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Fermi-surface mapping from Compton profiles: Application to beryllium
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The two-dimensional momentum density of Be on the basalGMK plane, i.e., the line integral of the
three-dimensional momentum density along thec axis, is reconstructed via the Cormack method from both
experimental and theoretical Compton profiles. It is shown that in the case of Be, despite the momentum
density being highly anisotropic, merely two Compton profiles are sufficient to reproduce the main features of
the momentum density. The analysis of the reconstructed densities is performed both in the extended and
reduced zone schemes.
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I. INTRODUCTION

During the last few decades, Compton scattering has b
widely used as a probe of the electronic structure of ma
Within certain approximations,1 the experimental double
differential inelastic x-ray scattering cross section can be
lated to the Compton profile, which is a double~plane! inte-
gral of the electron density in the extended moment
space,r(p),

J~pz!5E
2`

`

r~p!dpxdpy . ~1!

The Compton profile, being related directly to occupied el
tronic ground states, contains information not only on
Fermi surface~FS! but also on the umklapp components
the electron wave functions.

Equation~1! represents the Radon transform2 of r(p) in
three-dimensional~3D! space over 2D hyperplanes. The fir
reconstruction method based on the inversion of the Ra
transform was Mijnarends’s method.3 Other alternative solu-
tions are Fourier transform algorithms,4,5 the maximum en-
tropy technique,6 and two different methods employing o
thogonal polynomials.7,8

In cases where the electron momentum density is
strongly anisotropic function, reconstruction of the 3D m
mentum density from 1D Compton profiles is rather elab
rate, since a large number of measurements is needed. T
reconstruction of 2D momentum densities from Comp
profiles9 is proposed, i.e., a conversion from double~plane!
integrals in Eq.~1! to a single~line! integral of the form

rL~pz ,py![J~pz ,py!5E
2`

`

r~p!dpx , ~2!

whereL uupx . When studying the structure of the Fermi su
face, this 2D momentum density can be interpreted m
more easily than the Compton profiles. Furthermore, it
be directly compared to corresponding 2D angular corre
tion of positron annihilation radiation~ACAR! results, yield-
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ing additional information on the electron-positron intera
tion. It is also much easier to reconstruct accurately than
3D momentum densityr(p) because the number of require
Compton profiles is relatively small. 2D momentum den
ties can also be folded into the first Brillouin zone~BZ! in
order to delineate various FS elements.

This procedure is demonstrated for beryllium metal
using two Compton profiles, taken with thepz axis along the
reciprocal lattice vectors@100# and@110#. In this case the 2D
momentum density can be reconstructed with the integra
axis along@001#. The resulting densities are shown both
the extended and reduced zone schemes. For obtaining
density in the reduced zone scheme, the Lock-Crisp-W
~LCW! procedure10 is used.

II. CONVERSION FROM 1D TO 2D SPECTRA

The purpose of this work is to reconstructrL(pz ,py),
with L uu@001#, from its line integrals, i.e., from the Compto
profiles

J~pz!5E
2`

`

rL~pz ,py!dpy . ~3!

For this, the Cormack method11 is proposed, correspondin
to the solution of the Radon transform in 2D space over
hyperplanes.

If the directionpx is along anR-fold rotation axis of the
lattice, both the Compton profiles and the 2D moment
density can be expanded into a cosine series

rL~pz ,py![r~p,Q!5(
i 50

`

r iR
L ~p!cos~ iRQ!, ~4!

J~pz![J~ t,w!5(
i 50

`

giR~ t !cos~ iRw!. ~5!
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Here (t,w), wheret5upzu, are the polar coordinates ofpz in
the laboratory coordinate system, while (p,Q) are the polar
coordinates of the momentum (pz ,py) in the crystal coordi-
nate system.

By applying the Cormack method,11 rL(pz ,py) can be
evaluated from Eq.~4! where its radial componentsr l

L(p)
for l 5 iR are given by

r l
L~p!5 (

k50

`

~ l 12k11!alkRl
k~p!. ~6!

Rl
k(p) are the Zernike polynomials and the coefficientsalk

are obtained from the series expansion ofgl(t),

gl~ t !52(
k50

`

alkA12t2Ul 12k~ t !, ~7!

whereUm(t) are the Chebyshev polynomials of the seco
kind. Since they are orthogonal in@21,1#,

alk5
1

pE21

1

gl~ t !Ul 12k~ t !dt. ~8!

To use the symmetry properties most profitably, the b
choice is to measureJ(pz) for pz perpendicular to the@001#
direction. The directions ofpz @Eq. ~5!# should be equally
spaced in the nonequivalent part of the BZ, which range
theGMK plane fromw50° up to 45°~or 30°) for cubic and
tetragonal~or hexagonal! structures, respectively. IfN pro-
jections are to be measured for the structure with anR-fold
rotation axis along the@001# direction, the best orientation o
the nth projection (n51,2, . . . ,N) is given by the formula
wn5Dw/21(n21)Dw where Dw5p/(RN). However, if
for any particular reason one would like to perform measu
ments also for the main symmetry directions, the orientat
of the nth projection ought to be determined from the fo
mula wn5(n21)Dw8 whereDw85p/@R(N21)#.

In this way one can estimateJ(pz ,py), which represents
the line integral of the density along the@001# direction. This
procedure has already been applied to 1D ACAR spectr
yttrium.9 Even though the momentum density of Y is high
anisotropic, only three projections were needed to obtain
most all details of the 2D momentum density. In this wo
the method is successfully applied to beryllium~another hcp
metal! in the extreme case of merely two measured proj
tions available.

III. APPLICATION TO BERYLLIUM DATA

The Be Compton profiles were measured at the Europ
Synchrotron Radiation Facility~ESRF! beam line ID15B us-
ing 29 keV photons. The details of the experiment are
scribed in Ref. 12. Two projections were measured withpz
alongGM andGK and with an overall momentum resolutio
of 0.1 a.u. The corresponding highly accurate theoretical p
files were calculated with the Korringa-Kohn-Rostok
~KKR! local-density approximation~LDA ! method.13 Such
spectra allow the reconstruction ofrL[J(pz ,py) with px
15510
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along the hexagonalc axis. This 2D momentum density wil
be denoted asr001(pz ,py).

Let us choose the polar system (py8 ,pz8), fixed to the lat-
tice, with pz8 along theGK direction. The measured profiles
J(pz)[J(t,w), are described by the polar anglew50° for
pz alongGK andw530° for pz alongGM . In this case two
radial functionsgl(t) with l 50 and 6 can be determine
from Eq. ~5!,

g0~ t !5@JGK~ t !1JGM~ t !#/2,
~9!

g6~ t !5@JGK~ t !2JGM~ t !#/2.

It is convenient to choose the unit system so thatt85t/tmax
5cos(ai). The zeros of the Chebyshev polynomialsUm(t8)
occur then ata i5(p/2m)(2i 11) with i 50,1, . . . ,m21,
and

alk5
1

M H (
i 51

M21

gl@cos~ iDa!#sin@~2k1 l 11!iDa#

1
1

2
~21!k1 l /2gl~0!J , ~10!

whereDa5p/2M , andM is the number of points used i
the evaluation of alk . In this work, M5720 (Da
50.125°), which allows one to calculate 150 coefficientsalk
for eachgl(t). This is equivalent to applying the Gaussia
quadratures for the polynomials up to the 300th order.

The FS of Be for the free-electron model is presented
Figs. 1 and 2. To the authors’ knowledge, the first realis
band-structure calculations for Be were performed with
orthogonalized plane-wave~OPW! method.14 The results of
that study, compared to the free-electron model, sugge
the following FS features:~a! no holes around theH point
either in the first or second band~first zone fully occupied
and no holes in the second zone on the planeAHL); ~b! very

FIG. 1. Free-electron Fermi surface of Be in theGAK andGAM
planes in the extended~upper panel! and reduced zone schem
~lower panel!.
6-2
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small holes aroundS and reduced holes aroundT in the
second zone when compared to the free-electron model~c!
no electrons aroundG in the third band;~d! no electrons
aroundL either in the third or fourth bands; and~e! cigars in
the third zone aroundK are larger than for the free-electro
model with their height close touKHu ~see Fig. 2!. These
results were supported by de Haas–van Alphen~dHvA!
experiment15 with two main differences: the computation
cigars were triangular and the coronet was slightly lar
than observed by the dHvA experiment.

Further theoretical band structure results16,17 were similar
to those in Ref. 14 while the latest linear combination
atomic orbital~LCAO! results18 turned out to be somewha
different, i.e., Fig. 3 in Ref. 18 representingr(p) along
@011#[GL points out that there are electrons around theL
point in the third and fourth bands. Theoretical Compt
spectra used in this work13 agree qualitatively with the band
structure results in Ref. 14.

The results in the extended zone scheme along two m
symmetry directionsGK and GM are displayed in Figs. 3
and 4. Figure 3 presents the anisotropy of the 2D momen
density r001(p) for piGK and piGM , reconstructed from
both the experimental and theoretical Compton profiles ta
from Refs. 12 and 13. The widely used approximation
include the electron-electron (e-e) correlation into the mo-
mentum densities is the so-called Lam-Platzman~LP!
correction.19 However, this correction is isotropic and thu
does not have any effect on the anisotropy of theoret
curves in Fig. 3. The resolution function of the experimen
apparatus smears some of the fine structure of the dat
indicated in the figure.

For momenta 0.60,p,1.05 a.u. ~atomic units of mo-
mentum!, the reconstructed 2D densities have much lar
values forpiGK than forpiGM . This is due to the fact tha
for the real FS there are no electrons in the third or fou
bands around theL point. This is seen in Fig. 3 as a positiv
anisotropy. The largest positive values foruGM u<p<uGKu
are, additionally, a manifestation of the lack of holes arou
the H point. The negative anisotropy forp.1.05 a.u., with

FIG. 2. The Fermi surface of Be in theGMK plane. Upper
panel: Free-electron model in the extended zone scheme. Lowe
panel: Free-electron model in the reduced zone scheme. Lower
panel: Real FS derived from Ref. 14.
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the minimum atp5pF
GM , originates from the fact thatpF

GM

.pF
GK , i.e., the holes around theS point, shown in the lower

panel in Fig. 2, are very small. Umklapp components forp
.1.9 a.u. alongGK are also observed. These results are
good agreement with the theoretical 3D momentum densi13

and the experimental observation of the umkla
components.20 All subtle features of the theoretical aniso
ropy are reproduced by the experiment in detail. The ac
racy of this result is due to the fact that even with thr
Compton profiles available~the third one measured withw
515°), the functiong6(t) and thus alsor6

001(p) as well as
the anisotropy,rGK

001(p)2rGM
001(p)52r6

001(p), would be the
same as obtained from two projections.21 The fact that the
magnitude of the anisotropy~‘‘seen’’ in the experiment! is
diminished indicates thate-e correlation has an anisotropi
effect on the momentum density, as has been sugge
earlier.12

eft
ht

FIG. 3. Differences between 2D densities of Be for mome
alongGK andGM , reconstructed from two Compton profiles. Th
experimental results are indicated by solid squares. The corresp
ing results of the reconstruction from theoretical Compton profi
with and without resolution broadening are shown by open circ
and solid line, respectively.

FIG. 4. 2D momentum densities of Be, normalized to dime
sions of the BZ’s, for momenta alongGK ~circles! and GM ~tri-
angles!, reconstructed from two Compton profiles. Theory~includ-
ing resolution broadening and the Lam-Platzman correction! and
experiment are marked by solid and open symbols, respectivel
6-3



de
lik
-
a
c

u
te

on

c
-

e
e

nd

ta
n

y
w

v
ga
en
re

th
th

i
ta
-
u

im
al
er
n
o

at
e
ls
.

er

th
t

t

al
the
ed
sity

ve

pe

ds,
r to
W

ual

te-

i-

ig.
-
re-
for

ce-
the
tri-
is,
the
en-
za-
he
ng
al-

l to
ly

c-
and

the
ed

G. KONTRYM-SZNAJDet al. PHYSICAL REVIEW B 68, 155106 ~2003!
Reconstructed densities for momenta alongGK andGM
are presented in Fig. 4. It can be seen that the absolute
sities are not reproduced exactly, e.g., a small electron
lens is observed atp50 a.u. According to all previous band
structure calculations, this element should not be present
is thus most probably an artifact originating from the fa
that the isotropic componentr0

001(p) is reconstructed from
only two projections. However, this artifact is cancelled o
in the difference shown in Fig. 3, which further demonstra
the accuracy of the obtained anisotropy.

Concerning the influence of statistical noise on the rec
structed densities,s@r001(p)#, we performed the following
tests.~1! The quality of data was checked by the consisten
condition ~CC!.22 According to the CC, three first coeffi
cients of the expansion of spectraJGK(p) and JGM(p) into
orthogonal polynomials must be exactly the same. The
perimental Be Compton profiles used in this work satisfi
this condition perfectly, indicating both high statistical a
systematic accuracy of the data.~2! By performing simula-
tions of noise, added to theoretical profiles~similarly as in
Ref. 22! we obtained that, due to the very good experimen
accuracy and the relatively small core contributio
s@r001(p)#,0.15% in units ofr001(pÄ0), which is equiva-
lent to 6% of the maximum of theoretical anisotrop
rGK

001(p)2rGM
001(p). However, such an error occurs for lo

momenta (,0.6 a.u.), not shown in Fig. 2.~3! By applying
in the reconstruction orthogonal polynomials that ha
mean-square approximation properties, we were able to
some control on which fluctuations of the reconstructed d
sities could be connected with statistical noise, and to
move this noise to some extend.

Moreover, the highest statistical error occur along
high symmetry directions because of extreme values of
lattice harmonics@in our casecos(6w)] alongGK andGM .
This follows from the fact that spectra were measured only
the nonequivalent part of the Brillouin zone. Thus, da
~therefore also the noise! are expanded into lattice harmon
ics, which means that spectra for equivalent directions m
be the same. In this way the symmetry condition was
posed also on the noise. However, such an error is sm
than the truncation error, following from the limited numb
~in our case to 2! of projections used in the reconstructio
and does not influence the obtained results, the more s
we restrict our analysis to drawing the qualitative FS.

In the analysis in thep space one should bear in mind th
r001(pz ,py) cannot be directly identified with the FS lin
dimensions along the@001# direction because in real meta
r j (p) ~in j th band! is lower than 1 even in the central FS
However, undoubtedly the theoretical as well as the exp
mental results show the lack of electrons around theL point
in the third and fourth bands and the shape of the FS on
GMA plane close to the double BZ boundaries. In order
obtain more detailed information,r001(pz ,py) has to be
folded to the reduced zone scheme~k space! as discussed in
the following.

IV. RESULTS OF THE LCW FOLDING PROCEDURE

In the Compton-scattering experiment one measures
electron density in thep space
15510
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r~p5k1G!5(
j

occ U E
2`

`

fk j~r !e2 ip•rdrU2

, ~11!

wherek, G, j, andfk j (r ) denote the wave vector, reciproc
lattice vector, band index, and electron wave function in
statek j , respectively. The summation is over all occupi
states. In a periodic lattice potential, the momentum den
in the j th band can be written as

r j~k1G!5n~k j ! uuk j~G!u2, ~12!

whereuk j are the Fourier coefficients of the electron wa
functions andn(k j ) is the occupation number.

It is well known that it is not possible to obtain the sha
of the FS knowing only the densityr(p). This is due to the
fact that the density is not constant on the FS andr(p)
represents a sum of contributions from all occupied ban
not only those crossing the Fermi energy. Thus, in orde
obtain the FS map, the best choice is to perform LC
folding,10 which is a conversion fromp to k space. By doing
this, the folded densities visualize the shape of the individ
FS elements more clearly.

In the case of the electron density~neglecting correlation
effects!, r j

e(k)5(Gr j
e(k1G)5n(k j )51 ~or 0 for unoccu-

pied states! andre(k)5( jr j
e(k)5n(k), wheren denotes the

number of occupied bands contributing to the pointk. The
application of the LCW folding torL(pz ,py) gives the func-
tion rL(kz ,ky) which represents the corresponding line in
gral of r(k), in this case alongL i@001#. The density
rL(kz ,ky) can be identified with the sum of the FS line d
mensions over occupied bands alongL .

The results of the folding procedure are displayed in F
5, where densitiesr001(kz ,ky) reconstructed from two theo
retical and two experimental Compton profiles, are p
sented. The free-electron model result is also shown
comparison.

Conventionally, the momentum densitiesr(k) obtained
via the LCW folding, and thus also densitiesr001(kz ,ky), are
presented in arbitrary scale. As was shown by Kaiseret al.,23

the main reason is that the convergence of the LCW pro
dure is dependent on the degree of the localization of
electrons. The more localized they are, the larger the con
bution of the umklapp components at high momenta
which consequently increases the truncation error of
LCW procedure. This effect decreases the LCW-folded d
sities in a nonuniform way, and thus an absolute normali
tion is difficult. In the case of experimental densities, t
finite resolution function and statistical noise, both affecti
especially the umklapp components, complicate the norm
ization even further.

In Be the volume of occupied valence states is equa
the volume of two BZ’s. Thus, if two bands were complete
filled, r001(kz ,ky) would be constant and equal to 2uGAu.
The light and dark areas in Fig. 5 depict low and high ele
tron densities originated from the holes in the second b
~coronet! and the electrons aroundK in the third band~ci-
gars!, respectively.

Figure 6 shows the same densities in more detail along
main symmetry directions together with densities obtain
6-4
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FIG. 5. 2D LCW densitiesr001(kz ,ky) in Be, in the repeated
zone scheme, reconstructed from two 1D projections. Panel~a!:
Theory without LP correction. Panel~b!: Theory with LP correction
and resolution broadening. Panel~c!: Experiment. Panel~d!: Free-
electron model. Columns I and II show results described by 60
90 @or 120 in panel~a!# orthogonal polynomials, respectively. Eac
figure contains 10 contour lines.

FIG. 6. 2D LCW densities in Be for momenta alongGK ~right-
hand side! and GM ~left-hand side!, reconstructed from two 1D
spectra. The theory with LP correction with and without resolut
broadening is indicated by dashed and solid lines, respectiv
while the experiment is marked by circles.
15510
from the corresponding LP-corrected theoretical Comp
profiles. From Figs. 5 and 6 the second-zone holes arounT
and the third-zone electrons aroundK can be clearly recog-
nized. Other features, e.g., the electronlike artifact around
G point in the third band~seen also in Fig. 4! and a holelike
artifact between theS and M points, are caused by usin
only two components of reconstructed densityr001(pz ,py),
determined from only two Compton profiles.

V. SUMMARY

When the electron momentum densityr(p) is highly an-
isotropic, it is quite difficult to obtain its shape from 1D
projections accurately, since a relatively large number of p
jections is needed. For these cases, the reconstruction o
momentum densitiesJ(pz ,py) instead of 3D densitiesr(p)
is advised. It is shown that only a small number~2–5! of
measured plane projections is needed to reconstruct the
momentum density, and generally this 2D density allo
much more detailed analysis of the FS than 1D projectio
The use of the Cormack method is proposed, because~a! the
expansion of measured spectra into orthogonal polynom
has mean-squares approximation properties and thus it e
tively smooths the statistical noise in the experimental dat24

~b! the method employs the Chebyshev polynomials, wh
are the only orthogonal polynomials having analytical zer
allowing the estimation of the coefficientsalk to a high de-
gree of precision.

This method was applied to two Be Compton profiles a
the line projection of the momentum density along the@001#
direction was reconstructed. The analysis performed in
extendedp space shows that for 0.60,p,1.05 a.u. the line
dimensions of the FS along@001# are much larger forpiGK
than forpiGM , which is caused by the lack of electrons
the third and fourth bands around theL point and the lack of
holes around theH point. The anisotropy of the Fermi mo
mentum, i.e.,pF

GM.pF
GK , leading to very small holes aroun

the S point, is also observed. All subtle features of the th
oretical anisotropy are reproduced by the experiment in
tail. However, its magnitude is diminished, which indicat
that e-e correlation has an anisotropic effect on the mome
tum density. With the example of the anisotropyrGK

001(p)
2rGM

001(p), it is shown how symmetry properties can e
hance the accuracy of the reconstruction.

After folding the reconstructed densitiesr001(pz ,py) into
the reduced zone scheme, the second zone holes and
zone electrons could be clearly recognized around theT and
K points, respectively. Moreover, the results both inp andk
spaces clearly show the absence of the FS elements ar
the L point in the third and fourth bands.
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