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Energy levels of nitride quantum dots: Wurtzite versus zinc-blende structure
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Nitride based III-V quantum dots~QD’s! GaN, InN, and AlN have been investigated theoretically using the

hole effective mass Hamiltonian derived by thekW•pW method. The nitride based QD’s have significantly differ-
ent properties compared to II-VI based QD’s and also other III-V based QD’s such as GaAs and InP. III-V
based nitrides can have both zinc blende and wurtzite crystal structures whereas GaAs and other III-V and
II-VI QD’s exist only in the zinc blende structure. The study of nitride QD’s therefore offers an unique
opportunity of studying the role of the crystal field which is present in the wurtzite structure and is absent in
zinc blende structure. The energies and the eigenfunctions for spherical quantum dots have been calculated as
functions of the dot radiusR for both zinc blende and wurtzite structures for both the zero spin orbit coupling
~SOC! and finite SOC. For low lying states, in the zero SOC limit, the energies have a 1/R2 dependence at all
R for zinc blende structures but the presence of crystal field in wurtzite modifies the 1/R2 dependence at
intermediateR but not in small and largeR. The addition of SOC further modifies the behavior at largeR and
the energies vary more slowly than 1/R2 for both the zinc blende and wurtzite structures. For very high excited
states of large QD’s, the wurtzite pattern approaches that of the zinc blende.

DOI: 10.1103/PhysRevB.68.155331 PACS number~s!: 73.22.2f, 73.21.La, 72.80.Ey
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I. INTRODUCTION

Investigation of semiconductor quantum dots~QD’s! or
nanocrystals~NC’s! reveals the evolution of the electron
structure from the extended solid state to the molecular lim
an extremely important issue of basic and applied researc
condensed matter physics. The superior properties of
based laser,1 size dependent tunable light emitters, and d
tectors were recognized early. A single electron transis2

and several many body phenomena, such as the Ko
effect,3 and metal insulator transition4 have been observed i
nanometer-sized QD’s. There has been tremendous prog
in the fabrication of self-assembled QD’s using the epitax
method5,6 and highly monodispersive QD’s using chemic
methods7,8 with very high quantum efficiency of optical tran
sitions. The field of nitride based III-V QD’s is not as matu
as II-VI based QD’s, such as CdSe, CdS, ZnS, and Zn
Most of the reports on GaN QD are concerned with na
powders embedded in matrices. There are a few report
the fabrication of GaN-QD using metal organic chemical v
por deposition~MOCVD!.9,10 Nitride based nanostructure
have significantly different properties as compared to Ga
based quantum well and QD’s. GaAs and most other II
semiconductors have zinc blende crystal structure, but II
nitrides are available in both zinc blende and wurtzite crys
structures which leads to strong built in piezoelectric, fie
in heterostructures. This can induce large redshifts in G
AlN self-organized QD’s.11,12 Recently, nitride based QD’s
have become a field of active interest. It has been propo
that InGaN is a truly quantum material.1 The origin of its
high quantum efficiency of luminescence, despite the la
density of structural defects, lies with the phase separa
nearly pure self-formed InN QD’s rather than with the all
composition.13,14These structures could be practical buildi
blocks for solid state quantum computing devices.15 The ex-
istence of strong inbuilt electric field due to a giant piez
0163-1829/2003/68~15!/155331~10!/$20.00 68 1553
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electric effect can be utilized to generate entangled excit
exciton states,16 required for information processing i
quantum computers. In recent years many sophisticated
oretical approaches have been applied on QD’s.17–39 These
are multibandkW•pW theory,19–26 empirical pseudopotentia
theory,30,31and tight binding methods.32–36Different theoret-
ical approaches are the manifestation of QD’s being interm
diate between molecular and bulk systems. Of these,
kW•pW method using six or eight bands has several advanta
~i! the method is known to give a good description of t
hole states and the crystal field splitting of bands at zo
center which are important for determining the optical pro
erties accurately,~ii ! the kW•pW method is much less computa
tionally demanding compared to other methods,~iii ! it is
ideally suited for device modeling in particular for the opt
electronic devices, and~iv! theoretically the method is mor
transparent compared to other numerically demanding m
ods. Therefore, to understand the electronic properties o
tride based QD’s and future QD based devices, thekW•pW
method is ideally suited. The electronic structure of II-V
~CdS, CdSe, ZnS, and ZnSe! and III-V ~InAs, InP, and
GaAs! QD’s have been widely studied,21–26 but the elec-
tronic structure of nitride~InN, GaN, and AlN! based QD’s
have not yet been studied theoretically in detail except
the work by Andreev and Reilly12 who applied thekW•pW
theory to the GaN/AlN hetrostructures with truncated he
agonal pyramids. In this paper we present a realistic mu
band calculation of the electronic structures in isolated a
unstrained InN, GaN, and AlN QD’s for both the wurtzi
and zinc blende structure. ThekW•pW method successfully de
scribes the confined electron and hole states in QD’s for b
zinc blende and the wurtzite structures. The crystal fi
splitting is negative for AlN and positive for InN and GaN
Due to the crystal field, in the case of zero SOC, the thr
fold degeneracy of hole states at the valence band top of
©2003 The American Physical Society31-1
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blende structures is broken for wurtzite semiconducto
Since the optical transitions take place from the band edg
is important as well as interesting to systematically work
the evolution of the hole states for QD’s due to crystal fie
splitting. In Sec. II the theoretical framework used in t
calculation is given. The results obtained and their discuss
will be found in Sec. III. Section IV gives the conclusions
ffi-

e

he

as
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II. ELECTRONIC STATES IN SPHERICAL QUANTUM
DOTS

A. Wurtzite structure

The Hamiltonian in effective-mass theory, for hole sta
for wurtzite structures in the zero SOC limit is given by23
H05
1

2m0
S Lpx

21Mpy
21Npz

2 Rpxpy Qpxpz1Lp0px

Rpxpy Lpy
21Mpx

21Npz
2 Qpypz1Lp0py

Qpypz1Lp0py Qpypz1Lp0py S~py
21px

2!1Npz
212m0Dc

D ~1!
n-

ak-

and the spin eigenstates
whereL,M ,N,Q,R,S,T are effective mass parameters,Dc is
the crystal field splitting energy, andm0 the free electron
mass.p05A2m0Dc has been introduced to make the coe
cient L dimensionless. In HamiltonianH0 the basis func-
tions used areX-like, Y-like (G6), andZ-like (G1) functions.
If instead, eigenfunctions of valence band angular mom
tum (I 51):u1,1&52(1/A2)uX1iY&,u1,0&5uZ&,u1,21&
5(1/A2)uX2iY& are used as basis states, t
Hamiltonian21–28 gets transformed to

H05
1

2m0
S P1 S 2T

S* P3 2S

2T* 2S* P1

D , ~2!
n-

where P15g1p22A2/3g2P0
(2) , P35g18p21A2/3g28P0

(2)

12m0Dc , T5hP22
(2)1dP2

(2) , T* 5hP2
(2)1dP22

(2) , S
5Lp0P21

(1)1A2g38P21
(2) , S* 52Lp0P1

(2)2A2g38P1
(2) ,

whereP(2) andP(1) are second and first rank spherical te
sors formed out of the componentspx ,py ,pz . The new ef-
fective mass parametersg1 ,g2 ,g18 ,g28 , etc., are related to
L,M ,N, etc., by the relationsg15 1

3 (L1M1N), g25 1
3 (L

1M1N), g35 1
6 R, g185 1

3 (T12S), g285 1
6 (T2S), g38

5 1
6 Q, h5 1

6 (L2M1R), d5 1
6 (L2M2R). To take into ac-

count the spin-orbit interaction, the basis is enlarged by t
ing a direct product of the earlier basisu1,1&,u1,0&,u1,21&
uu1&5u1,1&U12 ,
1

2L , uu2&5u1,0&U12 ,
1

2L , uu3&5u1,21&U12 ,
1

2L ,

uu4&5u1,1&U12 ,2
1

2L , uu5&5u1,0&U12 ,2
1

2L , uu6&5u1,21&U12 ,2
1

2L . ~3!
The hole Hamiltonian, which is expressed in the above b
is given by

H5S H0 O

O H0
D 1HS0 , ~4!

whereO is a 333 null matrix andHS0 is the Hamiltonian
due to the spin-orbit interaction which is given by
is

HS05S 2l 0 0 0 0 0

0 0 0 2A2l 0 0

0 0 l 0 2A2l 0

0 2A2l 0 l 0 0

0 0 2A2l 0 0 0

0 0 0 0 0 2l

D ,

~5!
1-2



e

f t
b
s

y

f
e
m

e-
o

s
n

so
nd

e

i-
te

o

le

,

s

ole

ed

bit
e-

f

-

rdan

ing
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where l characterizes the strength of the interaction. B
cause of hexagonal symmetry, only thez component of the
total angular momentum~orbital, band, and spin! is a con-
stant of motion. Also, the terms linear inp will couple even
and odd angular momentum states. Since the boundary o
dot is spherical, the wave functions for the zero SOC can
expanded in terms of spherical Bessel functions as follow

cm5(
n,l

Cn,l j l~kl
nr !S an,lYm21

l ~u,f!

bn,lYm
l ~u,f!

dn,lYm11
l ~u,f!

D . ~6!

In Eq. ~6!, j l(x) is the spherical Bessel function,kn
l

5an
l /R, where an

l is the nth zero of j l(x), R is the dot
radius, andCn,l is an overall normalization constant given b
Cn,l5(A2/R3/2)@1/j l(an

l )#. For finite SOC, the Hamiltonian
is given by Eq.~4! and the wave function is expanded as

cm11/25(
l ,n

Cn,l j l~kn
l r !S an,lYl

m21~u,f!

bn,lYl
m~u,f!

dn,lYl
m11~u,f!

an,l8 Yl
m~u,f!

bn,l8 Yl
m11~u,f!

dn,l8 Yl
m12~u,f!

D . ~7!

It should be noted that them values in the last three terms o
the column matrix, given in Eq.~7!, are one more than th
corresponding values in the first three, because the for
are associated with spin states withSz5

1
2 while the later are

associated withSz52 1
2 . The energy eigenvalues and wav

functions for the hole states are obtained from the solution
the Schro¨dinger equation

HCm11/25ECm11/2 ~8!

with H given by Eq.~4! andCm11/2 given by Eq.~7!.

B. Zinc blende structure

While the basic structure in wurtzite is hexagonal clo
packed~hcp!, the basic structure in zinc blende is face ce
tered cubic~fcc!. There are no crystal field effects and al
the terms linear in momentum are absent in the zinc ble
Hamiltonian. The transitions from the HamiltonianH0 in the
wurtzite case to the corresponding one in the zinc blend
easily obtained by puttingDcr50,L50,R5Q5N,S5M ,T
5L. Baldereschi and Lipari40 have shown that in the spher
cal symmetry approximation, the Hamiltonian for hole sta
for zinc blende structure can be put in the form

H5
g1

2m0
Fp22

m

3
P(2)I (2)G , ~9!

whereP(2) is the second rank tensor formed out of the m
mentum components mentioned earlier,I (2) is a second rank
tensor representing the angular momentum 1 andg1 andm
are given by g15(L12M )/3,m5@2(L22M )13N#/5(L
12M ). Solution of the boundary value problem for the ho
15533
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states with the Hamiltonian, given in Eq.~9!, can now pro-
ceed as follows. SinceP(2) andI (2) are second rank tensors
a wave function of the form

C5(
n

Cn,lanj l~kn
l r !u~ l ,I !F,M &

1(
n

Cn,l 12bnj l 12~kn
l 12r !u~ l 12,I !F,M & ~10!

is assumed. As before,kn
l R5an

l is thenth zero of j l(x). In
u( l ,I )F,M & the orbital angular momentuml is coupled to
angular momentumI (51) to obtainF,M being the corre-
spondingz component. Substitution ofC in the Schro¨dinger
equation withH given by Eq.~9! leads to secular equation
involving the coefficientsan and bn , the solution of which
yield both the eigenvalues and eigenfunctions of the h
states.

To incorporate the spin-orbit interaction, one can proce
as in the wurtzite case by enlarging the basis to Eq.~3! and
adding the spin-orbit interaction given in Eq.~5!. However,
H0 contained in Eq.~4! is now the 333 matrix representa-
tion of the Hamiltonian given by Eq.~9! in the basis
u1,1&,u1,0&,u1,21&.

But a more convenient way to incorporate the spin-or
interaction for zinc blende structure under spherical symm
try approximation is to introduce the operator

HS0522l IW•SW , ~11!

where the parameterl is the same as in Eq.~5! and is related
to the splittingD of the valence band atG due to the spin-
orbit interaction byl5D/3. The matrix representation o
HS0 in the basis of Eq.~3! is identical with the matrix given
in Eq. ~5!. The coupling of spinS with the angular momen-
tum F obtained by couplingl and I gives rise to states char
acterized byF85F6 1

2 .

uF8,M 8&5F F
1

2
F8

M 82
1

2

1

2
M 8
G U12 ,

1

2L uCM821/2
F &

1F F
1

2
F8

M 81
1

2
2

1

2
M 8
G U12 ,2

1

2L uCM811/2
F &,

~12!

where the square brackets represent the Clebsch-Go
~CG! coefficients.41 The matrix elements ofHS0 in this basis
can be easily worked out by changing the order of coupl
through the use of the transformation
1-3
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u~ l ,I !F,S;F8,M 8&

5(
I 8

U~ l ,I ,F8,S;F,I 8!u l ,~ I ,S!,I 8;F8,M 8&,

~13!

whereU( l ,I ,F8,S;F,I 8) are the Racah coefficients.41 Each
of the wave functionsCM in Eq. ~12! can now be expande

TABLE I. The values of the parameters for AlN, GaN, and In
~Refs. 28,42!. k•p parameters are in the units of\2/2m0, exceptA7

where units are in eV Å.

AlN GaN InN

g1 1.92 2.67 3.72
m 0.7271 0.7191 0.7968
Dcr(eV) 20.0932 0.0223 0.0373
DS0(eV) 0.0111 0.0111 0.0111
mx(m0) 0.32 0.20 0.12
mz(m0) 0.28 0.20 0.12
L 4.171 7.113 10.34
M 0.826 0.627 0.69
N 0.535 0.688 0.741
R 3.758 6.486 9.650
S 0.476 0.581 0.651
T 4.711 7.979 10.841
Q 3.331 6.0543 9.2716
l 0.456 0.8675 1.0605
A7 0.096 0.179 0.283
Eg(eV)~hcp! 6.23 3.507 1.994
Eg(eV)~fcc! 4.9 3.299 1.94

FIG. 1. The energy levels of even parity states in units ofe0

5(g1/2m0)(\/R)2 in a GaN QD with zinc blende structure as
function of dot radiusR in ~a! zero SOC case~b! finite SOC case. In
case~a! ~zero SOC!, the states are labeled asD3 ,D2 ,S1, etc., where
the subscripts represent the total angular momentumF(5 l 1I ) and
the capital letters correspond to the lowestl @see Eq.~10!#. In case
~b! the subscripts denote the total angular momentumF8(5F
1S).
15533
in terms of spherical Bessel functions and envelope functi
u( l ,I )F,M & and u( l 12,I )F,M & with M5M 86 1

2 as before
@see Eq.~10!# and the corresponding Schro¨dinger equation
can be solved.

FIG. 2. The energy levels of odd parity states in units ofe0

5(g1/2m0)(\/R)2 in a GaN QD with zinc blende structure as
function of dot radiusR in ~a! zero SOC case~b! finite SOC.

FIG. 3. The energy levels~for M50) in units ofe0 for QD’s as
a function of dot radiusR for ~a! InN, ~b! GaN, ~c! AlN with
wurtzite structure in the case of zero SOC. The states are labele
Sz , Px , etc., where the capital letters correspond to the dominal
present and the subscripts indicate whether the states areX-, Y-like,
or Z-like. The detailed structure of the states are given in Table
and III.
1-4
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III. RESULTS AND DISCUSSION

We have calculated and compared the hole state en
eigenvalues and eigenfunctions in the absence, as well
the presence of SOC for two distinct crystal structures: z
blende and wurtzite for GaN, InN, and AlN. The differen
in the wurtzite and zinc blende Hamiltonians are seen cle
from a comparison of Eqs.~1!, ~2!, and~9!. Whereas the zinc
blende Hamiltonian in the spherical approximation@Eq. ~9!#
is characterized by two mass parametersg1 and m, in the
wurtzite case more parameters are required. This is bec
the basic structure changes from fcc in the former to hcp
the later in which a strong crystal field splitting is prese
The Z-like states belong to theG1 representation andX,
Y-like states belong to theG6 representation. The sign of th
crystal field splittingDcr is taken positive ifG6 (X,Y-like!
states lie aboveG1 (Z-like! states in the valence band as
the case of GaN and InN. The parameterg1 is related to the
average energy andm is related to the amount of splitting o
the two bands. The values of the parametersg1 , m, Dcr , and
DS0 ~spin-orbit splitting! for GaN, InN, and AlN are given in
Table I.28,42 Also listed in the table. are the effective ma
parametersL,M ,N,Q,R,S,T and the bulk band gaps of AlN
GaN, and InN.

A. Zero SOC case

We first compare the energy eigenvalues and eigenfu
tions for zinc blende and wurtzite structures in the absenc

FIG. 4. The energy levels~for M51) in units ofe0 for QD’s as
a function of dot radiusR for ~a! InN, ~b! GaN, ~c! AlN with
wurtzite structure in the case of zero SOC.
15533
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SOC. As is evident from Table I, the spin orbit effect is mu
smaller than crystal field effect in AlN, GaN, and InN. Lat
we shall consider the changes in the trends in eigenva
and eigenfunctions when the spin-orbit effect is added. T
hole energy spectra for GaN as a function of the dot rad
for the zinc blende structure are shown in Fig. 1~a! ~even
parity states!, and Fig. 2~a! ~odd parity states!. Similar trends
are observed for InN and AlN. The hole energy eigenvalu
for InN, GaN, and AlN for the wurtzite structure are given
Figs. 3, 4, and 5. The zinc blende Hamiltonian~12! is spheri-

cally symmetric and the total angular momentumFW 5 lW1 IW is
conserved. So the states in Figs. 1~a! and 2~a! are labeled as
S1 ,D2 ,D3, etc., where the capital letters correspond to
lowest component of orbital angular momentum presen

the state and the subscripts represent the value ofFW . In the
case of wurtzite only thez component of angular momentum
M is a good quantum number. Figures 3, 4, and 5 corresp
to M50, 1, and 2, respectively. All the energies are in un
of e05(g1/2m0)(\/R)2. It is observed from Figs. 1~a! and
2~a! that in the zinc blende zero SOC case the plots of en
gies~in units of e0) are horizontal straight lines indicating
strict 1/R2 dependence. This is expected because all the
ments in the Hamiltonian matrix for zinc blende have a 1/R2

dependence. This behavior is modified when the spin o
interaction is added and the curves show a slope for largR
as seen from Figs. 1~b! and 2~b!. The spin-orbit contribution

FIG. 5. The energy levels~for M52) in units ofe0 for QD’s as
a function of dot radiusR for ~a! InN, ~b! GaN, ~c! AlN with
wurtzite structure in the case of zero SOC.
1-5
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TABLE II. The probabilities of different components forM50 in the low lying states, starting from th
ground state, of wurtzite QD’s of AlN, GaN, and InN for radiiR516 Å andR576 Å in the zero SOC case
For example in state 2 in AlN (P,11)50.49 indicates that the probability of the component withl 51 and
I 51, I z511 is 0.49. The table illustrates how the structure of the states changes with QD radiu
material.

AlN GaN InN
R516 Å R576 Å R516 Å R576 Å R516 Å R576 Å

(S,10)50.82 (S,10)50.93 (P,11)50.49 (P,11)50.49 (P,11)50.49 (P,11)50.49
(P,21)50.49 (P,21)50.49 (P,21)50.49 (P,21)50.49

(P,11)50.49 (S,10)50.55 (D,11)50.49 (D,11)50.49 (D,11)50.49 (D,11)50.49
(P,21)50.49 (D,10)50.34 (D,21)50.49 (D,21)50.49 (D,21)50.49 (D,21)50.49
(D,11)50.49 (P,10)50.72 (S,10)50.58 (F,11)50.49 (S,10)50.42 (F,11)50.49
(D,21)50.49 (F,10)50.17 (S,10)50.22 (F,21)50.49 (S,10)50.34 (F,21)50.49
(S,10)50.68 (P,10)50.46 (F,11)50.49 (P,11)50.49 (F,11)50.49 (P,11)50.49
(D,10)50.20 (F,10)50.38 (F,21)50.49 (P,21)50.49 (F,21)50.49 (P,21)50.49
(P,10)50.51 (S,10)50.23 (P,11)50.49 (G,11)50.45 (P,11)50.49 (G,11)50.49
(F,10)50.14 (D,0)50.34 (P,21)50.49 (G,21)50.45 (P,21)50.49 (G,21)50.49
re
w
e

w

f

e
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is independent ofR and in units ofe0, gets multiplied byR2

causing an increase for largeR.
The graphs of the eigenvalues for the wurtzite structu

in the zero SOC case, given in Figs. 3, 4, 5 show the follo
ing trends.~i! The lowest curves are completely flat for larg
R, but as the radius is decreased the curves show a down
slope before becoming flat for very smallR again.~ii ! As one
goes up in energy, the transitions seem to be occurring
higher R. ~iii ! At larger radii, for InN and GaN~materials
with positive crystal field splitting! the lower eigenfunctions
are mixtures ofu1,1& and u1,21& states whereas in the cas
of AlN ~with 2ve Dcr) only the u1,0& component is present
The probabilities of the differentl components in the wave
function associated with each level are given in Tables II,
IV ~zero SOC!. ~iv! Because of the presence of terms line
in momentum in the Hamiltonian in the wurtzite case, t
eigenstates are, in general, mixtures of different parities
the lowest states are seen to be states of definite parity~v!
The lowest states in GaN, InN areP states and notS states
whereas the lowest state in AlN is anS state.~vi! The states
for small values of the dot radius on the other hand,
15533
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mixtures of all the three statesu1,1&, u1,0&, andu1,21&. ~vii !
The same is true for the higher excited states for large va
of R and~viii ! the ground state energy in AlN is much high
than in GaN and InN.

All the features described above can be understood
analyzing the Hamiltonians given in Eqs.~1! and~9!. TheR
dependence of the terms in Eq.~1! have the general form
A/R21L(B/R)1DcrC, where\k5\(an

l /R). Since the en-
ergy eigenvalues are in units ofe05(g1/2m0)(\/R)2, the
observed trends can be clearly understood by represen
Hamiltonian given in Eq.~1! in units ofe0. The Hamiltonian
in the basisuX&, uY&, uZ&, with the matrix elements in the
general form highlighting theR dependence is

H05S A1 A2 A31LBR

A2 A1 A31LBR

A31LBR A31LBR A181DcrCR2
D . ~14!

For GaN and InN,Dcr is 1ve andX-, Y-like states are lower
in energy compared toZ-like states (A1,A18). Hence for
e
.

TABLE III. The probabilities of different components forM51 in the low lying states, starting from th
ground state, of wurtzite QD’s of AlN, GaN, and InN for radiiR516 Å andR576 Å in the zero SOC case

AlN GaN InN
R516 Å R576 Å R516 Å R576 Å R516 Å R576 Å

(P,11)50.34 (P,10)50.92 (P,11)50.54 (S,11)50.65 (P,11)50.53 (S,11)50.54
(P,10)50.65 (P,10)50.45 (D,21)50.32 (P,10)50.46 (D,21)50.40
(S,11)50.83 (P,10)50.65 (S,11)50.67 (P,11)50.77 (S,11)50.57 (P,11)50.66

(F,10)50.23 (D,21)50.30 (D,21)50.38 (F,21)50.16
(D,11)50.53 (D,10)50.82 (D,11)50.49 (D,11)50.43 (D,11)50.52 (D,11)50.51
(D,21)50.26 (D,21)50.19 (S,11)50.32 (D,21)50.18 (S,11)50.27
(P,11)50.31 (F,10)50.31 (F,21)50.52 (F,11)50.36 (F,21)50.56 (F,11)50.40
(P,10)50.26 (H,10)50.21 (P,11)50.16 (F,21)50.45 (P,11)50.23 (F,21)50.36
(S,11)50.67 (D,10)50.32 (F,11)50.38 (S,11)50.59 (F,11)50.31 (S,11)50.49
(D,21)50.27 (I ,10)50.31 (F,10)50.18 (D,11)50.22 (F,10)50.20 (G,21)50.29
1-6
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TABLE IV. The probabilities of different components forM52 in the low lying states, starting from th
ground state, of wurtzite QD’s of AlN, GaN, and InN for radiiR516 Å andR576 Å in the zero SOC case

AlN GaN InN
R516 Å R576 Å R516 Å R576 Å R516 Å R576 Å

(D,10)50.77 (D,10)50.94 (D,10)50.64 (F,21)50.44 (D,10)50.65 (F,21)50.46
(D,11)50.21 (D,11)50.34 (P,11)50.51 (D,11)50.34 (P,11)50.50
(P,11)50.70 (D,10)50.75 (P,11)50.51 (D,11)50.50 (P,11)50.50 (D,11)50.39
(F,10)50.15 (I ,10)50.13 (F,21)50.44 (G,21)50.2 (F,21)50.47 (G,21)50.34
(F,11)50.34 (F,10)50.82 (F,11)50.47 (F,11)50.53 (F,11)50.43 (F,11)50.51
(F,21)50.33 (F,10)50.30 (F,10)50.13 (F,10)50.36 (H,21)50.16
(D,10)50.31 (F,10)50.46 (G,21)50.50 (D,10)50.32 (G,21)50.53 (P,10)50.25
(D,11)50.22 (H,10)50.28 (D,11)50.22 (G,21)50.28 (D,11)50.22 (P,11)50.18
(G,11)50.23 (H,10)50.28 (I ,11)50.29 (H,21)50.44 (I ,11)50.23 (H,21)50.39
(G,21)50.38 (F,10)50.21 (I ,21)50.35 (H,11)50.23 (I ,21)50.28 (H,11)50.26
y
ix
s
x-

o

the
large R, the low lying states will be determined b
H11,H12,H21,H22 which are constant terms in the matr
given in Eq.~14!. This explains~i! the flatness of the curve
at largeR and ~ii ! the ground and low lying states are mi
tures ofu1,1& and u1,21& only in GaN and InN. In AlN, on
the other hand,Dcr is 2ve and Z-like states are lower in
energy thanX-, Y-like states (A1.A18). The low lying states
for largeR in AlN should thus have only theu1,0& component
as is obtained from the calculation~given in Tables II–IV!.

For QD’s having the wurtzite structure, the axial comp
nent of the total angular momentumM is conserved andM

FIG. 6. The energy levels in units ofe0 as a function of the dot
radius for~a! InN, ~b! GaN, ~c! AlN with wurtzite structure in case
of finite SOC forM5

1
2 .
15533
-

50 for the lowest eigenfunction. SinceM5 l z1I z and I z is
11 or 21 for the lowest state in GaN, InN~being linear
combinations ofu1,1& and u1,21&) an M50 state must also
havel z as21 or 11. The lowestl for which this can happen
is l 51. For AlN on the other handI z50 for the lowest state
and M50 will be obtained froml z50 and this can come
from an S state. These observations are consistent with
result that the ground state in AlN is anS state while the
ground states in GaN and InN areP states. Theu1,1& and
u1,21& states being linear combinations ofX-, Y-like states

FIG. 7. The energy levels in units ofe0 as a function of the dot
radius for~a! InN, ~b! GaN, ~c! AlN with wurtzite structure in the
case of finite SOC forM5

3
2 .
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TABLE V. The probabilities of different components forM5
1
2 in the low lying states, starting from the

ground state, of wurtzite QD’s of AlN, GaN, and InN for radiiR516 Å andR576 Å in the presence of
SOC. Now the probabilities also include the spin components indicated by an arrow.

AlN GaN InN
R516 Å R576 Å R516 Å R576 Å R516 Å R576 Å

(P,11,↓)50.24 (S,10,↑)50.86 (P,11,↑)50.50 (P,11,↑)50.54 (P,11,↑)50.50 (P,11,↑)50.53
(P,10,↓)50.51 (P,21,↑)50.49 (P,21,↑)50.42 (P,21,↑)50.49 (P,21,↑)50.44
(S,10,↑)50.63 (P,10,↓)50.85 (P,11,↓)50.52 (S,11,↓)50.46 (P,11,↓)50.51 (S,11,↓)50.43
(P,10,↓)50.15 (P,10,↓)50.44 (D,21,↓)50.3 (P,10,↓)50.46 (D,21,↓)50.45
(P,11,↑)50.51 (S,10,↑)50.50 (S,11,↓)50.63 (D,11,↑)50.55 (S,11,↓)50.56 (D,11,↑)50.54
(P,21,↑)50.49 (D,10,↑)50.30 (D,21,↓)50.30 (D,21,↑)50.40 (D,21,↓)50.38 (D,21,↑)50.42
(S,11,↓)50.79 (P,10,↓)50.59 (D,11,↑)50.52 (P,11,↓)50.52 (D,11,↑)50.51 (P,11,↓)50.49

(D,21,↑)50.48 (F,21,↓)50.12 (D,21,↑)50.48 (F,21,↓)50.25
(D,11,↑)50.53 (P,10,↑)50.63 (S,10,↑)50.8 (S,11,↓)50.37 (S,10,↑)50.8 (F,11,↑)50.53
(D,21,↑)50.32 (D,11,↓)50.20 (F,21,↑)50.42
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are spatially more spread out than theZ-like states which are
confined to a narrow region surrounding thez axis. This
confinement may also explain the higher ground state en
in the case of AlN.

In case of the zinc blende HamiltonianL50, Dcr50,
A15A18 , andA25A3. Thus all the terms in the Hamiltonia
matrix given in Eq.~14! are constant and we get straig
curves in units ofe0, as shown in Figs. 1~a! and 2~a!. Also,
we observe that the three directionsx,y,z are equivalent and
hence the ground and low lying states are mixtures of all
three statesu1,1&, u1,0&, andu1,21&. Very high excited states
have large momentum-dependent contributions. In the c
of wurtzite, for very high excited states the effects ofDcr
term becomes negligible compared to momentum depen
contributions and hence the spectrum approaches the
blende spectrum as is indicated by the presence of all
three componentsu1,1&, u1,0&, andu1,21& in the eigenstates
for the flat portions of the graphs obtained for wurtzite stru
tures. For very smallR, the effects of theDcr term also be-
come negligible. The spectrum will again approach that
zinc blende. In the intermediateR region the 1/R2 behavior
15533
gy

e

se

nt
inc
e

-

f

represented by straight line ine0 units, is not observed be
cause effects due to the momentum dependent terms
crystal field term are comparable. Clearly for higher excit
states this transition will occur at higherR.

B. Results with SOC

The III-V nitrides have low spin orbit interaction. In th
wurtzite structures of these nitrides the spin orbit splitting
smaller than the crystal field splitting~see Table I!. The spin
orbit interaction part will add terms in the Hamiltonian give
in Eq. ~1! which are independent ofR. Expressed in units of
e0, these terms will increase asR2. The hole energy spectr
for GaN as a function of the dot radius for the zinc blen
structure in the presence of SOC are shown in Fig. 1~b! ~even
parity states! and Fig. 2~b! ~odd parity states!. Contrary to
the results in the zero SOC case the energies in units oe0
are no longer constants as a function ofR indicating devia-
tion from 1/R2 behavior.

The hole energy spectra for InN, GaN, and AlN forM
5 1

2 and M5 3
2 as a function of the radius of the QD’s ar
TABLE VI. The probabilities of different components forM5
3
2 in the low lying states, starting from the

ground state, of wurtzite QD’s of AlN, GaN, and InN for radiiR516 Å andR576 Å in the presence of
SOC.

AlN GaN InN
R516 Å R576 Å R516 Å R576 Å R516 Å R576 Å

(P,11,↑)50.32 (P,10,↑)50.86 (P,11,↑)50.52 (S,11,↑)50.78 (P,11,↑)50.52 (S,11,↑)50.70
(P,10,↑)50.64 (P,10,↑)50.43 (D,21,↑)50.12 (P,10,↑)50.46 (D,21,↑)50.22
(S,11,↑)50.78 (D,10,↓)50.88 (S,11,↑)50.66 (P,11,↑)50.71 (S,11,↑)50.59 (P,11,↑)50.70

(D,21,↑)50.28 (D,21,↑)50.36
(D,10,↓)50.76 (P,10,↑)50.60 (D,11,↑)50.49 (D,11,↑)50.52 (D,11,↑)50.53 (D,11,↑)50.57
(D,11,↓)50.19 (F,10,↑)50.21 (D,21,↑)50.20 (D,21,↑)50.29 (D,10,↑)50.17 (D,21,↑)50.20
(D,11,↑)50.37 (D,10,↑)50.69 (D,11,↓)50.33 (F,11,↓)50.44 (D,11,↓)50.33 (F,21,↓)50.48
(D,21,↑)50.20 (D,10,↓)50.64 (F,21,↓)50.44 (D,10,↓)50.65 (P,1,↓)50.43
(P,11,↑)50.238 (D,10,↓)50.65 (F,21,↓)50.44 (S,11,↑)50.44 (F,21,↓)50.46 (F,11,↑)50.39
(D,11,↑)50.16 (P,11,↓)50.51 (D,11,↑)50.15 (P,11,↓)50.48 (F,21,↑)50.39
1-8
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shown in Figs. 6~a!, 6~b!, and 6~c! and Figs. 7~a!, 7~b!, and
7~c!, respectively. The probabilities of the differentl compo-
nents in the wave function associated with each level
given in Tables II, III, IV ~zero SOC! and Tables V, VI~with
SOC!. For values ofR in the range 25–50 Å, energy eigen
values trend is a bit complicated and level crossings seem
occur. For GaN, for example, the second excited state in
M5 1

2 case, changes from aP state for smallR 15 Å to a
mixture ofSandD states forR 80 Å. For AlN the crossing of
levels take place at a much lower value ofR than in GaN and
InN.

As in the zero SOC case, in GaN and InN, the lower sta
in the spectra for largeR are mixtures ofu1,1& and u1,21&
states but for lowerR u1,0& state also appears~given in
Tables V and VI!. But unlike the zero SOC case, the curv
are not horizontal lines for largeR, as seen in Figs. 6, 7. Fo
GaN and InN the curves have an upward slope but for A
the curve is somewhat flatter. This can be understood f
the fact that in GaN and InN the crystal field and the sp
orbit effects add up. Since these terms in the Hamiltonian
independent ofR, in units of e0 their effect increase asR2

giving rise to an upward slope for largeR. In AlN, Dcr is
negative and the crystal field and spin orbit effect partia
cancel each other giving rise to a somewhat flatter spect
for large R. In all the three material the lowest state corr
spond toM5 1

2 . The band gap as a function of radius of t
QD is plotted for both the zinc blende and wurtzite structu
in Fig. 8.

IV. CONCLUSIONS

The electronic structure of QD’s of the III-V nitrides InN
GaN, and AlN have been studied for both the zinc blen
and wurtzite structures. The following has been found.

~1! The energies for the zinc blende structure as a func
of dot radiusR has a strict 1/R2 dependence for zero SOC. I
the presence of SOC the energies fall off more slowly and
not follow strict 1/R2 dependence at largeR.

~2! For the wurtzite structure the energies vary as 1/R2 for
very large and very smallR in the zero SOC case. In th
intermediate region the effects due to the crystal field te
v.
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and the linear terms in the Hamiltonian become import
and theR dependence is more complex.

~3! Similar to the zinc blende case in wurtzite with SO
the energies fall off more slowly than 1/R2 for large values
of R. The deviation from the 1/R2 bahavior for largeR is
much less in AlN than in GaN and InN. This is because
the case of AlN,Dcr is negative and partially cancels th
spin-orbit effect.

~4! The lowest states in GaN and InN materials areP
states and notSstates whereas for AlN the lowest state is
S state.

~5! The eigenstates and the eigenvalues with wurtz
structure approach those for the zinc blende structure
very high excited states of large quantum dots and also
quantum dots with very small radius, though the effect
mass theory breaks down at very small radius.

FIG. 8. Band gap in units of eV as a function of the dot rad
R for ~a! InN, ~b! GaN,~c! AlN with zinc blende as well as wurtzite
structure with finite SOC.
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