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Ab initio calculation of the exchange-correlation kernel in extended systems
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We develop a method to calculate the polarizability of a many-electron system within Green’s function
theory in a similar way as within time-dependent density functional theory and apply it to Si and GaAs. The
method joins the computational simplicity of the latter with the accuracy of the former approach. The resulting
exchange-correlation many-body kerrthP and optical spectra are in good agreement with those obtained by
the solution of the Bethe-Salpeter equation.
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It has been well known for two decades, after the pioneerexperiments only after aad hoctruncation of the kernel in
ing work by Hanke and Shamthat the inclusion of the reciprocal space to account for correlatidit? To summa-
electron-hole interaction is crucial to obtain absorption specrize, the present situation is promising but not satisfactory;
tra of semiconductors in good agreement with experimentsvhat is needed is a method for the diréetb initio, without
However, the inclusion of this interaction ab initio calcu- ad hoc adjustments and not based on the solution of the
lations is computationally so cumbersome that only very reBethe-Salpeter equatipncalculation of the exchange—
cently it could be considered for a number of systems, frontorrelation kernel. This is the very purpose of this paper.
small atomic clustefsto bulk crystal$—to simple surface§. We present a suitable approximation ig2 (), based
The difficulties arise from the fact that one has to solve theon a first-order expansion in terms of the screened electron-
Bethe-Salpeter equation for the two-parti¢idectron and hole interactionW, which allows its calculatiorab initio
hole) Green’s function, rather than a single-particle equatiorwithout solving the Bethe-Salpeter equation. We apply this
as in band theory. It would be highly desirable to develop &ormulation to the optical spectra of Si and GaAs and find
simpler method to deal with the electron-hole interaction. very good agreement with experiments. Moreover, in the

A hint about how to reach this goal comes from time-case of Si we show that the Ca|cu|atggop(w) is in good
dependent density functional theofyDDFT),” where all  agreement with that extracted from Bethe-Salpeter calcula-
many-body (MB) effects are embodied in the frequency- tions. These results show that the present formulation,
dependent exchange-correlation kerfig(r,,r;; @), which  though approximate, account well for the electron-hole inter-
accounts for exchange-correlatior) in the linear response. action in semiconductors.

Once it is known, the calculation of the polarizability and of ~ The charge density induced by a time-dependent pertur-
the dielectric function proceeds in the Kohn-ShdKS)  bation is described by the irreducible polarizability
schem@ as for independent electrons. The problem is thap(r,,r,;t—t’). Within TDDFT, its time Fourier transform
fxc(r1,r2;w) of TDDFT is not known and any approxima- P(r,,r,;w) is given by

tion based on the homogeneous electron gas will miss impor-
tant features of semiconductors and insulafdrsparticular,

.= (0) .
it has been recently shown théj.(r,,r,;») has a long P(r1.r2;0)=xks(rs.rz; )

range component, of the foraa(w)/|r,—r,|, which cannot
be derived from the homogeneous electron gas kernel but is +f f dr3 drax{Q2ra,r3; ) fec(r3.14;0)
essential to determine accurate optical spetta.

In Ref. 10 a many-body xc kernéf2"(w) similar to that XP(rg,rz; o), (1)

of TDDFT, was defined to be used with the independent-

quasiparticle polarizability obtained within Green’s function where X,(<°s),(r1,r2;w) is the independent-particle response
theory?? Its long-range component, which is very important function obtained within the KS scheme.

to calculate optical properties, has been determined from the Equation(1) is relatively easy for numerical implementa-
results of Bethe-Salpeter calculations of the macroscopic dition, since it is a product of matrices whose indicessingle
electric function of silicon and diamond and shown to bespace variables. The main obstacle is the poor knowledge of
characterized by a frequency dependence much simpler thahe xc kernelf,(r;,r,; o) of real systems. The most widely
that of f,.(w). This approach, although yielding important used approximation is the adiabatic local-density approxima-
information on the properties df, 2"(w), does not allow a tion (LDA),"® where the static xc kernel of the homogeneous
quick calculation of optical spectra, since it relies anyway onelectron gas with the local density is used at nonzero fre-
the solution of the Bethe-Salpeter equation. Very recently, aquencies. Such an approximation fails to give a quantitative
exchange-only calculation of the TDDFT kerrfglhas been description of the optical properties of soligee, in particu-
carried out, which yields optical spectra agreeing well withlar, Ref. 9 for SJ.
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A good quantitative description of the spectra of solids isThis is the very definition of the MB analog of the xc kernel
instead obtained wi_thin MB theory, aIt_hough_ at the expensgf TDDFT. By expressingsP asP— y(?), Eq. (6) is easily
of a huge computational effort. According to it, the KS statesseen to be equivalent to the form
are dressed solving the Dyson equation containing a self-
energy operato2,.(1,2). Consequently the independent- 2FQP _ (0 1 a1
quasiparticle(independent-QPpolarizability is given by® fie (9,0)=[x"(q,0)] =P (q,w). (7

Similar work has been carried out by Streitenbefytor the
homogeneous electron gas. The uséiﬁp allows one to
Here G(1,2) is the one-particle Green’s function(ds well ~ calculate the polarization similarly to the case of TDDFT,
as 2, 3, etp indicates space, time and spin coordinatesaccording to

ri,t;,0q1 altogether. The irreducible polarizabiliti?(1,2)

8fFf)(,aSrs from x(%)(1,2) for the presence of interactions among P(0,0)=(1— x{(q,0)fx(q.®)  x(q,»)

x9(1,2=-iG(1,2G(2,1). 2)

=(1- X%, o)t 2"(q,0) XV (q,w), ©

P(1,2):—ij f d34G(1,3G(4,)I'(3,4;2) where the first equality is derived within TDDFT and the
second within MB theory.

The problem is thatt 2" itself is defined in Eq(6) in
wheredP(1,2) is the change in the irreducible polarizability terms of the(unknown polarization P. However, Eq.(6)
due to the excitonic effects arld(1,2;3) is the irreducible  allows us to make approximations 6f°". This is the TD-
vertex function. It is determined, following the Baym- DFT counterpart of the Bethe-Salpeter kernel, which is usu-
Kadanoff schemé’ by solving the Bethe-Salpeter equation ally approximated to first order W(1,2). In the same spirit,
(BSB we can approximaté’ 2", as given by Eq(6), to the same

order. AsSP is of first order inW [see Eqs(3) and(4)] it is
xel1,2) sufficient to a imat@(~ V=[x 1) | i
X pproximat®' ™ ~[ x\*/] in Eq. (6), yield-

XG(4,60G(7,9I'(6,7;3. 4

=x9(1,2+ 6P(1,2, ()

T'(1,2:3)=8(1,28(1,3) + J d(4567)

F127(a,0)~[X0,0)] PP (q,0)[ X (q,0)] 7,
The self-energy operatcd¥,.(1,2) is usually evaluated ac- 9
cording to theGW approximatioh® and 53,/ 8G is calcu-
lated by neglecting terms of second ordeMihAs a conse- whereP™ is the expansion 0BP to first order inW
qguence, it is given by the screened Coulomb interaction
W(1,2). An additional approximation is to neglect dynamical
effects both in the self-energy and W, which cancel each P<1)(1,2)=f d(34)G(1,3G(4,DW(3,4G(3,2G(2,4).
other to a good extent in semiconductbt€alculations car- (10)
ried out in the past years by a few groups along these?ifies

have yielded spectra in quantitative agreement with experi- 2FQP - .
ments for many systems. However, they are computationall s a resultf, " can be calculafced by av0|d|ng. the solution
the BSE, the most computationally demanding part of the

very demanding because one has to diagonalize an effecti o X

two-particle (electron-holg Hamiltonian excitonic  calculations. Indeed, after cumbersome, but
In order to avoid this bottleneck, we have cast the mpStraightiorward algebra, we find

linear-response theory in a form similar to the TDDFT linear

respons¥ Pglez(q,w)
P(d,0)=Xq,w) + 5P(d, ) 2y |PelA2
R N ~ R cc'vo! w— CU+I
=x9(q,0)+ X(q,0)F27(0,0)P(q,0). (5)
_ o Bery/ (q+Gy) B,/ (q+Gy)
Here q is the transferred momentum and all quantities are X E——5 vo'c'c ™ T& ve'v'c
matrices in the reciprocal space. Equatipdefines the MB @t Eerpl @ Eerpr
analog, fF37(q,®), of the DFT xc kernelf(q,w). T3P B,.(—q—Gy) [ B,re/(q+Gy)
can be found in terms ofP from Eq. (5), by inverting y(®) 0 Ey—10 \o—E. i
andP: e
Be, (91 Gy)
z ~ —1 o A — XW 'yl T T re! y 11
1£9%(q,0) = [19(q,0)] 3P(0,0) P H(q,0).  (6) e i e ()
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FIG. 1. Long-range component of the exchange-correlation ker- 35
nel [ fF2P(q,w)]oo for g— 0 of Si. Dotted line: extracted from the
Bethe-Salpeter equation approach, from Ref. 10. Full line: present 30

work, Eqg.(9).

where q is restricted to the first Brillouin Zoneg; andv’

label filled states, while andc’ label empty statesu( c,

etc. include a band inder and wave vectok). We have
defined

WUU’C’C::V_lj J drldrzl//:(rl)lib:,(rz) 5-

XW(rq,r2)ther (1) he(ry) (12 0

o [eV]

and
FIG. 2. Imaginary part of the dielectric function of Sipper
. r frame and GaAs (lower framg. Long dashes: independent-
BcU(k)==f drig (r)e™ ", (r), (13 quasiparticle spectrum. Full line: present work. For Si, dots: full
BSE calculation, from Ref. 3. For GaAs, dots: experiment, from

whereW(r,,r,) is the statically screened Coulomb interac- Ref- 26.

tion andV is the crystal volume. Equatidi2) can be evalu-

ated using the LDA wave functions, which well approximate The two methods coincide to first order\i, but are differ-

QP ones! P (q,w), F£27(q,w) and x(9(q,») are matri-  €nt when higher-order terms are considered. Which of them
ces indexed byG and G’, whose products and inversions IS @ better approximation can be decided only by comparing
can be easily evaluated numerically. their results with experiments; however, it may be noticed

soon that the former method may describe the formation of

The approximated expression f'bfc given in Eq.(9) bound exciton state&nd indeed it do&$), corresponding to

can be improved in a systematic way, by inserting hlgher"[he vanishing of the denominator in the second line of Eq.

order terms both 5P and P in Eq. (6).?* We will show  (g), while the latter method, Eq14), cannot. We show be-
below that the first term, Eq9), already yields spectra in oy that the former method yields a good description of op-
good agreement with experiments. It should be borne ifica| spectra of semiconductors, while Ha4) yields worse
mind that this approximation, although made in the spirit ofregyts, very close to those obtained within the
the Bethe-Salpeter equation approach, is not fully equivaleqhdependem_Qp approximation.
to it; Egation(6) is equivalent to the BSE approach, while Although similar equations fof,. can be found in the
Eq. (9) contains an additional expansion to first orde’¥h  |iterature? we stress that Eq9) is for a different quantity,
Equation(9) is the most important result of this paper. It ¢FQP '\ hich allows an efficient calculation of optical spectra
allows one to calculate the irreducible polarizability accord-;"semiconductors and insulators.
ing to the second line of Eq8). This must be contrasted We have first calculated the LDA-RRandom phase ap-
with t_he r_e_sult ot_)tained by_ simply expanding the i”ed“Cibleproximatior) absorption spectrum of Si and GaAs using sev-
polarizability to first order inW eral sets ok points including up to 2048 speciklpoints in
the whole Brillouin Zone and performing additional Monte
P(q,0)=x(q,0)+PY(q,w0). (14)  Carlo integrations on 15000 randdmpoints to account for
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the rapidly varying quantity ¢—E.,) ®. Self-energy cor- strong optical absorption. Finally, we compare our findings
rections were included in the spectrum, for the sake of simwith the exchange-only approach of Refs. 13 and 14. Our Eq.
plicity, in the form of a rigid upward shiftof 0.7 eV for Si  (11) is equivalent to Eqs(15) and (16) of Ref. 14, after
and of 0.8 eV for GaAsof the conduction bandghis is  substituting the bare with the screened Coulomb interaction.
known to be a very good approximation in Si and GaAsThe other terms in Ref. 14 come from the QP corrections and
(Ref. 24]. To be consistent we used the same sét pbints  zre already embodied in our independent—QP polarizability.
to calculate the quantit*)(q,w). Fifty bands were used Although both approaches yield good optical spectra, we
for the RPA spectrum, while eight bands were seen to batress that ours is completedy initio, while that of Refs. 13
sufficient to achieve a well convergdtf?)(q,w) in the op-  and 14 has to use au hoccutoff of the kernel in reciprocal
tical range. Local-field effects were included bringing thespace to account for correlation.

size of the dielectric matrix to 8989. For more details, see In conclusion, we propose a method for calculatedy

Ref. 25. initio the exchange correlation kernel of TDDFT, based on
It has already been show* that only the long-range its expansion to first order ik, the screened electron-hole

component off; 2", i.e., with G,G’=0 and q tending to  interaction. A similar method could be used to calculite

zero, which diverges as @, is important to determine op- of TDDFT, provided the true exchange-correlation potential
tical properties in the frequency range of band-to-band tranis known. The calculation of optical spectra including exci-
sitions. This is shown in Fig. 1 as calculated for Si accordingonic and local-field effects according to the present method
to Eq. (9), and compared to that extracted from the Betheqetains the computational simplicity of TDDFT. Calculations
Salpeter approach in Ref. 10. In spite of the different aP-carried out for Si and GaAs yield very good agreement with

proximations made in the two approaches, the agreement is,erimental spectra. The kernel itself, as calculated for Si,
very good up to 4.5 eV. The spectrum, calculated as in Refoqmnares very well with that extracted from the solution of
10 by taking into account only the long-range component o

he BSE, although th h I iff -
the kernel, is compared in Fig. @Qpper frame with that ft e BSE, although the two approaches rely on different ap

obtained by solving the Bethe-Salpeter equation, and thérommatmns. The present method is well promising to yield

agreement is very good. The approximate character of th ood optical spectra of complex systems, like surf_aces or
present approach shows up only in a slight underestimatioﬁlrgﬁcglgjlzters’ where the Bethe-Salpeter approach is hardly
of the transfer of oscillator strength to low frequencies with PP ;

respect to the Bethe-Salpeter approach. Even better resul{}ls A;rtehnetl f":j?flf:rt:r?team :ggé\lé]vg;ks’egeo:iﬁ:rgisivr\;argogfoa;n
are obtained for the optical spectrum of GaAs, shown in Fig PP y PP J o P
the equality of the four-point polarizabilities calculated

2 (Iowe_r fram. Opt|cal spect_ra calcula_ted for .bOth rnatenal.swithin TDDFT and within the BSE approch, which yields the
according to a naive expansion of the irreducible polarizabil-

ity to first order inW, Eq.(14), are much worse, very close to same result as oufqgs. (8), (9) and(11)] for optical spec-

those obtained within the independent-quasiparticle approxit—ra' While the convergence of both approaches to a common

mation. result is surely encouraging, the deep reason for it is still not

It is worth comparing the present results with those Ofunderstood.
Ref. 11. Ourab initio calculations confirm that the long- This work has been supported by the EU through the
range component d‘f’;?" is indeed frequency dependent, in NANOPHASE Research Training NetworfContract No.
agreement with the findings of Ref. 10, and at variance wittHPRN-CT-2000-0016)7 We also acknowledge support from
the approach of Ref. 11. The static kernel of the latter wordNFM PAIS CELEX and from MIUR Cofin 2002. We thank
is recovered as a frequency-averaged value in the range &. Onida, L. Reining, and A. Rubio for helpful discussions.
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