ

3expH 2S R

l f
D J , ~9!
he
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g4,4~R,v!5
m↑a0

2

\2

a0

2pR
expH i S kF

↑ 2
v

vF
↑ DRJ

3expH 2S R

l f
D J , ~10!

where we have introduced a Fermi wave-vector mismatch
well as a mismatch between the spin-up and spin-do
Fermi velocities. The parametera0 is equal to the distance
between neighboring sites on the cubic lattice. For genera
we introduced a different mass for the spin-up and sp
down electrons, meaning that the spin-up density of state
different from the spin-down density of states. The loc
propagators are defined by

g1,1
loc5g4,4

loc5 i
a0kF

↑

2p

m↑a0
2

\2 5 iprFS 11P

2 D , ~11!

g2,2
loc5g3,3

loc5 i
a0kF

↓

2p

m↓a0
2

\2 5 iprFS 12P

2 D . ~12!

We also introduced phenomenologically in Eqs.~7!–~10! an
exponential decay of the correlations due to the presence
finite coherence lengthl f in the ferromagnet.l f is usually
smaller than the dimension of the ferromagnetic metal.
this case ferromagnetism can be treated semiclassically a
the theoretical description of the giant magne
resistance.41–43 However, Aharonov-Bohm oscillations in
ferromagnetic nanoring have been reported recently.44 The
inner diameter of the Fe-Ni nanoring in Ref. 44 is 420 Å a
the outer diameter is 500 Å.

We will use in Sec. III the expression of the local Green
functions of a ferromagnetic metal with the quantization a
not parallel to the magnetization. We suppose that the di
tion of the exchange field is rotated by an angleu around the
x axis. We do not incorporate a rotation of anglew around the
z axis since this rotation just introduces simple phase fact
The local Green’s function of the rotated ferromagnet ta
the form
ĝloc5 ipr̃F 11P cosu 0 2 iP sinu 0

0 12P cosu 0 2 iP sinu

iP sinu 0 12P cosu 0

0 iP sinu 0 11P cosu

G , ~13!
ll
’s
where r̃5(r↑1r↓)/2 is the average density of states at t
Fermi level andP5(r↑2r↓)/(r↑1r↓) is the spin polariza-
tion at the Fermi level.
We will also use in Sec. V B the expression of the fu
propagatorĝ(R,v) of a rotated ferromagnet. The Green
function takes the form
5-3
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ĝ~R,v!5F g̃1,1 O g̃1,3 0

0 g̃2,2 0 ḡ2,4

g̃3,1 O g̃3,3 0

0 g̃4,2 0 g̃4,4

G , ~14!

where the diagonal elements are given by

g̃1,15
1
2 ~g1,11g3,3!1 1

2 cosu~g1,12g3,3!, ~15!

g̃2,25
1
2 ~g2,21g4,4!1 1

2 cosu~g2,22g4,4!, ~16!

g̃3,35
1
2 ~g3,31g1,1!1 1

2 cosu~g3,32g1,1!, ~17!

g̃4,45
1
2 ~g4,41g2,2!1 1

2 cosu~g4,42g2,2!, ~18!

whereg1,1, g2,2, g3,3, andg4,4 are given by Eqs.~7!–~10!.
The extradiagonal elements are given by

g̃1,352g̃3,15
i

2
sinu~g3,32g1,1!, ~19!

g̃2,452g̃4,25
i

2
sinu~g2,22g4,4!. ~20!

C. 4Ã4 Green’s functions of a superconductor

The Green’s function of a superconductor takes the fo

ĝA,R~R,v!

5F g~R,v! f ~R,v! 0 0

f ~R,v! g8~R,v! 0 0

0 0 g~R,v! 2 f ~R,v!

0 0 2 f ~R,v! g8~R,v!

G . ~21!

The matrix elements of the Green’s function are given

g~R,v!5
ma0

2

\2

a0

2pR
expS 2

R

j~v! D
3H sin~kFR!

2v

AD22v2
2cos~kFR!J , ~22!

g8~R,v!5
ma0

2

\2

a0

2pR
expS 2

R

j~v! D
3H sin~kFR!

2v

AD22v2
1cos~kFR!J , ~23!
17451
y

f ~R,v!5
ma0

2

\2

a0

2pR
expS 2

R

j~v! D sin~kFR!
D

AD22v2
,

~24!

where we supposed thatv,D. The coherence length i
given byj(v)5\vF /AD22v2.

D. 4Ã4 Green’s functions of a superconductor in a uniform
magnetic field

A uniform magnetic fieldhS can penetrate in a supercon
ductor if the superconductor is in a thin-film geometry45 and
the magnetic field is parallel to the direction of the superc
ducting film. The effect of the magnetic field is a Zeem
splitting of the spin-up and spin-down quasiparticle ban
Let us suppose that the quantization axis is parallel to
orientation of the magnetic field. The 434 Green’s function
takes the form

gA,R~R,v!

5F g1~R,v! f 1~R,v! 0 0

f 1~R,v! g18 ~R,v! 0 0

0 0 g2~R,v! 2 f 2~R,v!

0 0 2 f 2~R,v! g28 ~R,v!

G ,

~25!

with g1(R,v)5g(R,v1hS), g18 (R,v)5g8(R,v1hS),
f 1(R,v)5 f (R,v1hS), g2(R,v)5g(R,v2hS), g28 (R,v)
5g8(R,v2hS), and f 2(R,v)5 f (R,v2hS).

III. CROSSED ANDREEV REFLECTION AND ELASTIC
COTUNNELING WITH NONCOLLINEAR

MAGNETIZATIONS

A. Transport formula

In this section we evaluate the transport formula cor
sponding to the device on Fig. 1 in which the magnetizat
of electrodea ~b! makes an angleua (ub) with the z axis.
Using the formalism described in Sec. II we obtain the c
rent per conduction channel through electrodea to lowest
order in ta,a and tb,b :
I a,a5
e

h E dv 8p2ta
4 r̃a

2~12Pa
2! f loc

2 ~v!@nF~v2eVa!2nF~v1eVa!#1
e

h E dv 4p2ta
2 tb

2 r̃ar̃b@11PaPb cos~ua2ub!#

3^^ga,bgb,a&&@nF~v2eVa!2nF~v1eVa!2nF~v2eVb!1nF~v1eVb!#1
e

h E dv 4p2ta
2 tb

2 r̃ar̃b

3@12PaPb cos~ua2ub!#^^ f a,b f b,a&&@nF~v2eVa!2nF~v1eVa!1nF~v2eVb!2nF~v1eVb!#. ~26!
5-4
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CROSSED ANDREEV REFLECTION AT FERROMAGNETIC . . . PHYSICAL REVIEW B 68, 174515 ~2003!
We have assumed that electrodesa andb are made of a large
number of independent conduction channels in paralle
that we make an averaging over the microscopic phase
the propagators. Now if we consider that the same voltag
applied on both electrodes the conductance is given by
local Andreev reflection and crossed Andreev reflection:

G532p2
e2

h
ta
4 r̃a

2~12Pa
2! f loc

2 132p2
e2

h
ta
2 tb

2 r̃ar̃b

3@12PaPb cos~ua2ub!#^^ f a,b f b,a&&. ~27!

B. Conductance associated to a domain wall

Let us now consider the situation in Fig. 2 representin
S/DW contact between a superconductor and a magnetic
main wall. We suppose that the ferromagnetic metal is m
of a collection of independent channels. The magnetizatio
rotating inside the domain wall, meaning that the angleu is a
function of z: u5u(z). We want to evaluate the differenc
G(DW)2G(0) between the conductancesG(DW) in the pres-
ence of the domain wall andG(0) in the absence of the do
main wall. To obtain the conductance we sum the contri
tions of the different channels~see Fig. 2! and we obtain

G~DW!2G~0!54
e2

h

Ly

a0
t4r̄2P2S ma0

2

\2 D 2

F~j0 ,D !, ~28!

with

F~j0 ,D !5E d~Dy!

a0
E dza

a0
E dzb

a0

a0
2

~Dy!21~za2zb!2

3sin2S u~za!2u~zb!

2 D
3expS 2

2A~Dy!21~za2zb!2

j0
D , ~29!

wherej05\vF /D is the BCS coherence length at zero e
ergy andD is the width of the domain wall.Ly is equal to the

FIG. 2. The device involving aS/DW junction between a su
perconductor and a ferromagnetic domain wall. In the ferromag
the local magnetization makes an angleu(z) with the z axis. Thex
andz axes are in the plane of the figure. They axis is perpendicular
to the plane of the figure.
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dimension of the junction in they direction and we used the
notationDy5ya2yb . To obtain Eq.~29! we have supposed
that the width of the domain wall is much larger than t
Fermi wavelength so that we can average over the mic
scopic phase variables in the propagatorf a,b @see Eq.~24!#.

The crossed Andreev reflection cannot take place betw
the channels separated by a distance much smaller than
width D of the domain wall because such channels have
almost parallel magnetization. The crossed Andreev refl
tion cannot take place either between channels separated
distance much larger than the superconducting cohere
length because of the exponential decay of the propag
f a,b . As a consequence the value ofG(DW)2G(0) is the
largest if the width of the domain wall is small compared
the BCS coherence length. This is illustrated in Fig. 3 wh
we have represented the variation of the conductance
function of j0 for different values ofD and for the domain
wall profile given by

u~z!5arctan~z/D !. ~30!

C. Exchange field in the superconductor due to the proximity
effect

Now we come back to a system in which two ferroma
netic electrodes are connected to a superconductor. An
change field can be generated in the superconductor bec
of the proximity effect. This was first observed in Ref. 16
the case of insulating ferromagnets. An exchange field i
superconductor is a pair-breaking perturbation. As a con
quence in theF/S/F trilayer with insulating ferromagnets
the order parameter is larger in the antiferromagnetic ali
ment of the ferromagnetic electrodes.16 This was well veri-
fied in experiments with insulating ferromagnets.46,47 The
same effect is present with metallic ferromagnets17,19 but in
this case there exists also pair correlations induced in
ferromagnetic electrodes18,19that can modify the value of the
self-consistent order parameter.

et

FIG. 3. Variation ofF(j0 ,D) as a function ofj0 for different
values ofD. We used the domain wall profile given by Eq.~30! in
a three-dimensional geometry. The distance between neighbo
channels isa051. We introduced a cutoff2Ly/2<Dy<Ly ,
2Lz/2<za , zb<Lz/2 in the expression ofF(j0 ,D) @see Eq.~29!#.
The solid lines correspond toLy5Lz5500 and the dashed line
~almost superimposed with the solid line! corresponds toLy5Lz

5600.
5-5
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We suppose that the magnetizations in electrodesa andb
make an angleua and ub and that an exchange fieldhS is
induced in the superconductor. Without loss of generality
suppose that the direction of the exchange field in the su
conductor is parallel to the quantization axis. In terms of
g1 , f 1 , g2 , and f 2 introduced in Sec. II D the transpo
formula is found to be

I a,a5
e

h E dv 4p2ta
4 r̃a

2@~ f 1
2 1 f 2

2 !~12Pa
2 cos2 ua!

22 f 1 f 2Pa
2 sin2 ua#@nF~v2eVa!2nF~v1eVa!#

~31!

1
e

h E dv 2p2ta
2 tb

2 r̃ar̃b$@^^ga,b
1 gb,a

1 &&

1^^ga,b
2 gb,a

2 &&#@11PaPb cosua cosub#

12^^ga,b
1 gb,a

2 &&PaPb sinua sinub%@nF~v2eVa!

2nF~v1eVa!2nF~v2eVb!1nF~v1eVb!# ~32!

1
e

h E dv 2p2ta
2 tb

2 r̃ar̃b$@^^ f a,b
1 f b,a

1 &&1^^ f a,b
2 f b,a

2 &&#

3@12PaPb cosua cosub#

22^^ f a,b
1 f b,a

2 &&PaPb sinua sinub%@nF~v2eVa!

2nF~v1eVa!1nF~v2eVb!2nF~v1eVb!#. ~33!

The term~31! corresponds to the local Andreev reflectio
The term ~32! corresponds to elastic cotunneling and t
term ~33! corresponds to the crossed Andreev reflection. T
term ^^ga,b

1 gb,a
1 && corresponds to a process in which

spin-up electron travels from electrodea to electrodeb and
comes back to electrodea as a spin-up electron. The term
^^ga,b

1 gb,a
2 && corresponds to a process in which a spin-

electron travels from electrodea to electrodeb, undergoes a
spin precession in electrodeb, and comes back as a spin
down electron traveling from electrodeb to electrodea.

Replacing the propagators involved in Eqs.~31!–~33! by
their expressions given in Sec. II C leads to the transp
formula to lowest order inhS andv:

I a,a58p2ta
4 S ma0

2

\2 D 2S a0

2pR0
D 2F11

v21hS
2

D2 G @12Pa
2#

3@nF~v2eVa!2nF~v1eVa!# ~34!

12p2ta
2 tb

2 r̃ar̃bS ma0
2

\2 D 2S a0

2pRa,b
D 2

expS 2
2Ra,b

j~v! D
3H 11F11

v2

D2GPaPb cos~ua2ub!1
hS

2

D2 PaPb

3cos~ua1ub!J @nF~v2eVa!2nF~v1eVa!

2nF~v2eVb!1nF~v1eVb!# ~35!
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12p2ta
2 tb

2 r̃ar̃bS ma0
2

\2 D S a0

2pRa,b
D 2

expS 2
2Ra,b

j~v! D
3F11

v21hS
2

D2 G @12PaPb cos~ua2ub!#@nF~v2eVa!

2nF~v1eVa!1nF~v2eVb!2nF~v1eVb!#, ~36!

wherekFR05p/2 is the ultraviolet cutoff used to define th
local propagator involved in the local Andreev reflection. W
see that the crossed Andreev reflection term given by t
~35! is not identical to the elastic cotunneling term given
term ~36!. This shows that the symmetry between elas
cotunneling and the crossed Andreev reflection is broken
the exchange field in the superconductor. This can be il
trated by considering that electrodeb is a normal metal:Pb
50. The crossed conductance at zero voltage is finite if
exchange fieldhS in the superconductor takes a finite valu

Ga,b5
]I a

]Vb
54p2ta

2 tb
2 r̃ar̃bS ma0

2

\2 D 2S a0

2pRa,b
D 2

3expS 2
2Ra,b

j0
D S hS

D D 2

. ~37!

By comparison we haveGa,b50 if hS50 because of a can
cellation between the crossed Andreev reflection and ela
cotunneling conductances. We thus see that a crossed
dreev reflection experiment with a ferromagnetic and
normal-metal electrode can give information about the ex
tence of an induced exchange field in the superconductor.
see also from Eqs.~31!–~33! that there is no precession o
the electron spin around the direction of the exchange fiel
the superconductor. The absence of spin precession in
superconducting case can be contrasted with the met
case~see Appendix A!.

IV. SEQUENTIAL TUNNELING OF COOPER PAIRS
THROUGH A MAGNETIC DOMAIN WALL

Now we consider the junction on Fig. 4 in which a ferr
magnetic wire is inserted between two superconductors
the absence of a domain wall in the ferromagnetic wire@see
Fig. 4~a!# the junction is just aS/F/S junction. In the pres-
ence of a domain wall@see Fig. 4~b!# Cooper-pair-like states
arising from a crossed Andreev reflection can be transmi
through the junction. As a consequence the conductanc

FIG. 4. The device considered in Sec. IV. In~a! there is no
domain wall in the junction. In~b! a domain wall is pinned in the
junction.
5-6
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larger in the presence of a magnetic domain wall. We c
sider two limiting cases:

~i! Transport is dominated by inelastic scattering in t
ferromagnetic domains. Because of inelastic scattering
distribution functions in the ferromagnetic domains relax
the Fermi distribution. This case is discussed in Secs. IV
IV C, and IV D.

~ii ! Transport through the domain wall is phase coher
and there is a Josephson current circulating between the
ferromagnetic electrodes. This case is discussed in Sec.

A. The different time scales

Similarly to Ref. 48 we notice that three time scales a
involved in out-of-equilibrium transport through a ferroma
netic domain wall:

~i! The transport dwell timetd , being the time taken by
an electron to travel through one of the magnetic domain

~ii ! The energy relaxation timetE . Because of inelastic
scattering the distribution function in the out-of-equilibriu
conductor relaxes to the Fermi distribution. This relaxat
takes place on a time scaletE .

~iii ! The spin-flip timets f , being the time above which
spin-flip scattering is relevant.

We suppose in this section thattE!td!ts f . The distri-
bution function in the intermediate magnetic domains is th
well approximated by a Fermi distribution. The chemical p
tential of spin-up electrons is different from the chemic
potential of spin-down electrons.49–51

B. Perturbative transport formula

In this section we discuss the perturbative transport
mula of theS/DW/N junction on Fig. 5. The full transpor
formula to ordert4 is evaluated in Appendix B. The expre
sion ofI a,a

(↑) contains two kinds of terms: the terms~B1!–~B3!
describe processes taking place locally at the interfaces
tween the superconductor and the ferromagnetic electro
without propagation in the ferromagnetic electrodes. T
terms ~B4!–~B7! involve propagation in the ferromagnet
electrodes. The two kinds of terms would contribute if ele
trodes (a,a8) and (b,b8) were single-channel electrodes. W
consider here that electrodes (a,a8) and (b,b8) are multi-

FIG. 5. The device considered in Sec. IV C in which two sing
channel electrodes representing two magnetic domains are ins
in between a superconductor and a normal metal. The two e
trodes ending at sitesa anda8 and sitesb andb8 are ferromagnetic.
In Secs. IV D and V we suppose that the electrode containing
sitesa8 andb8 is superconducting.
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channel electrodes and we average the current over the
croscopic phases. Once this averaging is done, only the
cal’’ terms survive in the transport formula given by

I a,a
~↑ ! 524p2ta

4 r̃a
2f loc

2 @12Pa
2#@nF~v2ma,↑!2nF~v1ma,↓!#

~38!

24p2ta
2 tb

2 r̃ar̃b^^ga,b
2 &&@11Pa#@11Pb#

3@nF~v2ma,↑!2nF~v2mb,↑!# ~39!

24p2ta
2 tb

2 r̃ar̃b^^ f a,b
2 &&@11Pa#@12Pb#

3@nF~v2ma,↑!2nF~v1mb,↓!#. ~40!

The term~38! corresponds to the local Andreev reflection
the interfacea-a. The term~39! corresponds to elastic co
tunneling through the superconductor and the term~40! cor-
responds to the crossed Andreev reflection.

A similar calculation can be carried out at interfa
(a8,a8). Once the average over the microscopic phase v
ables is carried out we find

I a8,a8
~↑ !

524p2ta8
2 r̃ar8@11Pa#@nF~v2ma,↑!2nF~v2m8!#

~41!

18p4ta8
4

~ r̃a!2~r8!2@11Pa#2

3@nF~v2ma,↑!2nF~v2m8!# ~42!

18p4ta8
2 tb8

2 r̄ar̄b^^ra8,b8
2 &&@11Pa#@11Pb#

3@nF~v2mb,↑!2nF~v2m8!#, ~43!

where terms~41! and ~42! describe electron tunneling from
the electrode (a,a8) into the normal metal and term~43!
describes elastic cotunneling from electrode (b,b8) to elec-
trode (a,a8).

C. Sequential tunneling through theSÕDWÕN junction

In this section we discuss out-of-equilibrium transport in
S/DW/N junction on the basis of the two-channel mod
shown on Fig. 5. We suppose that a voltageV50 is applied
on the superconductor and a voltageV8 is applied on the
normal metal. The spin-up and spin-down chemical pot
tials in the two magnetic domains (a,a8) and (b,b8) are
determined in such a way that current is conserved. In g
eral, there are four unknown chemical potentials (ma,↑ ,
ma,↓ , mb,↑ , and mb,↓) that can be determined from fou
equations for current conservation. There exist two case
which the 434 system of equations can be reduced to a
32 system of equations:

~i! Half-metal ferromagnets where there is only one s
population in each of the ferromagnetic electrodes (a,a8)
and (b,b8). This case is treated in the main body of th
article.

~ii ! The symmetric case where the two electrodes (a,a8)
and (b,b8) have identical density of states and whereta
5tb and ta85tb8 . This case is treated in Appendix C.

Let us consider half-metal ferromagnets:Pa51 and Pb
521. The transport formula is found to be

-
ted
c-

e

5-7
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I tot

V8
5

16p2

D ta
2 tb

2 ta8
2 tb8

2 ra,↑rb,↓~r8!2^^ f a,b
2 &&

3@122p2ta8
2 ra,↑r8#@122p2tb8

2 rb,↓r8#, ~44!

with

D5ta
2 tb

2 ta8
2 ra,↑r8^^ f a,b

2 &&@122p2ta8
2 ra,↑r8#

1ta
2 tb

2 tb8
2 rb,↓r8^^ f a,b

2 &&@122p2tb8
2 rb,↓r8#

1ta8
2 tb8

2
~r8!2@122p2ta8

2 ra,↑r8#@122p2tb8
2 rb,↓r8#.

~45!

We noterN , a typical value of the density of states, eith
in the superconductor or in the ferromagnetic and norm
metal electrodes. We first suppose thatta

2rN and tb
2rN are

small compared tota8 and tb8 . The transport formula take
the same form as in the case where the ferromagnetic e
trodes (a,a8) and (b,b8) are in equilibrium:

I tot

V8
516p2ta

2 tb
2ra,↑rb,↓^^ f a,b

2 &&. ~46!

In the other limiting case whereta
2rN and tb

2rN are large
compared tota8 and tb8 we find

I tot

V8
516p2r8

ta8
2 tb8

2 ra,↑rb,↓
ta8
2 ra,↑1tb8

2 rb,↓
. ~47!

We note ga516p2ta8
2 ra,↑r8 and gb516p2ta8

2 rb,↓r8, the
conductances associated with the interfaces (a8,a8) and
(b8,b8). The total conductance is given by 1/Gtot51/ga
11/gb . The two interfaces are thus in series which is b
cause transport is mediated by the crossed Andreev re
tion: a spin-up electron from the normal metal is transfer
at sitea8, travels to sitea, and is reflected as a spin-dow
hole at siteb. The spin-down hole travels to siteb8 and is
transferred in the normal metal at siteb8. As a consequence
of this transport process the two interfaces (a8,a8) and
(b8,b8) are coupled in series.

D. Sequential tunneling through theSÕDWÕS junction

We consider the same model as in the preceding sec
but now the electrode on the right is superconducting~see
Fig. 5!. We show that the properties of theS/DW/S junction
are similar to the properties of theS/DW/N junction. We
suppose that a voltageV is applied on the left electrode an
a voltageV8 is applied on the right electrode. We conside
regime in which inelastic scattering in the ferromagne
electrodes is strong enough so that the transport dwell tim
much larger than the energy relaxation time~see Sec. IV A!.
Moreover, we suppose that inelastic scattering is str
enough so that there is no Josephson effect.

We consider that the ferromagnetic electrodes (a,a8) and
(b,b8) are half-metal ferromagnets:Pa51, Pb521. The
total current is given by
17451
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I tot

V82V
516p2ra,↑rb,↓

ta
2 tb

2 ta8
2 tb8

2 ^^ f a,b
2 &&^^ f a8,b8

2 &&

ta
2 tb

2^^ f a,b
2 &&1ta8

2 tb8
2 ^^ f a8,b8

2 &&
.

~48!

If we note g516p2ta
2 tb

2^^ f a,b
2 && and g8

516p2ta8
2 tb8

2 ^^ f a8,b8
2 &&, the conductances associated w

the crossed Andreev reflection at the contacts with each
the two superconductors, we see that the total conductan
such that

1

Gtot
5

1

g
1

1

g8
, ~49!

which is the expected result since electron pairs trave
series through the two superconductors.

V. JOSEPHSON EFFECT IN THE SÕDWÕS JOSEPHSON
JUNCTION

A. A two-channel model

Now we consider theS/DW/S junction in Fig. 5 in which
the right electrode is superconducting. We suppose thatE
;td!ts f or tE,td!ts f so that the two superconducto
can be coupled coherently through the two ferromagn
channels. We look for the condition under which a Joseph
current can circulate across the junction. We suppose in
section that the two electrodes (a,a8) and (b,b8) are half-
metal ferromagnets with antiparallel spin orientations. T
case of a partial spin polarization and noncollinear spin o
entations will be discussed in Sec. V B.

The Nambu representation of the hopping matrix e
ments is given by

t̂a,a5F tae2 i ~w2x!/4 0

0 2taei ~w2x!/4G , ~50!

t̂b,b5F tbe2 i ~w1x!/4 0

0 2tbei ~w1x!/4G , ~51!

t̂ a8,a85F ta8e
2 i ~w2x!/4 0

0 2ta8e
i ~w2x!/4G , ~52!

t̂ b8,b85F tb8e
2 i ~w1x!/4 0

0 2tb8e
i ~w1x!/4G , ~53!

where w is the difference between the superconduct
phases in the right and left electrode andx is the magnetic
flux through the loop. We have the relationst̂ a,a5( t̂a,a)* ,
t̂ b,b5( t̂b,b)* , t̂a8,a85( t̂ a8,a8)* , and t̂b8,b85( t̂ b8,b8)* . The
equilibrium current flowing from sitea to sitea is given by

I a,a5
e

h E dv nF~v!Tr$ŝz@ t̂a,a~Ĝa,a
A 2Ĝa,a

R !

2 t̂ a,a~Ĝa,a
A 2Ĝa,a

R !#%. ~54!

The Green’s functions are 232 matrices since we do no
discuss noncollinear magnetizations for the moment.
5-8
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We deduce from Eq.~54! that to ordert4 the spin-up
current through electrode (a,a8) is given by

I a,a
~↑ ! 522i

e

h
tatbta8tb8 sinwE

0

1`

dv f a,b~v! f a8,b8~v!

3H ga,a8
A,11gb,b8

A,22

Det@ Ǐ 2ǨA#
2

ga,a8
R,11gb,b8

R,22

Det@ Ǐ 2ǨR#
J , ~55!

whereǨA,R is the 434 matrix involved in the Dyson equa
tion @ Ǐ 2ǨA,R#ǦA,R5ǧA,R:

F 12Ka,a
1,1 2Kb,a

2,1 2Ka8,a
1,1

2Kb8,a
2,1

2Ka,b
1,2 12Kb,b

2,2 2Ka8,b
1,2

2Kb8,b
2,2

2Ka,a8
1,1

2Kb,a8
2,1 12Ka8,a8

1,1
2Kb8,a8

2,1

2Ka,b8
1,2

2Kb,b8
2,2

2Ka8,b8
1,2 12Kb8,b8

2,2

G F Ga,a
1,1

Ga,b
1,2

Ga,a8
1,1

Ga,b8
1,2
G

5F ga,a
1,1

0

ga,a8
1,1

0

G , ~56!

where we used the notationKa,a
1,15ta,a

1,1 ga,ata,a
1,1 ga,a

1,1 , Kb,a
2,1

5tb,b
2,2 f b,ata,a

1,1 ga,a
1,1 , etc. The role of disorder can be include

in a straightforward fashion. Since the spin-up and sp
down electrons of the Cooper pair propagate in differ
electrodes we should replacega,a8

A,1,1 andgb,b8
A,2,2 by their aver-

ages over disorder, which decay exponentially with dista
over a length scale equal to the elastic mean free path.54 We
conclude that a Josephson current cannot be observed u
usual experimental conditions since the size of the ferrom
netic region is usually much larger than the elastic mean
path. The opposite limit of small disorder is considered
Appendix D.

B. Multichannel effects

1. Transport formula

We consider in this section the multichannelS/DW/S
junction on Fig. 6 in which the ferromagnetic metal is mu
tiply connected to the superconductors. The local magnet
tion makes an angleu(z) with the z axis. The situation with
a uniformu corresponds to the multichannelp junction.

The supercurrent is given by

I S5
1

2

e

h E0

1`

dv(
n

Tr$ŝz@ t̂an ,an
~Ĝan ,an

A 2Ĝan ,an

R !

2 t̂ an ,an
~Ĝan ,an

A 2Ĝan ,an

R !#%, ~57!

where the Green’s functions are 434 matrices. The super
current to orderta

2 tb
2 can be written as
17451
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I S522i
e

h
ta
2 tb

2 sinwE
0

1`

dv (
k,l ,m,n

f am ,an
f bk ,b l

3H F gam ,bk

2,2,A gan ,bl

1,1,A

Det@ Ǐ 2ǨA#
2

gam ,bk

2,2,R gan ,bl

1,1,R

Det@ Ǐ 2ǨR#
G1F gam ,bk

4,4,A gan ,bl

3,3,A

Det@ Ǐ 2ǨA#

2
gam ,bk

4,4,R gan ,bl

3,3,R

Det@ Ǐ 2ǨR#
G12F gam ,bk

2,4,A gan ,bl

1,3,A

Det@ Ǐ 2ǨA#
2

gam ,bk

2,4,R gan ,bl

1,3,R

Det@ Ǐ 2ǨR#
G J ,

~58!

wheregak,bm

i ,i is i th Nambu component of the propagator co

necting the two ends of the ferromagnetic metal at sitesak
andbm . The first two terms in the right-hand side~r.h.s.! of
Eq. ~58! correspond to a propagation without spin flip in th
ferromagnetic region, whereas the last term corresponds
propagation with spin flip. We deduce from Eq.~58! the
same conclusions as in the two-channel model. Namely
average Josephson current can circulate only if the size o
ferromagnetic region is smaller than the elastic mean f
path in the ferromagnetic metal, a condition that is not u
ally realized in experiments.

2. Limit of small disorder

To obtain the supercurrent in the ballistic limit we repla
the propagators by their expressions and sum over all ch
nels. The propagators of a ferromagnetic metal with a ro
ing magnetization are not known in general. This is why
discuss here only the situation where the width of the dom
wall is vanishingly small and the ferromagnets are half-me
ferromagnets. In this case there is no spin precession in
ferromagnetic region but there exist trajectories parallel
the interface that we can take into account in our calculati
The supercurrent is given by

I S58p
e

h
Lyta

2 tb
2 sinwS ma0

2

\2 D 4

G~kF!, ~59!

with

FIG. 6. Schematic representation of the Josephson junction
taining a domain wall with a rotating magnetization. Thex and z
axes are shown in the figure. They axis is perpendicular to the
figure.
5-9
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G~kF!5
1

Ly
E

2`

0 dzn

a0
E

2`

1` dyn

a0
E

2`

0 dzl

a0
E

2`

1` dyl

a0

3E
0

1` dzm

a0
E

2`

1` dym

a0
E

0

1` dzk

a0
E

2`

1` dyk

a0
~60!

3
a0

2pRam ,an

a0

2pRbk ,b l

a0

2pRam ,bk

a0

2pRan ,bl

3sin@kFRam ,an
#sin@kFRbk ,b l

#

3cos@kF~Ram ,bk
2Ran ,bl

!#, ~61!

and with

Ram ,an
5A~zn2zm!21~ym2yn!2, ~62!

Rbk ,b l
5A~zk2zl !

21~yk2yl !
2, ~63!

Ram ,bk
5AR21~zm2zk!

21~ym2yk!
2 ~64!

Ran ,bl
5AR21~zn2zl !

21~yn2yl !
2, ~65!

whereR is the longitudinal dimension of the junction~see
Fig. 6!. We have shown on Fig. 7 the variation ofG(kF) as
a function ofkF . We see that strong finite size effects a
present but still we can make a comparison between~i! a
calculation in which all trajectories are taken into accou
and ~ii ! a calculation in which only the trajectories perpe
dicular to the interface are taken into account. We see tha
small values ofkF ~typically kF smaller than 1/a0 , wherea0
is the lattice parameter! the summation~i! is larger than~ii !,
whereas the opposite is true for larger values ofkF . This
shows that trajectories parallel to the interface play a relev
role in the determination of the supercurrent.

VI. CONCLUSIONS

To conclude we have presented a detailed investigatio
several mechanisms involved in transport across sev

FIG. 7. Variation of log10@G(kF)# as a function ofkF . kF is
measured in units of 1/a0 . We restrict the integration in Eq.~60! to
2Lz/2<zn , zl,0, 0,zm , zk<Lz/2, 2Ly/2<yn , yl , ym , yk

<Ly/2 and we useL5Ly5Lz . The open symbols correspond to a
trajectories in Eq.~60!. The filled symbols correspond only to th
trajectories perpendicular to the interface.
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junctions involving ferromagnetic domain walls (S/DW,
S/DW/N, andS/DW/S junctions!. The role of noncollinear
magnetization was studied for theS/DW junctions. Using a
spin̂ Nambû Keldysh formalism we have derived the form
of lowest-order transport formula valid for an arbitrary pr
file of magnetization. We find that the conductance is a sc
ing function ofj0 /D, wherej0 is the zero-energy BCS cor
relation length andD is the width of the domain wall.
Because of the proximity effect an exchange field can
induced in the superconductor. Neglecting the spatial va
tion of the exchange field, we have derived the transp
formula and shown that there was no spin precession aro
the axis of the exchange field. We discussed the trans
formula of theS/DW/N junction. We have shown that to
lowest order only the processes taking place locally at e
interface played a role. These processes are elastic cotu
ing through the superconductor, crossed Andreev reflect
electron tunneling from the ferromagnet to the normal me
and elastic cotunneling through the normal metal. We
scribed the transport of Cooper pairs across theS/DW/N and
S/DW/S junctions in a regime where transport is dominat
by inelastic scattering but spin is conserved. With these
sumptions the local distribution function within the doma
wall is a Fermi distribution with a different spin-up and spi
down chemical potential. This model provides a detailed
scription of the sequential tunneling of Cooper pairs acr
the S/DW/N and S/DW/S junctions. We described the Jo
sephson effect in aS/DW/S junction. Diffusion is usually
strong in a ferromagnet and disorder is thus expected to
a relevant role. In particular the Josephson current dec
exponentially with the longitudinal dimension of the jun
tion. The characteristic length is equal to the mean free p
in the ferromagnetic metal. This means that a Josephson
rent cannot be observed in usual conditions. Neverthe
there can exist a finite current due to a crossed Andr
reflection associated with elastic cotunneling in the fer
magnetic region.
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APPENDIX A: SPIN PRECESSION IN THE METALLIC
CASE

In this appendix we consider the junction on Fig. 8
which two ferromagnetic electrodes with noncollinear ma
netizations are connected to a normal metal.52,53 Our goal is
to provide a comparison with the superconducting case
sented in Sec. III C. We suppose that a magnetic fieldh is
applied on the normal metal and that the only effect of
magnetic field is to generate Zeeman splitting. The cros
conductanceGa,b5]I a /]Vb associated with elastic cotun
neling takes the form
5-10
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Ga,b58p2ta
2 tb

2 r̃ar̃bS ma0
2

\2 D 2S a0

2pRa,b
D 2

311PaPb cosua cosub1PaPb sinua sinub

3cosH @kF,↑2kF,↓#Ra,b1eVbF 1

vF,↑
2

1

vF,↓
GRa,bJ .

~A1!

Spin precession can have two origins:~i! the term @kF,↑
2kF,↓#Ra,b describes oscillations of the conductance due
a mismatch in the Fermi wave vectors;~ii ! the term@1/vF,↑
21/vF,↓#Ra,b describes oscillations in the conductance d
to a mismatch in the Fermi velocities.

APPENDIX B: PERTURBATIVE TRANSPORT FORMULA
OF THE TWO-CHANNEL SÕDWÕN JUNCTION

In this appendix we provide a derivation of the transp
formula of theS/DW/N model represented in Fig. 5.

1. Transport at interface „a,a…

The current through each link of the network on Fig. 5
given by the transport formula~4!. The spin-up current
through the linka-a is found to be

FIG. 8. The device considered in Appendix A. The electro
ending at sitea is a ferromagnet with a magnetization pointing
the directionua . The electrode ending at siteb is a ferromagnet
with a magnetization pointing in the directionub .
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I a,a
~↑ ! 524p2ta

4 r̃a
2f loc

2 @12Pa
2#@nF~v2ma,↑!2nF~v1ma,↓!#

~B1!

24p2ta
2 tb

2 r̃ar̃bga,b
2 @11Pa#@11Pb#@nF~v2ma,↑!

2nF~v2mb,↑!# ~B2!

24p2ta
2 tb

2 r̃ar̃bf a,b
2 @11Pa#@12Pb#@nF~v2ma,↑!

2nF~v1mb,↓!# ~B3!

24p2ta
2 ta8

2 ra,a8
↑ ra,a8

↓ f loc
2 @nF~v2ma,↑!

2nF~v1ma,↓!# ~B4!

24p2tatbta8tb8ra,a8
↑ rb,b8

↑ ga,bga8,b8

3@nF~v2ma,↑!2nF~v2mb,↑!# ~B5!

24p2tatbta8tb8ra,a8
↑ rb,b8

↓ f a,b f b,a

3@nF~v2ma,↑!2nF~v1mb,↓!# ~B6!

24ptatbta8tb8 Im@ga,a8
↑R gb,b8

↑A
#ga,bga8,b8nF~v2m8!,

~B7!

wherema,↑ andma,↓ are the spin-up and spin-down chemic
potentials in electrode (a,a8), mb,↑ andmb,↓ are the spin-up
and spin-down chemical potentials in electrode (b,b8), and
m8 is the chemical potential in the normal metal. After pha
averaging we obtain three contributions to the transport
mula: local Andreev reflection given by term~38!, elastic
cotunneling through the superconductor given by term~39!
and crossed Andreev reflection given by term~40!.

2. Transport at interface „a8,a8…

The same calculation can be carried out at interfa
(a8,a8). The transport formula is found to be
I a8,a8
~↑ !

54p2ta8
2 tb8

2 r̃ar̃bga8,b8
A ga8,b8

R
@11Pa#@11Pb#nF~v2mb,↑!28p4ta8

2 tb8
2 r̃ar̃bra8,b8

2
@11Pa#@11Pb#nF~v2m8!

24p2ta8
2 r̃ar8@11Pa#@nF~v2ma,↑!2nF~v2m8!#18p4ta8

4
~ r̃a!2~r8!2@11Pa#2@nF~v2ma,↑!2nF~v2m8!#

28p2ta
2 ta8

2 r8g Re@ga,a8
↑

#ra,a8
↑ nF~v2ma,↑!12p2ta

2 ta8
2

~r8!2~ga,a8
↑R

!2nF~v2m8!22ipta
2 ta8

2 r8g~ga,a8
↑A

!2

3nF~v2m8!24p2tatbta8tb8ga,bra,a8
↑ Im@ga8,b8

A gb,b8
↑A

#nF~v2ma,↑!12iptatbta8tb8ga,brb,b8
↑

3@ga8,b8
A ga,a8

↑R
1 ipr8ga,a8

↑A
#nF~v2mb,↑!12iptatbta8tb8ga,bra8,b8@ga,a8

↑R gb,b8
↑R

2 ipr̃b~11Pb!ga,a8
↑A

#

3nF~v2m8!24p2ta8
2 tb8

2 r̃ar̃b Re@~ga8,b8
A

!2#@11Pa#@11Pb#nF~v2ma,↑!. ~B8!

After averaging over the phase variables we obtain the transport formula given by Eqs.~41!–~43! that contains only two
processes: tunneling from sitea8 to sitea8 and elastic cotunneling from siteb8 to sitea8.
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APPENDIX C: TRANSPORT FORMULA OF THE
SYMMETRIC TWO-CHANNEL SÕDWÕN AND SÕDWÕS

JUNCTIONS

In this appendix we considerS/DW/N andS/DW/S junc-
tions with two symmetric channels. With this model we co
firm the results obtained in the main body of the article
the asymmetric junction with half-metal ferromagnets. W
suppose that the two channels have an identical densit
states,r̃a5 r̃b , that the tunnel matrix elements are identic
in the two channels,t5ta5tb , t85ta85tb8 , and that the
two channels have an opposite spin polarization,Pa5P and
Pb52P. Then there exists a simple symmetry relation b
tween the chemical potentials in the two ferromagnetic e
trodes,ma,↑5mb,↓ andma,↓5mb,↑ .
e
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1. The SÕDWÕN junction

In the limiting caset!t8 we havema,↑.V8. The trans-
port formula is identical to the case where electrodes (a,a8)
and (b,b8) are in equilibrium:

I tot

V8
532p2t4r̃2~12P2! f loc

2 132p2t4r̃2~11P2!^^ f a,b
2 &&.

~C1!

In the case of half-metal ferromagnets (P51) only the term
corresponding to the crossed Andreev reflection is nonz
and Eq.~C1! is equivalent to Eq.~46!.

In the limiting caserNt8!rNt!1 andt8!rNt2 the cur-
rent is the sum of a contribution due to the local Andre
reflection ~AR! and a contribution due to the crossed A
dreev reflection~CAR!: I tot5IAR1I CAR, with
I AR

V8
5

32p2~ t8!2r̃r8~12P2! f loc
2 ~^^ f a,b

2 &&1^^ga,b
2 &&!

~12P2!@ f loc
2 ^^ga,b

2 &&1^^ f a,b
2 &&2#1~11P2!^^ f a,b

2 &&@ f loc
2 1^^ga,b

2 &&#
, ~C2!

I CAR

V8
5

16p2~ t8!2r̄r8^^ f a,b
2 &&@~11P2!~^^ f a,b

2 &&1^^ga,b
2 &&!12P2~ f loc

2 2^^ f a,b
2 &&!#

~12P2!@ f loc
2 ^^ga,b

2 &&1^^ f a,b
2 &&2#1~11P2!^^ f a,b

2 &&@ f loc
2 1^^ga,b

2 &&#
. ~C3!
we

ua-

ic
asso-
ent
In the case of half-metal ferromagnets Eqs.~C2! and~C3! are
equivalent to Eq.~47!.

2. The SÕDWÕS junction

In the case of theS/DW/S junction the total current is the
sum of the local Andreev reflection and crossed Andre
reflection terms:

I AR

V82V
5

128p2

D8
t4~ t8!4r̃4f loc

2 ~12P2!$@ t4^^ga,b
2 &&

1~ t8!4^^ga8,b8
2 &&#@~12P2! f loc

2 1~11P2!

3^^ f a,8b8
2 &&#1@ t4^^ f a,b

2 &&1~ t8!4^^ f a8,b8
2 &&#

3@~11P2! f loc
2 1~12P2!^^ f a8,b8

2 &&#%, ~C4!

I CAR

V82V
5

128p2

D8
t4~ t8!4r̃4^^ f a,b

2 &&~11P2!$@ t4^^ga,b
2 &&

1~ t8!4^^ga8,b8
2 &&#@~12P2! f loc

2 1~11P2!

3^^ f a8,b8
2 &&#1@ t4^^ f a,b

2 &&1~ t8!4^^ f a8,b8
2 &&#

3@~11P2! f loc
2 1~12P2!^^ f a8,b8

2 &&#%, ~C5!

with
v

D854t8r̃2$~12P2!@ f loc
2 ^^ga,b

2 &&1^^ f a,b
2 &&2#1~11P2!

3@ f loc
2 ^^ f a,b

2 &&1^^ f a,b
2 &&^^ga,b

2 &&#%14~ t8!8r̃2$~1

2P2!@ f loc
2 ^^ga8,b8

2 &&1^^ f a8,b8
2 &&2#1~11P2!

3@ f loc
2 ^^ f a8,b8

2 &&21^^ f a8,b8
2 &&^^ga8,b8

2 &&#%

14t4~ t8!4r̃2$~12P2!@ f loc
2 ^^ga,b

2 &&1 f loc
2 ^^ga8,b8

2 &&

12^^ f a,b
2 &&^^ f a8,b8

2 &&#1~11P2!@ f loc
2 ^^ f a,b

2 &&

1 f loc
2 ^^ f a8,b8

2 &&1^^ f a,b
2 &&^^ga8,b8

2 &&1^^ f a8,b8
2 &&

3^^ga,b
2 &&#%. ~C6!

If the contacts with the two superconductors are identical,
have t5t8, f a,b5 f a8,b8 , andga,b5ga8,b8 from which we
deduce

1AR

V82V
54p2t4r2f loc

2 ~12P2!, ~C7!

I CAR

V82V
54p2t4r2^^ f a,b

2 &&~11P2!, ~C8!

where we used the notationr̃5r/2 for the spin-up or spin-
down density of state in the ferromagnetic electrodes. Eq
tions ~C7! and~C8! in the limit P51 are in agreement with
Eq. ~48! in the limit of a symmetric contact. In the symmetr
case the conductance is thus equal to the conductance
ciated to a single superconductor divided by 2, in agreem
with Eq. ~49!.
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APPENDIX D: JOSEPHSON EFFECT IN A TWO-
CHANNEL BALLISTIC SÕDWÕS JUNCTION

In this appendix we describe the Josephson effect wi
ballistic propagation in the ferromagnetic electrodes. In
limit of a long junctionR@a0 the matrix Ǐ 2ǨA,R given by
Eq. ~56! is block-diagonal because the Andreev bound sta
do not couple the two superconductors. There exist
bound states associated with the interfaces (a,a) and (b,b)
and two bound states associated with the interfaces (a8,a8)
and (b8,b8). The secular equation for the bound states
isting at the interfaces (a,a) and (b,b) takes the form

11 ip2rFrN~ ta
21tb

2 !
v0

AD22v0
2

1~p2rFrN!2ta
2 tb

2
z2D22v0

2

D22v0
2 50, ~D1!

whererN and rF are the density of states in the superco
ductor and in the half-ferromagnetic electrodes, and wh
we used the notationz5sin@kFR#/(kFR). In the caset5ta
by

T.

J

6

h.

z.

n-

tt.
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5tb and in the tunnel limitpt2rNrF!1 the solution of Eq.
~D1! takes the form

v0
25D2@11~p2t2rNrF!2~16z!2#. ~D2!

The supercurrent is easily deduced from Eq.~55!:

I S5
16p9

~a0kF
↑ !2~a0kF!2

e

h
Dt4rN

2 rF
2~11P!2

a0

2pRa,b

a0

2pRa8,b8

3
a0

2pRa,a8

a0

2pRb,b8
sin@kFRa,b#sin@kFRa8,b8# ~D3!

3expH 2S Ra,a81Rb,b8
l f

D J f ~z,z8!cosa sinw,

~D4!

wherea is defined by

a5kF
↑ ~Ra,a82Rb,b8!1

D

vF
↑ ~Ra,a81Rb,b8!, ~D5!

and wheref (z,z8) is a geometrical prefactor of order unity
s.

z.

.
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