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Fermi-surface mapping from Compton profiles: Application to beryllium
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The two-dimensional momentum density of Be on the bd&dlK plane, i.e., the line integral of the
three-dimensional momentum density along thaxis, is reconstructed via the Cormack method from both
experimental and theoretical Compton profiles. It is shown that in the case of Be, despite the momentum
density being highly anisotropic, merely two Compton profiles are sufficient to reproduce the main features of
the momentum density. The analysis of the reconstructed densities is performed both in the extended and
reduced zone schemes.
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I. INTRODUCTION ing additional information on the electron-positron interac-
tion. It is also much easier to reconstruct accurately than the
During the last few decades, Compton scattering has bee3D momentum density(p) because the number of required
widely used as a probe of the electronic structure of matteiCompton profiles is relatively small. 2D momentum densi-
Within certain approximations,the experimental double- ties can also be folded into the first Brillouin zofBZ) in
differential inelastic x-ray scattering cross section can be reerder to delineate various FS elements.

lated to the Compton profile, which is a doulffgane inte- This procedure is demonstrated for beryllium metal by
gral of the electron density in the extended momentunusing two Compton profiles, taken with tipe axis along the
spacep(p), reciprocal lattice vectorgl00] and[110]. In this case the 2D

momentum density can be reconstructed with the integration
% axis along[001]. The resulting densities are shown both in
I(p,) = wap(p)dpxd Py- () the extended and reduced zone schemes. For obtaining the
density in the reduced zone scheme, the Lock-Crisp-West
The Compton profile, being related directly to occupied elec{LCW) proceduré’ is used.
tronic ground states, contains information not only on the

Fermi surfaceFS) but also on the umklapp components of
the electron wave functions. Il. CONVERSION FROM 1D TO 2D SPECTRA

Equation(1) represents the Radon transfdrof p(p) in The purpose of this work is to reconstrqa‘t(pz,py),

three-dimensionalBD) space over 2D hyperplanes. The first it  ||[001], from its line integrals, i.e., from the Compton
reconstruction method based on the inversion of the Radoﬁrofiles

transform was Mijnarends’s methddther alternative solu-
tions are Fourigr transform algorithrfis the maximum en-
tropy techniqué€, and two different methods employing or- *
thorggnal poltglnomialé'.8 PIoYing ‘J(pz):f_mpl_(pz’py)dpy- ()

In cases where the electron momentum density is a
strongly anisotropic function, reconstruction of the 3D mo- ) ) ,
mentum density from 1D Compton profiles is rather elabo-FOr this, the Cormack methdldis proposed, corresponding
rate, since a large number of measurements is needed. Thu&Cathe solution of the Radon transform in 2D space over 1D

reconstruction of 2D momentum densities from Compton YPerplanes. , _ ,
profiles is proposed, i.e., a conversion from douligane I.f the directionp, is along an_R—foId rotation axis of the
integrals in Eq(1) to a single(line) integral of the form lattice, both the Compton profiles and the 2D momentum

density can be expanded into a cosine series

pL(pzapy)E‘](pZ!py):fj;p(p)dva 2

_ _ pH(p2.py)=p(p.0)= 2 piz(P)COLiRO),  (4)
wherelL||p,. When studying the structure of the Fermi sur- 1=0

face, this 2D momentum density can be interpreted much

more easily than the Compton profiles. Furthermore, it can w

be directly compared to corresponding 2D angular correla- J =J(t.o)= - (t)cogiR 5
tion of positron annihilation radiatioA\CAR) results, yield- (P)=J(L,¢) i:EO Oir(t)COSIR ). ©
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Here ¢,¢), wheret=|p,|, are the polar coordinates pf in
the laboratory coordinate system, while, @) are the polar
coordinates of the momentunp{,p,) in the crystal coordi-
nate system.

By applying the Cormack methdﬂ,pL(pz,py) can be
evaluated from Eq(4) where its radial componenis (p)
for | =iR are given by

o)

p%<p>=k§0 (1+2k+1)ayR(p). (6)

R{(p) are the Zernike polynomials and the coefficieafs
are obtained from the series expansiorgt),

” T pX
g|(t)=2k§=:0 aV1= U (), @) Il First and ] Second zone holes

Third and

) Fourth zone electrons
whereU ,(t) are the Chebyshev polynomials of the second

kind. Since they are orthogonal jn-1,1], FIG. 1. Free-electron Fermi surface of Be in fhaK and’AM
planes in the extendetupper panel and reduced zone scheme
111 (lower panel.
alk:;filgl(t)Usz(t)dt- (8
along the hexagona axis. This 2D momentum density will
?e denoted ap®(p,,p,).

Let us choose the polar systemy(p,), fixed to the lat-
tice, with p, along thel'K direction. The measured profiles,
r.}(pZ)EJ(t,@), are described by the polar angte=0° for
p, alongI’'K and ¢=230° for p, alongI’'M. In this case two
radial functionsg,(t) with |=0 and 6 can be determined

To use the symmetry properties most profitably, the bes
choice is to measur&(p,) for p, perpendicular to thg001]
direction. The directions op, [Eq. (5)] should be equally
spaced in the nonequivalent part of the BZ, which ranges i
theI'MK plane frome=0° up to 45°(or 30°) for cubic and
tetragonal(or hexagonal structures, respectively. N pro-

jections are to be measured for the structure witfRefold from Eq. (5),

rotation axis along thE001] direction, the best orientation of D =T Jer(t) + Jrnr () 1/2

the nth projection 6=1,2,... N) is given by the formula 9oV =L+ Irm(V) 2, 9)
en=A¢/l2+(n—1)A¢ where Ap==/(RN). However, if 9s() =[Irk ()= Irm(D)]/2.

for any particular reason one would like to perform measure-

ments also for the main symmetry directions, the orientatiort is convenient to choose the unit system so thatt/t,, .

of the nth projection ought to be determined from the for- =C0s(). The zeros of the Chebyshev polynomialg,(t’)

mula ¢,=(n—1)A¢’ whereAe’=m/[R(N—1)]. occur then ata;=(7/2m)(2i+1) with i=0,1,...m—1,
In this way one can estimat{p,,p,), which represents and

the line integral of the density along th@01] direction. This

procedure has already been applied to 1D ACAR spectra of 1

yttrium.® Even though the momentum density of Y is highly A=Mm

anisotropic, only three projections were needed to obtain al-

M-1
> gilcodiAa)sin(2k+1+1)iAa]
i=1

most all details of the 2D momentum density. In this work, 1 _

the method is successfully applied to berylliianother hcp + 5(_ ) 9(0) (10
meta) in the extreme case of merely two measured projec-

tions available. where Aa=m/2M, andM is the number of points used in

the evaluation of a,. In this work, M=720 A«
=0.125°), which allows one to calculate 150 coefficiemis
for eachg(t). This is equivalent to applying the Gaussian
The Be Compton profiles were measured at the Europeaguadratures for the polynomials up to the 300th order.
Synchrotron Radiation FacilitfESRHP beam line ID15B us- The FS of Be for the free-electron model is presented in
ing 29 keV photons. The details of the experiment are deFigs. 1 and 2. To the authors’ knowledge, the first realistic
scribed in Ref. 12. Two projections were measured with  band-structure calculations for Be were performed with the
alongI'M andI'K and with an overall momentum resolution orthogonalized plane-wav@PW) method* The results of
of 0.1 a.u. The corresponding highly accurate theoretical prothat study, compared to the free-electron model, suggested
files were calculated with the Korringa-Kohn-Rostokerthe following FS features(a) no holes around thél point
(KKR) local-density approximatiofLDA) method™® Such either in the first or second bar(éirst zone fully occupied
spectra allow the reconstruction pf*EJ(pZ,py) with p, ~ and no holes in the second zone on the plakt.); (b) very

I1l. APPLICATION TO BERYLLIUM DATA
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FIG. 3. Differences between 2D densities of Be for momenta
alongI’K andI'M, reconstructed from two Compton profiles. The

FIG. 2. The Fermi surface of Be in thEMK plane. Upper  experimental results are indicated by solid squares. The correspond-
panel: Free-electron model in the extended zone scheme. Lower lefig results of the reconstruction from theoretical Compton profiles

panel: Free-electron model in the reduced zone scheme. Lower righiith and without resolution broadening are shown by open circles
panel: Real FS derived from Ref. 14. and solid line, respectively.

small holes aroun@® and reduced holes aroundin the  the minimum atp=p£M, originates from the fact thapfz'v'

second zone when compared to the free-electron médel; >pfX ie., the holes around tf point, shown in the lower
no electrons around’ in the third band;(d) no electrons panel in Fig. 2, are very small. Umklapp components gor
aroundL either in the third or fourth bands; arie) cigarsin =~ >1.9 a.u. along'K are also observed. These results are in
the third zone aroun are larger than for the free-electron good agreement with the theoretical 3D momentum detisity
model with their height close tpKH| (see Fig. 2 These and the experimental observation of the umklapp
results were supported by de Haas—van AlpldhlvA)  component€® All subtle features of the theoretical anisot-
eXperimen]lS with two main differences: the Computational ropy are reproduced by the experiment in detail. The accu-
cigars were triangular and the coronet was slightly largeiacy of this result is due to the fact that even with three

than observed by the dHVA experiment. o Compton profiles availabléhe third one measured witl
Further theoretical band structure restitd were similar ~ — 15°), the functionge(t) and thus alsp®(p) as well as

to th(_)se in_ Ref. 14 while tgse latest linear combination ofy, anisotropy,p??}(p)—p?‘,)wl(p)=2p801(p), would be the
atomic orbital(LCAO) results® turned out to be somewhat same as obtained from two projectiogﬁsThe fact that the

differe_nt, i.e.,_ Fig. 3 in Ref. 18 representing(p) along magnitude of the anisotrop§’seen” in the experimentis
[O1L]=T'L points out that there are electrons around the iinished indicates that-e correlation has an anisotropic

point in the t.hird_and fourth band;. Theore.tical Comptongtfect on the momentum density, as has been suggested
spectra used in this wotkagree qualitatively with the band- ¢ jio/12

structure results in Ref. 14.

The results in the extended zone scheme along two main 1.0
symmetry directiond’K andI'M are displayed in Figs. 3
and 4. Figure 3 presents the anisotropy of the 2D momentum

density p°Y(p) for p|I'K and p|I'M, reconstructed from 0.8+

both the experimental and theoretical Compton profiles taken

from Refs. 12 and 13. The widely used approximation to 0.64

include the electron-electrore{e) correlation into the mo- a

mentum densities is the so-called Lam-Platzm@rP) =

correction® However, this correction is isotropic and thus ~a 0.4

does not have any effect on the anisotropy of theoretical

curves in Fig. 3. The resolution function of the experimental 0.2

apparatus smears some of the fine structure of the data as ] 986

indicated in the figure. ool *oae
For momenta 0.68p<1.05 a.u.(atomic units of mo- 0.0 0'.2 0_'4 0'_6 d.s 1'_0 S !

mentun), the reconstructed 2D densities have much larger p (a.u.)
values forp||T'K than forp||I'M. This is due to the fact that o

fOI’ the I’eal FS thel'e are no eleCtronS in the thll’d or fOUrth FIG. 4. 2D momentum densities of Be’ normalized to dimen-
bands around the point. This is seen in Fig. 3 as a positive sjons of the BZ's, for momenta alongK (circles and M (tri-
anisotropy. The largest positive values féfM|<p<|I'K|  angles, reconstructed from two Compton profiles. Theginclud-
are, additionally, a manifestation of the lack of holes aroundng resolution broadening and the Lam-Platzman corregtiord
the H point. The negative anisotropy f@>1.05 a.u., with  experiment are marked by solid and open symbols, respectively.

155106-3



G. KONTRYM-SZNAJDet al. PHYSICAL REVIEW B 68, 155106 (2003

Reconstructed densities for momenta aldig andI'M oce o _ 2
are presented in Fig. 4. It can be seen that the absolute den- p(p=k+G)=2, f dj(rye P rdr| (11
sities are not reproduced exactly, e.g., a small electronlike j e

lens is observed gizo a.u. According to all previous band- wherek, G, j, and¢,(r) denote the wave vector, reciprocal
structure calculations, this element should not be present aqgttice vector, band iJndex and electron wave function in the
is thus most probably an artifact originating from the fact ’ ’

that the isotropic componemigm(p) is reconstructed from statekj, respectively. The summation is over all occupied

only two projections. However, this artifact is cancelled outStates. In a periodic Iatncg potential, the momentum density
n the jth band can be written as

in the difference shown in Fig. 3, which further demonstrates
the accuracy of the obtained anisotropy. . 2
Concerning the influence of statistical noise on the recon- pi(k+G)=n(kj) |ug(G)I% (12)

structed densitiesy[p°*(p)], we performed the following \yhere uy; are the Fourier coefficients of the electron wave
tests.(1) The quality of data was checked by the consistencynctions andn(kj) is the occupation number
oy 22 . . . .

condition (CC).” According to the CC, three first coeffi- |t s well known that it is not possible to obtain the shape
cients of the expansion of spectdgc(p) andJru(p) IO of the FS knowing only the density(p). This is due to the
orthogonal polynomials must be exactly the same. The exgact that the density is not constant on the FS atg)
perimental Be Compton profiles used in this work satisfieqgpresents a sum of contributions from all occupied bands,
this condition perfectly, indicating both high statistical and ¢ only those crossing the Fermi energy. Thus, in order to
systematic accuracy of the dat@) By performing simula-  5piain the FS map, the best choice is to perform LCW
tions of noise, added to theoretical profilesmilarly as i 5|ging 1° which is a conversion from to k space. By doing
Ref. 22 we obtained that, due to the very good experimentalnis  the folded densities visualize the shape of the individual
accuracy and the relatively small core contribution,rg glements more clearly

00 . - 00 . . . - .
olp 1(p)]0<0.15% in units ofp (p=0), which is equiva- In the case of the electron densityeglecting correlation
lent to 6% of the maximum of theoretical anisotropy effects, pf(k)zEpr(kJrG):n(kj):l (or O for unoccu-

001
pied statesandp®(k) = E]-pje(k) =n(k), wheren denotes the

p®%p)—p%(p). However, such an error occurs for low
momenta 0.6 a.u.), not shown in Fig. 23) By applying 1, mper of occupied bands contributing to the pdintThe

in the reconstruction orthogonal polynomials that have

application of the LCW folding t(pL(pZ,py) gives the func-

mean-square approximation properties, we were able to galﬁlon PL(kzaky) which represents the corresponding line inte-

some control on which fluctuations of the reconstructed den- . . .
e : o : gral of p(k), in this case alongL|[001]. The density
sities could be connected with statistical noise, and to rebL(kz,ky) can be identified with the sum of the ES line di-

move this noise to some extend. mensions over occupied bands aldng

. Moreover, the_ hlghest statistical error occur along the The results of the folding procedure are displayed in Fig.
high symmetry directions because of extreme values of th% where densitiep®Y(k, k,) reconstructed from two theo-

lattice harmonic$in our caseco(6¢)] alongI'K andI'M. . o070 experimental Compton profiles, are pre-

L foIIows_from the fact thatspectya were measured only sented. The free-electron model result is also shown for
the nonequivalent part of the Brillouin zone. Thus, data

X ) ; comparison.
(therefore also the noig@re expanded into lattice harmon- P

. . . T Conventionally, the momentum densitipgk) obtained
ics, which means that spectra for equivalent directions mus\}ia the LCW folding, and thus also densitig®(k, k,), are
be the same. In this way the symmetry condition was im- 9 w AN

osed also on the noise. However, such an error is small resented in arbitrary scale. As was shown by Kagsel,”
P ) ' S L he main reason is that the convergence of the LCW proce-
than the truncation error, following from the limited number dure is dependent on the degree of the localization of the
(in our case tq Pof projections gsed in the reconstruction electrons. The more localized they are, the larger the contri-
and does not influence the obtained results, the more so &ition of the umklapo components at high momenta is
we restrict our analysis to drawing the qualitative FS. P P g i

In the analysis in the space one should bear in mind that which consequently increases the truncation error of the
p°°1(pz,py) cannot be directly identified with the FS line LCW procedure. This effect decreases the LCW-folded den-

dimensions along thg01] direction because in real metals sities in a nonuniform way, and thus an absolute normaliza-
e 9t . tion is difficult. In the case of experimental densities, the
pj(p) (in jth band is lower than 1 even in the central FS.

finite resolution function and statistical noise, both affecting

However, undoubtedly the theoretical as well as the _eXpe”éspeciaIIy the umklapp components, complicate the normal-
mental results show the lack of electrons aroundLthpint ization even further

in the third and fourth bands and the shape of the FS on the In Be the volume of occupied valence states is equal to

'MA plane close to the double BZOOboundaries. In order e \iolume of two BZ's. Thus, if two bands were completely
obtain more detailed informatioryp 1(pz,py) has to be filled, pOOl(kZ,ky) would be constant and equal tdT2\|.

folded to the reduced zone schefkespacg as discussed in The light and dark areas in Fig. 5 depict low and high elec-

the following. tron densities originated from the holes in the second band
(coronej and the electrons arourid in the third band(ci-
gar9, respectively.

In the Compton-scattering experiment one measures the Figure 6 shows the same densities in more detail along the
electron density in the space main symmetry directions together with densities obtained

IV. RESULTS OF THE LCW FOLDING PROCEDURE
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from the corresponding LP-corrected theoretical Compton
profiles. From Figs. 5 and 6 the second-zone holes ardund
and the third-zone electrons aroukdcan be clearly recog-
nized. Other features, e.g., the electronlike artifact around the
I' point in the third bandseen also in Fig. ¥and a holelike
artifact between th& and M points, are caused by using
only two components of reconstructed densp'&(»”(pz,py),
determined from only two Compton profiles.

V. SUMMARY

When the electron momentum densit{p) is highly an-
isotropic, it is quite difficult to obtain its shape from 1D
projections accurately, since a relatively large number of pro-
jections is needed. For these cases, the reconstruction of 2D
momentum densitied(p,,p,) instead of 3D densitiep(p)
is advised. It is shown that only a small nhumk@r5 of
measured plane projections is needed to reconstruct the 2D
momentum density, and generally this 2D density allows
much more detailed analysis of the FS than 1D projections.
The use of the Cormack method is proposed, bec@a)sbe
expansion of measured spectra into orthogonal polynomials
has mean-squares approximation properties and thus it effec-
tively smooths the statistical noise in the experimental hta;
(b) the method employs the Chebyshev polynomials, which
are the only orthogonal polynomials having analytical zeros,
allowing the estimation of the coefficienss, to a high de-
gree of precision.

This method was applied to two Be Compton profiles and
the line projection of the momentum density along [6@1]
direction was reconstructed. The analysis performed in the
extendedp space shows that for 0.6p<<1.05 a.u. the line
dimensions of the FS alor{@®01] are much larger fop||'K
than forp|I"M, which is caused by the lack of electrons in
zone scheme, reconstructed from two 1D projections. Pé@el the third and fourth bands around thepoint and the lack of

Theory without LP correction. Pan@d): Theory with LP correction holes aro_und ;?AH p(r)l'(m' The_' anisotropy of the Fermi mo-
and resolution broadening. Par(e): Experiment. Paneld): Free- ~ Mentum, i.e.pe">pg", leading to very small holes around
electron model. Columns | and Il show results described by 60 an&he 2 point, is also observed. All subtle features of the the-
90 [or 120 in panela)] orthogonal polynomials, respectively. Each Oretical anisotropy are reproduced by the experiment in de-
figure contains 10 contour lines. tail. However, its magnitude is diminished, which indicates
thate-e correlation has an anisotropic effect on the momen-
tum density. With the example of the anisotrop??f(p)
—p®(p), it is shown how symmetry properties can en-
hance the accuracy of the reconstruction.

After folding the reconstructed densitip8°(p,,p,) into
the reduced zone scheme, the second zone holes and third
zone electrons could be clearly recognized aroundrlthed
K points, respectively. Moreover, the results bottpiandk
spaces clearly show the absence of the FS elements around
the L point in the third and fourth bands.

FIG. 5. 2D LCW densitiep®®'(k, k,) in Be, in the repeated

p™(k) (arb. units)
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