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BCS theory for s+g-wave superconductivity in borocarbides Y(Lu)Ni,B,C
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The s+g mixed gap functionA,=A[(1—x)—x sin*6cos 4] (x: weight of theg-wave componenthas
been studied within BCS theory. By suitable consideration of the pairing interaction, we have confirmed that
the coexistence afandg waves, as well as the state with eqeaindg amplitudedi.e.,x=1/2) may be stable.
This provides the semiphenomenological theory forsheg-wave superconductivity with point nodes which
has been observed experimentally in borocarbide,BMNC and possibly in LUNB,C.
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|. INTRODUCTION Y0, ) = ky+k; — 6kZKZ=sir’ 0 cos 4p. ()

The rare-earth nickel borocarbidedi,B,C (R=Y, Lu, !N the gap function1), the amplitudes o and g compo-
Tm, Er, Ho, and Dy have attracted great interest in recentNents are assumed to be equal. Thugadd only 4 point
years due to superconductivitgC) as well as its possible nodes a#=m/2 and$=0,7/2,m,3m/2 are realized, see the
coexistence with antiferromagnetic ordérit has initially ~ Middle panel of Fig. 1. This is exactly what has been ob-

been thought that these materials can be understood by SgTved experimgntalR/.Base_d on the above gap function
largely isotropic swave pairing via the conventional quite a few physical properties have been calculated such as

electron-phonon couplinHowever, various recent experi- thermal conductivity, Raman s'pectr%f’, sound attenuatioft, .
mental results particularly on the two nonmagnetic borocar€tC-» and good agreement with the experimental results is
bides Y(Lu)NpB,C, including specific hedt,” thermal ~ ©Ptained. _
conductivity?"® Raman scatterinf, NMR relaxation rate On the other hand, there is no symmetry reason for the
photoemission spectroscofy,scanning tunneling micros- constraint of equal amplitudes s_fandg. More generally, the
copy, and spectroscopy,have unambiguously shown tBhat s+g gap function can be described by
the gap function is highly anisotropiavith anisotropy rati _ . B
Amin/Amax=<10"2in YNi,B,C). For example, theH depen- M=A[(1=x)~xsinf'd cos 4p]=A1(6, 6) ©
dence of the specific heat in the vortex state indicates a swith a tuning parametex characterizing the weight of the
perconducting state with nodal excitatich.The T® power  g-wave component. Obviously Eq1) corresponds to the
law behavior of the spin-lattice relaxation rdtalso sug- special casex=1/2. If x<1/2, thes wave is dominant and
gests the existence of nodes. Very recently, compelling evithe nodes will be removed; while x>1/2, theg wave has a
dence has been presented by Izatal. from the angular- strong weight and will contribute eight line nodes. The three
dependent thermal conductivity in a magnetic field that thelifferent cases have been shown in ¥yeplane in Fig. 1.
gap function of YN}B,C has point nodes which are located  The natural question then arises of how to understand the
along the[1,0,0] and[0,1,0 directions® The same conclu- origin of the aboves+g hybrid pairing. So far, a micro-
sion can be also drawn from the angular-dependent specifi&copic theory for the pairing potential is not available which
heat datd. A highly anisotropics-wave gap(with possible  might be complicated due to the complex Fermi surface of
nodes was also discovered in LupB,C by thermal conduc- borocarbide¥ and the possibility of strongly anisotropic
tivity measurements as a function of temperature and field@oulomb interactions. As a first step, however, it is necessary
strength’ Thus the previous isotropiswave theory has to to investigate phenomenologically how the g state can be
be critically reconsidered. realized by constructing an appropriate pairing potential.

Recently Makiet al. have proposed that the so called This is the topic of the present work. As shown below, within
+g-wave spin singlet gap function for Y(Lu)bB,C super- BCS weak-coupling theory we have found that a stable co-
conductors, i.e'1>8 existence of andg waves requires a pairing potential which

includes the cross term betwesnand g-wave functions. In
A particular, we will show how the fine-tuning=1/2 s+ g can
Ak=§(1—5in49 COS 4¢), (1)  be realized almost independent of temperature bdlpw
A similar issue has been addressed by Lee and‘€hoi
their theory to explain Raman scattering data, but no com-

is consistent with the experimental observation. H8ré  plete study was presented. First, they do not considegthe
are the polar and azimuthal angles lof respectively. The dependence of thg-wave part, i.e., implicitly assume a gap
second ‘g-wave” contribution is given by a fourth degree function with cylindrical symmetry. Second, they adopt gap
fully symmetric (A;4) basis functiony()(6, ) in tetragonal  models with a strong component. As shown before in Fig.
D4, symmetry which is, up to a constant, equal to the real, they will exhibit eight line nodes, which are inconsistent
“tesseral harmonic” functionZ$,(6,¢)=(1/\2)[Y3(6,4)  with the experimental resuftswhich have revealed four
+Y,%(0,0)]. We have point nodes.
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Legendre polynomials. And by use of the spherical harmonic
addition theorem, it can be finally written as

© |
VKK)=Z Vi 3 Yin(0,6)YTn(8',6) (6

through spherical harmonic¥,,(6,¢). Obviously theVg
term corresponds tb=0 and theV, term results from the
sum of (,m)=(4,4) and (4;-4). But the cross term-V,4

in Eqg. (5) cannot be obtained from E¢6). So we are led to
x=0.5 go beyond the above formalism to considigf. as a general
function which depends ok andk’ individually. This will

be the case when the fact of having only discrete lattice
translation and rotation symmetry is considered. Then the
pair potential has to be expanded in terms of the basis func-

-0.6 -0, .2 0 0.4 0.6 .
-0 tions 4{{(6,$) of the crystal symmetry groupD(,,) be-
0.4 longing to a specific irreducible representatiorof degree
0.6 and degeneracy indek The generalized expansion then

reads, suppressing the multiplicity index Iof

Vi = VI (K K) S w0(0,0) g0 (07, ")* .
i’ !
(7)

For basis functions of different degréel’ but belonging to
the same representatidhthe contribution will generally be
nonzero. Then fof =A;, andl=0, |"=4 or vice versa one
can naturally obtain the nondiagonal contributio\dﬁ)l‘;)
*Vggin Dy Symmetry.

FIG. 1. Thexy-plane (§=/2) polar plots of thes+ g wave gap The pairing potentia(5) is therefore a reasonable choice
|A| for various tuning parametess for our problem and we can now solve the corresponding
standard BCS gap equation which reads

II. PAIRING INTERACTION AND BCS THEORY
FOR THE s+g WAVE STATE

Ay

Ay=—2 Vyo——tanh BE,./2), ®)
K’ 2E

In view of the orthogonality o&- andg-wave functions in k’

Eqg. (3), one may naturally express the.pairi.ng potential a%hereﬂ=1/(kBT) andEk=\/m is the quasipar-
sum of two separable parts whose weight is given by WGjq|e spectrums, is the free electron dispersion apdis the

.20
parameters/s andVy: chemical potential. It is easy to check that the gap function
Vi = — [Vt V@0, @ )] 4 (3) is a self-consistent solution of E¢B) under the pairing
kk _ [Vs g(ﬂ_ (0.4)¢7(6",4")] @ interaction(5), if the gap amplitudé\ and tuning parameter
Here the unprimed and primed angles corresponll emd  x satisfy the following self-consistent equations:
k', respectively. Each term in E@4) is separable with re-
spect to wave vectoris andk’. Ok, dx)

Here we try to propose a pairing potential, similar to that 1_X=VS§,(: 2E, tani( SE/2)
used in Ref. 19 for the cylindrical gap, by adding another
mixing termVsg: (O, i)

V5ol #( Oy, )—E —tanh BE/2),
Vigr=—{Vs+ V(6,0 y (0", ")+ Ved (6, ) “ k

9
+y (o', )]} (5) ©
o - y f(Oy. i)
Before we proceed to solve the gap equation using the —x—VgE YD (6, p)——=———tanh BE,/2)
pairing potential5) we first would like to discuss the reason K 2B
for its form in more detail. For a continuum system with full £( Oy, )
translation and rotation symmetry, the pairing potengl, +ngz — " tanh BE,/2). (10
is only a function oflk—k’|, or the angle between the two ¥ 2B

wave vectors in view ofk|,[k’|=Kk (the Fermi wave vec- \here the angles have been indexed by their corresponding
tor). ThenVy,=V(k-k'), with k-k’ denoting the cosine of wave vector for clarity. Replacing the summation by integra-
the angle betweek andk’, can be expanded in terms of tion according to
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where fwp is an energy cutoff to enforce the constraint
|ex—u|<hwp (wp: Debye frequency for phonon-mediated
SO andN(0) is the density of states at zero energy for the 0.02
spectrume,— w, we may obtain the following equations:

1 0.01
1=x= 7= (Vel 1+ Vggl), (12) 1
1 _ - = 05
—X= E(Vg|2+vsg|1). (12
Above, Vs=N(0)Vs, Vg=N(0)Vy, Vs4=N(0)V, are re- 0

defined dimensionless interaction constants, and the integrals 5x107°
I, are written as follows:

1 f tanH BVE2+ A%F?/2) 83
| =f d f dQ , 13 < 0
i), % V& +9
1 T A%f2 _
|2=f dgf gy [ BMBVE AT a0 : :
0 \/EZ+_A2T2' 1 1.0 ]lvl(o)vll 1.2
where we use the abbreviated symbbind (), and# wp £
has been taken as the energy unit. FIG. 2. The parameter&, x, and relative energAE as func-
tions of V, for V¢=0.2 (V4,=0) and T=0. The solid and dot-
IIl. NUMERICAL RESULTS dashed lines are for puge ands-wave solutions, respectively. The

fi id P h .. dotted and dashed lines are for two possibleg mixed solutions.
. We first consi eng_O’ 1.e., assume the Pamn_g poten- The energy of the purs-wave solution is taken as the reference
tial (4). It was found that one or twe+g solutions(i.e., A 5int in the lowest panel. Energy unit fdr is # wp and for AE is

>0, 0<x<1) may appear wheﬁ/g is quite a few times N(0)(%wp)?.
greater tharV. On the other hand, it is easy to check that

the pures wave (x=0) and pureg wave k=1) are aways v <0, As for the realization of tha=1/2 s+g state, we
trivial solutions. Thus one needs to compare their free enefyiscyss the details in the following.

gies to find the stable solution. In unit 0f(0) (h wp)? the First we consider the special cagg=V,=—V,,. Then,
free energy is given by by adding Eqs(11) and(12) one can immediately obtain the
1 1 5 solution with x=1/2 independent of temperature, which
F=— _f dgf dQ[ 2+ A%f24 _|n(1+efﬁv’§z+ﬂf§) means thas andg waves always coexist with equal ampli-
2 Jo B tudes. This result is obvious because in this case the pairing

5 e e interaction(5) can be simply factorized again into the form
HAT(L=X) Vst AXEIV. (15 £(6,4)*f(0',4') with fixed x=1/2. Then only the gap am-
Detailed calculation shows that tise-g mixed state is un- Pitude A(T) is left. It decreases gradually with and van-

stable in most of the parameter space. As an example, wghes at.the. transition temperatuirQ: as sho~wn by t-he
have shown in Fig. 2 all the solutions and their relative endashed line in the upper panel of Fig. 3 whefg=0.2 is

ergies as functions d¥, for fixed V;=0.2 andT=0. Two used.

s+g solutions may be present, as shown by the dotted and Generally, the three interaction parameters have different
dashed lines. But compared t’o the pureand/or g-wave absolute values. Various situations can be described by tun-

solutions, they are found to be energetically unfavorable, seld these model parameters. We use the following strategy to

the lowest panel in Fig. 2 Thus thes+g mixture seems choose reasonable values: First, we fix the valuggfe.g.,
very unlikely under the pairing interaction which is the sum0-2 throughout the work which sets the overall scaleTior
of two separable part@}). Then we assume a value fdfy and tuneVg to realize the
OnceV4,#0, the above situation changes substantiallys+g state with the constraint=1/2 atT=0. Experimen-
Now the pures andg waves are no longer solutions of Egs. tally, the detection of nodes by the field angular-dependent
(1) and (12), i.e., only the possibility of the mixed+g thermal conductivity is applicable only at very low tempera-
solutions is present. We have checked within a broad rangwires, i.e.,T<T.. Thus the measurement actually provides
of V4/V; that a singles+g solution exists for nearly all evidence of point nodes only far—0, as described by the
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0.5 . FIG. 4. The requires4/Vs vs V4 /V; for a few differentVy, in
order to realize thex=1/2 s+g-wave nodal gap function at
b =0.
superconducting region essentially still describing a gap with
point nodes. Thus we conclude theat g pairing with nodal
excitations is a robust solution for all temperatures below
0.495 and should not be considered as accidental. We also mention

0 0.005 0.01 0.015 0.02 that x becomes larger than 1/2 at finifefor the choice of
r ) V¢>V; (not shown, but again only a small deviation is ob-
FIG. 3. The order parametér and tuning parameteras func-  tzined.
tions of temperatur&. A andT are in units ofi wp . The solid lines

are fSrVS=9.2,Vg=O.1,VSg: —0.22, and the dasheq lines are for V. CONCLUSION
Vg=Vy=—Vs,=0.2 corresponding to the special case of
T-independenk=1/2 s+ g wave. In the above section, we have obtained a stable hybrid

- +g-wave state within BCS theory based on the phenomeno-
constraint. In this way, the valuésy may be determined for |ogjcal pairing interactior(5). Also we have realized the
each givenVy. We have obtained a nearly linear relation =1/2 hybrid state which has point nodes by an appropriate
between\~/Sg and\~/g, as shown in Fig. 4. For example, for choice of the interaction parameters. In particular, we have
V.=0.2 we hav&/sg:—o.24+ O.ZVg. With the interaction confirmed that the hybrid state with highly anisotropic gap

parameters fixed we can now study an intriguing issue ho ay b? robus_t in the whol_e superconducyng region below
the x=1/2 fine-tunings+g state aff =0 evolves with tem- ¢- This provides the semiphenomenological theory to un-

perature. One would expect that not only the gap amplitudéjersﬁnd thes+g (x=1/2). gap function p.roposed by Maki
A, but also the tuning parametewill change with tempera- et _al. Thus Fhe explana_tlon of the experimentally ot_)served
ture. If it decreases, the node points would cease to exist afiP!Nt Nodes in borocarbides Y(Lu)M8,C can be achieved

a gap would open with increasing temperature. In principlén a self-co.nsister.lt. way. A m.icroscopic theory of our _phe-
nomenological pairing model is yet to be developed. Finally

this is indeed obs.,erved.. As an exgmple, we take=0.1. /o mention that similas+g mixed gap functions are also
ThenV,q=—0.22 is obtained to realize the=1/2s+9 s0-  proposed very recently for skutterudite P5Sk;,,%? and
lution atT=0. Under these interaction parametarsl) and  theijr justification should be possible based on a similar
X(T) are calculated self-consistently from E¢kl) and(12).  analysis as presented here.

The results are shown by the solid lines in Fig. 3. It is inter-

esting to see thax varies with T monotonically and very ACKNOWLEDGMENTS
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