
PHYSICAL REVIEW B 68, 155120 ~2003!
Photoelastic and elastic properties of the fluorite structure materials, LiF, and Si
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~Received 25 June 2003; published 28 October 2003!

We present computational results of the photoelastic and elastic properties of CaF2 , SrF2 , BaF2 ,
CaxSr12xF2 , x50.25,0.50,0.75, LiF, and Si. We also present measurements of the photoelastic properties in the
visible through the ultraviolet of CaF2 , SrF2 , and BaF2 . At least semiquantitative agreement is obtained with
most experimental results for all properties, including the low-frequency behavior and dispersion of the pho-
toelastic tensor components.
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I. INTRODUCTION

The feature sizes in integrated circuits have been redu
by orders of magnitude over the past decades, from 25mm in
1965 ~Ref. 1! to an estimated 0.1mm in 2003~Ref. 2!. As
part of this transition, the wavelengths of light used to e
pose the circuits have been reduced from the visible into
ultraviolet ~<400 nm! and vacuum ultraviolet~VUV, <200
nm!. Planned transitions from the use of light at 248–193
and, later, 157 nm require that fused silica, used for phot
thography, be abandoned in favor of materials with hig
band gaps, of which calcium fluoride is the principal can
date.

The optics of photolithography steppers must be precis
characterized. Small deviations in the index of refract
may lead to a degradation in the quality of the focus, wh
in turn may prevent the features from being defined as p
cisely as required. In previous works, we investigated one
the sources of such deviation, intrinsic birefringence, due
the finite wavelength of light, discussing the magnitude
the effect,3 its symmetry, and implications for VUV optics.4

Another key issue for photolithography is birefringen
induced by stress or strain~i.e., photoelasticity! in, specifi-
cally, CaF2 .5 In this paper, we present measurements of
photoelastic constants of CaF2 and the alternate VUV mate
rials SrF2 and BaF2 from the visible into the VUV. Addition-
ally, we present calculations of the elastic and photoela
constants of CaF2 , SrF2 , BaF2 , and LiF. Because CaF2 and
SrF2 have alternate signs for their intrinsic birefringence
157 nm~Ref. 3! and solid solutions CaxSr12xF2 are known to
exist,6,7 we proposed the use of the mixed crystal withx
'0.33, because the intrinsic birefringence would be nea
zero.8 We present a theoretical determination of the ela
and photoelastic properties of these mixed crystals.

Calculations for silicon are also presented to make con
with the existing literature on elastic and photoelastic pr
erties. In particular, a comparison of the internal strain
rameter z to experiment and to an earlier generation
density-functional-based calculations is possible for silic
but not for any of the fluoride materials we considered. T
predicted value of the photoelastic constants is sensitiv
the internal strain parameter.
0163-1829/2003/68~15!/155120~12!/$20.00 68 1551
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II. TENSORS: MATHEMATICAL
AND COMPUTATIONAL ASPECTS

Several photoelastic tensors have been defined in the
erature. Here we consider the change in the dielectric c
stantde i j with respect to a strainhk, :

de i j 5(
k,

Ki jk ,hk, . ~1!

Here i, j, k, and, are Cartesian indices, and the photoelas
tensorKi jk , is implicitly defined. The relationship

s i j 5(
k,

Ci jk ,hk, ~2!

relates stresss i j to strain, where theCi jk , are the elastic
moduli. Experimentally, the stress is typically the indepe
dent variable, but stress may converted to strain using
elastic moduli. In this paper, such conversions are perform
using experimental values for the elastic moduli.9–13 Both
de i j ands i j are symmetric in the permutation of the indice
Given thatK andC must respect the same cubic point grou
they are simultaneously diagonalizable.14 For the cubic crys-
tals with fourfold axes, including all those considered in th
work, these eigenvalues areK1112K12, K112K12, andK44,
with similar expressions forC. @We adopt the convention tha
pairs of indices are compressed according the Voight r
(11,22,33,23,31,12)→(1,2,3,4,5,6), but all symbols with
compressed subscripts are equal to their uncompressed c
terparts, e.g.,K44[K2323.] The eigenvectors of strain ar
hydrostatic compression, compression along an~001! direc-
tion, and compression along a~111! direction. In the case of
the diamond and fluorite structures, only the~111! compres-
sion permits a single internal strain parameter.

We performed the calculation of the three components
K using finite differences. The optical-constant equatio
~described in the next section! were evaluated for severa
electric field polarizationsÊ and several strainshk, . The
calculation was performed with the wave vector of lightqW
50. The program produced the quantityS i j EiEje i j . The
calculation was performed forÊ}@110#, @101#, @011#,

@11̄0#, @101̄#, and @01̄1#. ~It was not necessary to repe
most of the calculation whenÊ was varied.! These six val-
20-1



on
ic
-

th
e

in

ac

e

F

s
ffe
e
re
ta
d
nt
d
A

-
s
t

th
co
r

e

ra
us

tia
o

s.
a
-
or
e
tic
o
f

s
re.
liza-

ne-
e-
sed
r
and
per-
an
an

la-
on

ted
-

s an
on
ce
uc-

d
rts
ote

tal
ave
o

the
-
w

LEVINE, BURNETT, AND SHIRLEY PHYSICAL REVIEW B68, 155120 ~2003!
ues of the polarization produced the six linear combinati
1
4 e i i 6

1
2 e i j 1

1
4 e j j of the components of the real symmetr

dielectric tensor foriÞ j . From these six values, the six com
ponents of the symmetric tensore i j were found. Although
cubic symmetry could have been exploited to reduce
amount of calculation somewhat, the method chosen h
averages over small, artificial symmetry breaking remain
in the code and is general.

The calculation was performed for several strains, e
yielding the dielectric functione i j (v;hk,). The strain was
obtained using the relation15

ai j8 5(
k

~d ik1h ik!ak j , ~3!

where for eachj 51,2,3,ak j are the three components of th
direct lattice vector of the unstrained lattice, withai j8 the
corresponding quantities for the strained lattice;d ik is the
Kronecker delta. For each strain type,de i j was obtained us-
ing finite differences from six magnitudes for LiF and Ca2
~60.01%, 60.02%, and 60.03%! and four magnitudes
~60.01% and60.02%! for the other materials. These strain
are taken about the experimental lattice constant. The di
ences between four-point and six-point derivatives were n
ligible for strains of order 0.1%. The elastic moduli we
determined by obtaining the quadratic term from a fit of to
energies using typically 14 uniformly spaced strains per
rection over626%, about the experimental lattice consta
~In some cases, some of the larger distortions resulte
metallization of the crystal and such values were omitted.
an extreme case, 16 values over the range from218% to
112% were used for silicon.! Larger distortions were nec
essary for the elastic moduli than for the photoelastic ten
because the total energy has a quadratic minimum at
theoretical lattice constant. To obtain the elastic moduli,
second derivative was evaluated at the theoretical lattice
stant, which differed by a couple of percent from the expe
mental value, as detailed in Table I.

In most cases, three strain types were chosen: nam
hydrostatic, uniaxial~001!, and uniaxial~111! strain. How-
ever, for the case of LiF, the absence of an internal st
parameter permitted the calculation to be simplified to j
two strain types—hydrostatic and uniaxial~110!—with two
components ofde obtained at once with the~110! strain.

III. THEORY AND COMPUTATION
OF THE LIGHT-MATTER INTERACTION

Calculations were carried out within the pseudopoten
and plane-wave framework. Pseudopotentials were c
structed using the Hamann-Schlu¨ter-Chiang approach16 using
cutoff functions of Vanderbilt17 for enhanced smoothnes
For structural calculations, pseudopotentials in the loc
density approximation~LDA ! were used. For optical calcu
lations, Hartree-Fock pseudopotentials enhanced by c
polarization potentials18 were used. Similarly, although w
determined the elastic moduli about the theoretical lat
constant, we used the experimental lattice constants for
tical properties, because these give better results
15512
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photoelastic14 and other optical constants.19 Throughout this
work, Ceperley-Alder correlation was used20 as parametrized
by Perdew and Zunger.21 Pseudopotential nonlocality wa
treated using multiple projectors as described elsewhe22

The same reference also describes the iterative diagona
tion techniques used.

For optical calculations, we used the approach of Be
dict and Shirley.23 This approach is based on the Beth
Salpeter equation, and much of its justification is discus
by Benedict and Shirley.23 It assumes that a single Slate
determinant can describe the ground-state wave function
that optically excited states can be described as linear su
positions of states formed by promoting an electron from
occupied band to an unoccupied band, producing
electron-hole pair. We may denote the ground state asu0& and
define its energy to be zero for purposes of optical calcu
tions. A generic electron promotion would excite an electr
in bandn at wave vectork to a different bandn8. The re-
sulting state, which is not a stationary state, may be deno
as unn8k&. The states$unn8k&% are assumed to form an or
thonormal basis for optically excited states.

The excited-state Hamiltonian may be written asH5He
1Hh1VD1VX . Here He and Hh account for the electron
and hole energy, and are diagonal in the$unn8k&% basis. One
has (He1Hh)unn8k&5(En8k2Enk)unn8k&, where Enk de-
notes a quasiparticle band energy that is approximated a
LDA Kohn-Sham eigenvalue with a scissor-type correcti
to the band gap24 and a 17% enhancement of the valen
bandwidth in fluorides. Such corrections to the band str
ture were explicitly calculated in Si,22 LiF, and CaF2 ,25 and
borrowed from CaF2 for other alkaline-earth fluorides an
alloys.VD andVX account for the direct and exchange pa
of the electron-hole interaction, respectively. We may den
the Bloch function at wave vectork in bandn by cnk(r ) and
so forth. We then have

TABLE I. Parameters used in the calculation. The experimen
lattice constants are given. The energy cut off for the plane-w
expansion set,Ecut , used in both for the LDA calculation and t
solve the Bethe-Salpeter equation, is given. The number ofk points
Nk in the full Brillouin zone for each~equivalent! dimension is
given. For the undistorted cubic crystals, 23232, 43434, 636
36, 83838, 10310310, and 12312312 in the full Brillouin
zone correspond to 2, 10, 28, 60, 110, and 182 special points in
irreducible Brillouin zone~Ref. 57!. In the case of the mixed crys
tals, the ‘‘experimental’’ lattice constant is obtained by Vegard’s la
~Ref. 58!.

Expt. lattice
constant~pm!

LDA lattice
constant~pm!

Ecut

~Ry! Nk

Si 542.9 536.2 20 4
LiF 402.0 394.0 100 4
CaF2 546.4 531.0 100 4
Ca0.75Sr0.25F2 556.2 542.3 100 4
Ca0.50Sr0.50F2 565.0 551.8 100 4
Ca0.25Sr0.75F2 572.7 559.9 100 4
SrF2 579.6 566.6 100 4
BaF2 619.6 592.9 100 4
0-2
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^n9n-k8uVDunn8k&52E d3reE d3rhW~re ,rh!

3cn-k8
* ~re!cn8k~re!cnk* ~rh!cn9k8~rh!

~4!

and

^n9n-k8uVXunn8k&52E d3rE d3r 8v̄~r ,r 8!

3cn-k8
* ~r 8!cn9k8~r 8!cnk* ~r !cn8k~r !.

~5!

Here v̄ is the bare Coulomb interaction excluding the ma
roscopic component~i.e., excluding the@000# reciprocal lat-
tice vector!, W is the statically screened Coulomb intera
tion, and the factor of 2 is for the spin degeneracy.W was
computed using the Levine-Louie26 model with local-field
effects included according to Hybertsen and Louie.27 The
experimental value for the static dielectric function was us

An element of the dielectric tensor,e i j (v) for frequency
v, was deduced from the appropriate expression
Im eij(v.0):

Im e i j ~v.0!52
4p

v2 Im^0uJi

1

v2H1 ih
Jj u0&, ~6!

whereJ is the current operator andih is a positive imaginary
infinitesimal. As written, the expression is appropriate. Ho
ever, we evaluated a current matrix element using o
electron matrix elements with LDA wave functions. Th
amounts to the formal replacement

v21^nn8kuJj u0&→~En8k
LDA

2Enk
LDA !21^cn8kuJj ucnk&. ~7!

This cancels thev22 factor in the expression for Imeij(v
.0). Such a substitution appears to be standard in cur
Bethe-Salpeter work, and it does not appear to constitu
significant approximation.

Following evaluation of Imeij(v.0) by the Haydock re-
cursion method, as detailed by Benedict and Shirley,23 one
may extend the result tov,0 using time-reversal symmetr
and obtain Reeij(v) by Kramers-Kronig analysis. In practice
these steps are all done at once in the Haydock recur
method.

IV. EXPERIMENTAL METHOD

The photoelastic constantsK112K12 andK44 were deter-
mined for CaF2 , SrF2 , and BaF2 for wavelengths from the
visible down to 156 nm in the vacuum ultraviolet, from p
ezobirefringence measurements. Procedures used were
lar to those described by Feldman28 modified to operate in
the vacuum ultraviolet. To determine the constantK11
2K12, for each material a rectangular prism was prepa
with dimensions 30 mm312 mm312 mm, with polished
faces normal to the crystallographic directions@001#, @110#,

@ 1̄10#, respectively. Uniaxial stress was applied along
long ~i.e., @001#! direction. To determine the constantK44,
15512
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for each material a rectangular prism was prepared with
mensions 30 mm312 mm312 mm, with polished faces nor
mal to the crystallographic directions@111#, @ 1̄10#, @112̄#,
respectively. Uniaxial stress was applied along the lo
~now, @111#! direction. Orientations were determined b
back-reflection Laue measurements to within 2°.

The uniaxial stressing apparatus used is discussed in
29. The sample ends were placed in brass cups, with ind
foil between the sample and the cups to ensure uniformity
the stress across the contact surfaces. The stress was ap
continuously by a clamp, driven by a lever arm adjusted b
fine-pitched screw. The stress values were determined b
piezotransducer calibrated by weights. The sample in
stressing apparatus was mounted between crossed M2
Rochon linear polarizers, with the stress axis 45° to the
larizer axes. Collimated monochromatic light from atom
spectral lines from various spectral line sources was s
through the polarizers and sample. As birefringence was
duced in the sample by the applied stress, a phase differ
was generated between the light components parallel
perpendicular to the stress direction, given by

d5
2pt

l
~ni2n'!, ~8!

wheret is the thickness of the material, andni andn' are the
indices of refraction of the material at that wavelength p
allel and perpendicular to the stress direction. This ph
shift resulted in elliptically polarized light partially transmi
ted through the second linear polarizer. The magnitude
sign of the phase shift were determined by the amoun
compensating phase shift needed by a MgF2 Soleil-Babinet
compensator, placed between the crossed polarizers, to
out the signal. The entire apparatus was operated in a n
gen gas purge tent to allow measurements for wavelength
the vacuum ultraviolet.

For each material, for each of the two crystal orientatio
and for each wavelength, measurements of the phase
were made for a series of stress values. LetQ@001#

(n) be the
linear coefficient relating differences of the index to uniax
stress applied along the@001# direction, i.e.,

@ni2n'#@001#5Q@001#
~n! s for stress along@001#. ~9!

Similarly, let Q@111#
(n) be defined as

@ni2n'#@111#5Q@111#
~n! s for stress along@111#.

~10!

Relating stress to strain by the measured elastic const
C112C12 and C44 given in Table II and using the relatio
e i2e''2n0(ni2n') with the unstressed indicesn0 from
the literature, the photoelastic constants were determined

@e i2e'#@001#5~K112K12!h3 for strain along @001#
~11!

and

@e i2e'#@111#5K44h4 for strain along @111#, ~12!
0-3
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TABLE II. Elastic moduli for silicon, LiF, and fluorite-structure compounds in GPa. The bulk modulu
B5

1
3 (C1112C12). The linear combinations shown correspond to hydrostatic strain and uniaxial strain

the @001# and @111# directions, respectively.

C1112C12 C112C12 C44

Si LDA Ref. 30 281 98 85
LDA Ref. 31 291 99 78.5
LDA Present 294.81 100.94 81.18
Expt. Ref. 9 297.4 102.5 80.07 73 K

LiF LDA Ref. 33 212
LDA Present 220 70 58.3
Expt. Ref. 10 209.4 82.2 64.9 4.2 K

CaF2 LDA Ref. 34 310.5 129.1 49.2
LDA Present 305 122 34.0
Expt. Ref. 11 264.54 124.02 36.08 77.35 K
Expt. Ref. 11 254.09 120.56 33.83 295.5 K

Ca0.75Sr0.25F2 LDA Present 297 110 35.0
Ca0.50Sr0.50F2 LDA Present 276 98 33.0
Ca0.25Sr0.75F2 LDA Present 257 88 32.4
SrF2 LDA Ref. 34 248.1 86.1 30.3

LDA Present 243 81 31.6
Expt. Ref. 13 223.8 81.3 33.08 Extrapolated to 0 K
Expt. Ref. 13 209.6 80.4 31.28 300 K

BaF2 LDA Ref. 34 223.2 52.2 20.14
LDA Present 219 56 27.4
Expt. Ref. 12 187.72 53.29 25.44 Extrapolated to 0 K
Expt. Ref. 12 169.2 49.13 25.35 300 K
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whereh3 andh4 are the uniaxial strains along the respect
directions.

The results of the experiment are given in Table III a
several of the figures.

V. STRUCTURAL PROPERTIES

Our main interest in this paper is the photoelastic prop
ties of the fluorides. For@111# strains, it is necessary to con
sider the internal strain parameterz, which characterizes the
single internal degree of freedom of the atoms whose bo
are directed along@111# compared to the~still equivalent!

@ 1̄11#, @11̄1#, and @111̄# directions. We are not aware o
any measurements ofz for the fluorides. As such data d
exist for silicon, silicon is included in the study. In the ca
of silicon, the photoelastic properties of silicon are known
be strongly dependent onz ~Ref. 14!.

A. Elastic moduli

The elastic constants of silicon have been predicted w
by density-functional theory for some time.30,31 As seen in
Table II, our calculation is in good agreement with the p
vious calculations and experiment for all three independ
tensor components.

The elastic moduli for fluorite-structure materials CaF2 ,
SrF2 , CaxSr12xF2, and BaF2 , as well as LiF, are also show
in Table II. The agreement with experiment is at the 10
level, compared to 1% for silicon. The series from Ca to
15512
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to Ba obeys a trend of softening, as one would guess fr
the increasing atomic radius of the cation. The alloys, stud
here in the virtual-crystal approximation, largely obey th
trend, but there is a small exception forC44 for
Ca0.75Sr0.25F2 . The agreement with experiment tends to im
prove when the comparison is made with 0 K data.~A review
of static and dynamic properties of fluorite-structu
materials32 was helpful in preparing Table II.!

Table II also presents other local-density-functional cal
lations of the elastic moduli of the fluorides.33,34 The elastic
moduli calculations of Me´rawa et al.34 also include the
Hartree-Fock, generalized gradient approximation, and a
brid functional due to Becke.35 Mérawaet al. concluded that
the more advanced methods were better than the LDA.
calculations support this interpretation for the bulk modul
however, for the other elastic moduli~i.e., C112C12 and
C44) we find the LDA to be highly satisfactory. In particula
our values forC44 for CaF2 and BaF2 differ significantly
from the calculation of Me´rawa et al., which overestimated
the experimental trend in this isoelectronic series. Perh
the principal difference between our methods is the use
the pseudopotential and plane-wave approximation in
calculation versus the use of an atomic orbital basis se
Mérawaet al.

B. Internal strain parameter z

When silicon, a diamond-structure material, is co
pressed in the@111# direction, the@111# bonds between the
0-4
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two silicon atoms become inequivalent to those in the@ 1̄11#,

@11̄1#, and@111̄# directions. The bond length along@111# is
determined not by symmetry, but by energy minimizatio
However, even under strain there is a threefold rotatio

symmetry. The@ 1̄11#, @11̄1#, and @111̄# bonds remain
equivalent to each other, and the direction of the@111# bond
is not free. This single degree of freedom is usually char
terized by the parameterz, introduced by Kleinman.36 When
z50, the silicon atoms are displaced proportionately to
macroscopic strain. Whenz51, the bond lengths of the fou
bonds about a given silicon atom remain equal to each ot
although not to the bond length in the undistorted crys
moreover, their bond angles change to follow the tetrago
distortion. The atomic coordinates vary linearly withz. The
conditionz51 would occur with central forces; physical a
gular forces require 0,z,1 ~Ref. 36!. Under hydrostatic
strain or@11̄0# strain there are no internal degrees of fre
dom.

TABLE III. Experimental results. The photoelastic constants
various fluorite-structure materials, measured at a series of ph
energies. The values ofQ@001#

(n) and Q@111#
(n) are measured for stres

applied in the@001# and @111# directions, respectively. The value
for K112K12 and K44 are derived from theQ(n), the indices of
refraction, and the room-temperature elastic moduli given in Ta
II using several equations presented in the text. The unstresse
dex of refraction is denoted byn0 . One standard total uncertainty
given in parentheses. The principal contribution to the uncerta
comes from the relative phase measurements, evaluated from
tistical analysis of repeated independent measurements.

Photon
energy
~eV! n0

Q@001#
(n)

~TPa21!
Q@111#

(n)

~TPa21! K112K12 K44

CaF2 2.269 1.435a 2.25~2! 21.10~2! 0.780~8! 20.107~2!

2.844 1.439a 2.31~2! 21.10~2! 0.801~8! 20.107~2!

3.396 1.445a 2.36~2! 21.11~2! 0.823~8! 20.109~2!

4.886 1.466a 2.62~3! 21.16~2! 0.925~9! 20.115~2!

6.421 1.502b 3.01~3! 21.11~2! 1.090~10! 20.113~2!

7.943 1.563c 3.65~4! 20.87~2! 1.375~14! 20.092~2!

SrF2 2.269 1.439d 3.19~2! 20.907~4! 0.737~4! 20.0817~5!

2.844 1.444d 3.25~2! 20.913~4! 0.754~4! 20.0824~5!

3.396 1.450d 3.36~2! 20.922~4! 0.784~4! 20.0836~5!

4.886 1.472d 3.73~2! 20.961~4! 0.882~4! 20.0885~5!

6.421 1.512d 4.30~2! 20.996~4! 1.044~4! 20.0942~5!

7.943 1.576c 5.07~4! 21.034~8! 1.283~8! 20.1020~10!

BaF2 2.269 1.476d 4.99~5! 21.59~3! 0.723~7! 20.119~2!

2.844 1.482d 5.13~5! 21.64~3! 0.747~7! 20.123~2!

3.396 1.489d 5.29~5! 21.66~3! 0.774~8! 20.125~2!

4.886 1.518d 6.01~6! 21.82~4! 0.897~9! 20.140~2!

6.421 1.584b 7.38~7! 22.15~4! 1.149~11! 20.172~2!

7.943 1.664c 10.2~1! 22.93~6! 1.664~17! 20.235~3!

aReference 59.
bReference 60.
cReference 61.
dReference 62.
15512
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There are at least four reported measurements of the
ternal strain parameter, which are summarized in Table
Models of the internal strain parameter have been sum
rized by Cousins.37 Here we restrict our attention to calcula
tions performed using density-functional theory; the stru
ture of such a calculation was given particularly clearly
Ref. 15. Regretably, most,14,15,30,31,38but not all,39 of the
density-functional calculations have unwittingly used a no
standard definition ofz, herein calledz8. The valuez850 is
the same asz50; however,z851 corresponds to the situa
tion in which the@111# bond length remains constant und
distortion, i.e., 3

2 z85z ~Ref. 14!. The values of the theory
presented in Table IV include the factor3

2 5z/z8 where ap-
propriate to adjust for the different definitions ofz. The ex-
istence of two definitions forz seems not to have been no
ticed before; indeed, Christensen38 demonstrates the
necessity of 0.40<z8<0.60 within LAPW, whereas the mos
recent experimental values arez50.7260.02 andz50.74
60.02, and concludes there is an inconsistency. Conver
z8 to z, Christiensen’s inequality becomes 0.60<z<0.90
which is well satisfied by the experiments. Similarly, We
Allan, and Wilkins31 argue in a footnote that the experime
tal values violatez8< 2

3 ~or, equivalently,z<1), but their
argument is flawed because of confusion over conv
tions: z8< 2

3 and z<1 are required, butz< 2
3 is not. The

experiments always reportz not z8, and the actual values
~0.72 or 0.74! given above are less than 1. As seen in Ta
IV, there is in fact a reasonable agreement among the
most recent experiments and all of the theory except the
earliest calculations. Table IV suggests thatz is predictable
with an accuracy of about 0.1 unit or 10% of itsa priori
allowed range.36

In the fluorite structure~which includes most of the ma
terials in this study!, the fluorine anions occupy a simpl

TABLE IV. Internal strain parameterz, a pure number, for sili-
con, LiF, and fluorite-structure compounds. If an entry is given
z8, that value was reported in its reference asz ~but V for the
fluorides! and is multiplied by 1.5 to convert toz.

z z8

Si Expt. Ref. 63 0.7560.07
Expt. Ref. 64 0.6560.04
Expt. Ref. 45 0.7260.04
Expt. Ref. 46 0.7460.04
LDA Ref. 30 0.795 0.53
LDA Ref. 31 0.82 0.545
LDA Present 0.81

CaF2 LDA Present 0.47
Force field Ref. 40 0.324 0.216

Ca0.75Sr0.25F2 LDA Present 0.53
Ca0.50Sr0.50F2 LDA Present 0.57
Ca0.25Sr0.75F2 LDA Present 0.60
SrF2 LDA Present 0.62

Force field Ref. 40 0.399 0.266
BaF2 LDA Present 0.67

Force field Ref. 40 0.566 0.377
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LEVINE, BURNETT, AND SHIRLEY PHYSICAL REVIEW B68, 155120 ~2003!
cubic lattice; the cations are located at the centers of alter
cubes in a face-centered-cubic lattice. The lattice respond
the diamond lattice does to strain: with@111# strain the
fluorine atoms are free to move symmetrically about the c
ion along the@111# line; if the cation is ignored, the defini
tion of z given for the diamond lattice may be used for t
fluorite structure as well. Similarly, there are no internal d
grees of freedom under hydrostatic strain or@11̄0# strain.
The only previous work on the internal strain parameter
the fluorite structure solids of which we are aware is a for
field model due to Sharma and Goyal.40 As seen in Table IV,
these values give the same trend as the present calcula
albeit with lower values.

LiF has the sodium chloride structure which does n
have any internal degrees of freedom under strain.

VI. PHOTOELASTIC PROPERTIES

Silicon is considered first to make contact with its lar
literature. The results of the calculation for hydrostatic str
are shown in Fig. 1, which includes a convergence study
well as a comparison to the literature. Numerical conv
gence with respect to sampling of the Brillouin zone h
been achieved to about 15% over the range of 0–2 eV.
Brillouin zone convergence is the largest numerical erro
the study. Agreement with earlier experiments~Refs. 41 and
42! at low frequencies is quite good. Agreement with t
previous theory14 based on the local-density approximatio
with a simple self-energy correction in the form of a ‘‘sci
sors operator’’ is also reasonable, although the deviati
become more marked at higher frequencies. The treatme
excitons is explicit in the present work, in contrast to t

FIG. 1. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for Si, including theory for various values of the fu
Brillouin zone sampling grid, the previous theory~density-
functional pseudopotential calculation using plane waves and a
sors operator to correct the self-energy! of Ref. 14 ~LZWAW92!,
and the previous experiments Refs. 41~V71!, 42 ~B75!, and 44
~2EKC93! ~which appears with its sign switched!.
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earlier study, and larger deviations between the theorie
higher frequencies are expected. The comparison with
experiment past the indirect gap is obscured because o
neglect of indirect transitions in the present calculation.

The case of uniaxial strain along@001# is shown in Fig. 2.
Here the new calculation is in excellent agreement with
low-frequency results of Ref. 43 and gives a fair account
the other experimental data. In particular, the extreme re
sal in the data of Ref. 44 above 3 eV is mimicked by t
calculation at a slightly higher frequency for the 12312
312 case. Because numerical convergence could no
achieved so close to the direct gap frequency, the exact
merical prediction is not necessarily representative of the
theory.

The results for uniaxial strain along@111# are shown in
Fig. 3. As demonstrated earlier,14 the results are sensitive t
the value of the internal strain parameterz discussed earlier
The present theory is presented with values given by L
total energy minimization (z50.81) and by comparison with
experiment45,46(z50.73); see also Table IV. Like the hydro
static case, the present calculation shows greater variab
near the band edges—in this case resolving some of the
crepancy with experiment. Again, the existence of phon
assisted transitions between the indirect and direct g
makes comparison to experiment difficult.

LiF, in the rocksalt structure, is the simplest of the flu
ride compounds. Theoretical results for the photoelastic t
sor under hydrostatic strain are shown in Fig. 4; we are
aware of any comparable experimental results. The cas
uniaxial @001# strain is presented in Fig. 5. The theory o
tains the correct trends as the data, but disperses too stro
and overestimates the value ofK112K12 for all photon ener-
gies. In contrast, for the case of uniaxial@111# strain, the

is-

FIG. 2. Photoelastic constantK112K12 ~@001# strain! for Si,
including theory for various values of the full Brillouin zone sam
pling grid, previous theory Ref. 14~LZWAW92!, and the previous
experiments of Refs. 43~HCP69!, 51 ~B74!, 52 ~CGC78!, 53
~GKC80!, and 44~EKC93!. Note the part of the 12312312 curve
at the extreme right in the figure.
0-6
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agreement with experiment is excellent. The predict
power of the theory is to be judged by the worse of these
results—i.e., factor-of-2 agreement with correct trends. C
vergence to about 15% or better is achieved by the 838
38 sampling grid in all cases~see Fig. 6!.

Results for hydrostatic strain for the homologous ser
CaF2 , SrF2 , and BaF2 are given in Figs. 7, 8, and 9. At low
photon energy, the theory agrees with the available exp
mental data at a level comparable to the range of experim

FIG. 3. Photoelastic constantK44 ~@111# strain! for Si, including
theory for two values of the internal strain parameter,z50.81, pre-
dicted by our minimization of the total energy, andz50.73, which
is representative of the experimental data presented in Table
The previous theory of Ref. 14~LZWAW92! and the previous ex-
periments of Refs. 43~HCP69!, 52 ~CGC78!, 53 ~GKC80!, and 44
~EKC93! are also shown.

FIG. 4. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for LiF, including theory for various values of the fu
Brillouin zone sampling grid.
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tal values. The dramatic feature predicted at high energ
Figs. 8 and 9 also holds for the case of CaF2 , albeit between
10.1 and 10.4 eV. Because this feature is similar to the
perimental and theoretical results for silicon shown in Fig.
we believe it is real.

The results for uniaxial@001# strain are given in Figs. 10
11, and 12. Like the case of silicon, the magnitude is ov
estimated compared with experiment, and the dramatic tu
around near 9 eV in the case of CaF2 occurs both in theory
and experiment. The measurements of the present wor

V.

FIG. 5. Photoelastic constantK112K12 ~@001# strain! for LiF,
including theory for various values of the full Brillouin zone sam
pling grid. The previous experiment of Ref. 47~SC72! is also
shown.

FIG. 6. Photoelastic constantK44 ~@111# strain! for LiF, includ-
ing theory for various values of the full Brillouin zone samplin
grid. The symmetry of the LiF does not lead to an internal str
parameter under compression in this direction. The previous exp
ment of Ref. 47~SC72! is also shown.
0-7
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LEVINE, BURNETT, AND SHIRLEY PHYSICAL REVIEW B68, 155120 ~2003!
consistent with the low-energy measurements of Ref. 48.
origin of the discrepancy between these measurements
Ref. 47 for the case of SrF2 is unclear. The theory, presen
experiment, and Ref. 48 find the low-frequency values
the series CaF2 , SrF2 , and BaF2 to be roughly constant on
the scale of the factor-of-3 difference reported by Ref. 47
SrF2 only.

The results for uniaxial@111# strain are given in Figs. 13
14, and 15 for CaF2 , SrF2 , and BaF2 , respectively. As noted
by Sánchez and Cardona47 and seen the measurements of t
present work, for both the@001# and@111# cases, the disper

FIG. 7. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for CaF2 , including theory for various values of the fu
Brillouin zone sampling grid and the previous experiments Refs
~SV66!, 55 ~RN70!, and 56~SBL72!.

FIG. 8. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for SrF2 , including theory for various values of the fu
Brillouin zone sampling grid and the previous experiment Ref.
~SBL72!.
15512
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sion of SrF2 is intermediate between CaF2 and BaF2 . It is
interesting to note that the same relationship holds for
dispersion of the intrinsic birefringence.3,49

As noted earlier for the case of silicon in Ref. 14 and F
3, the photoelastic tensor componentK44 is a sensitive func-
tion of the internal strain parameterz. Moreover, the internal
strain parameter is not known experimentally for the flu
rides. Hence we take two approaches. As discussed ea
and presented in Table IV, a total-energy LDA minimizatio
was performed yielding theoretical values forz. The results
for the photoelastic tensor componentK44 using this proce-

4

6

FIG. 9. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for BaF2 , including theory for various values of the fu
Brillouin zone sampling grid and the previous experiments of Re
54 ~SV66!, 55 ~RN70!, and 56~SBL72!.

FIG. 10. Photoelastic constantK112K12 ~@001# strain! for CaF2 ,
including theory for various values of the full Brillouin zone sam
pling grid, the present experiment, and the previous experiment
Refs. 47~SC72! and 48~FW80!.
0-8
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PHOTOELASTIC AND ELASTIC PROPERTIES OF THE . . . PHYSICAL REVIEW B 68, 155120 ~2003!
dure are in excellent agreement with experiment for the c
of CaF2 , but not for SrF2 and BaF2 . Hence we also regardz
as a fitting parameter. As shown in Figs. 14 and 15, a g
account of the data may be obtained with a change inz of
0.2–0.3. Given the paucity of experience in fittingz to ex-
periment~Si being the only case known to us!, it is difficult
to estimate the uncertainty in the theoretical estimate ofz for
the fluorides, so it is possible to ascribe the difference in
theoretical prediction and experiment to a lack of knowled
of z. On the other hand, the theoretical overestimate ofK11
2K12 ~which is independent ofz! leads us to lack full con-

FIG. 11. Photoelastic constantK112K12 ~@001# strain! for SrF2 ,
including theory for various values of the full Brillouin zone sam
pling grid, the present experiment, and the previous experimen
Refs. 47~SC72! and 48~FW80!.

FIG. 12. Photoelastic constantK112K12 ~@001# strain! for BaF2 ,
including theory for various values of the full Brillouin zone sam
pling grid, present measurements~1!, and the previous experiment
of Refs. 47~SC72! and 48~FW80!.
15512
se

d

e
e

fidence in this fitting procedure. The best that can be sai
that both the low-frequency data and the sign of the disp
sion are accounted for semiquantitatively ifz is taken as a
fitting parameter.

It is very difficult to achieve numerical convergence of t
photoelastic tensor close to the band edge. The lo
frequency results are more reliable than their high
frequency counterparts. Nevertheless, the predictions
the band edge—in particular the prediction of a single d

of

FIG. 13. Photoelastic constantK44 ~@111# strain! for CaF2 , in-
cluding theory for various values of the full Brillouin zone samplin
grid at z50.4725, determined by LDA total-energy minimizatio
and various values of the sampling grid, the present experiment,
the previous experiments of Refs. 47~SC72! and 48~FW80!.

FIG. 14. Photoelastic constantK44 ~@111# strain! for SrF2 , in-
cluding theory for various values of the full Brillouin zone samplin
grid at z50.623 and various values of the internal strain parame
z for the 83838 sampling grid, the present experiment, and t
previous experiments of Refs. 47~SC72! and 48~FW80!.
0-9
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LEVINE, BURNETT, AND SHIRLEY PHYSICAL REVIEW B68, 155120 ~2003!
matic turnover in many cases—correctly describe the tre
in the data. Similar agreement for the sign and qualitat
dispersion of CaF2 , SrF2 , and BaF2 for the intrinsic birefrin-
gence was observed previously.3 The case of the hydrostati
strain in silicon~see Fig. 1! is troubling, however, and shoul
perhaps be rechecked experimentally with a single se
measurements across the indirect band gap.

Given the potential technological importance of mix
crystals CaxSr12xF2 for 157 nm lithography, we have calcu
lated the three photoelastic tensor components for these
terials for three values ofx in the virtual-crystal approxima

FIG. 15. Photoelastic constantK44 ~@111# strain! for BaF2 , in-
cluding theory for various values of the internal strain parametez,
present measurements~1!, and the previous experiments of Ref
47 ~SC72! and 48~FW80!.

FIG. 16. Hydrostatic photoelastic constant (K1112K12)/3
5V de/dV for CaxSr12xF2 , x50, 0.25, 0.50, 0.75, 1, for the ful
Brillouin zone sampling grid of 83838 with the lattice constan
interpolated between the experimental values of CaF2 and SrF2 .
15512
s
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tion in addition to the pure materials. The results are sho
in Figs. 16, 17, and 18. For uniaxial@111# strain,z is linearly
interpolated between the best-fit values obtained for the p
materials. The photoelastic tensor components are predi
to have a richer structure than merely interpolating linea
between the end points of the two pure materials.

VII. CONCLUSIONS

The elastic moduli and photoelastic tensors have been
culated for Si, LiF, CaF2 , SrF2 , BaF2 , and CaxSr12xF2 and
compared to experimental results from the literature as w
as to new measurements of the photoelastic tensors

FIG. 17. Photoelastic constantK112K12 ~@001# strain! for
CaxSr12xF2 with parameters as in Fig. 16.

FIG. 18. Photoelastic constantK44 ~@111# strain! for
CaxSr12xF2 , with parameters as in Fig. 16. The internal strain p
rameterz is interpolated between 0.473 and 0.404, the best-fit v
ues for CaF2 and SrF2 , respectively.
0-10
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PHOTOELASTIC AND ELASTIC PROPERTIES OF THE . . . PHYSICAL REVIEW B 68, 155120 ~2003!
CaF2, SrF2 , and BaF2 . The calculations have been pe
formed including excitonic effects via the Bethe-Salpe
equation for the photoelastic properties; for the elas
moduli, the local-density approximation is used. The ela
moduli have been found not only for their own sake, but
determine the internal strain parameterz, which is required
to predict the photoelastic property under@111# uniaxial
strain.

Typically, a factor-of-2 agreement with experiment is o
tained for the photoelastic properties, with the dispersion r
sonably given. However, some of the experiments in the
erature are in contradiction with each other. In particular,
present measurements and theory support the value of
48 over that of Ref. 47 for the photoelastic tensor of S2
associated with@001# strain.

Each example of strain-induced birefringence has a st
value and varies rapidly in some fashion as a band edg
exciton peak is approached. Such rapid variation is gre
enhanced in wide-gap insulators by the presence of excit
peaks, as may be deduced from Kramers-Kronig argume
Local-field effects of theKxc of density-functional calcula-
tions are known not to produce excitonic peaks. We m
therefore credit the inclusion of excitonic effects with t
functional form of the birefringence at higher energies in
,
s
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,
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wide-gap insulators. This is not as clear for semiconduct
however, in part because of difficulties with the existence
the indirect band gap in silicon and with difficulties o
k-point convergence previously demonstrated in the cas
GaAs.50

We believe that the apparent inability of the local-dens
approximation to account for the internal strain parametez
of silicon was merely because of the existence of two c
tradictory definitions forz which were unwittingly confused
That is, given consistent definitions, our calculation and e
lier calculations are in agreement with x-ray diffraction e
periments to better than 0.1 forz ~whose full physical
range36 is 1!.

The results given here may be of importance to the se
conductor lithography community because of the poten
application of calcium fluoride and related materials to
thography based on ultraviolet light of 193 and 157 nm.
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