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Density-induced reorientation of the stripe at half-filled high Landau levels
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The effect of a unidirectional periodic potential on the orientation of the stripe state is studied for the
two-dimensional electron system at half-filled high Landau levels. By considering a quantum well with two
electric subbands, it is found that the stripe is parallel to the external potential for weak modulation and is
orthogonal for strong modulation. In the intermediate range, the orientation of the stripe changes from orthogo-
nal to parallel as the electron density is increased. This result explains the recent experiment performed by Zhu
et al. that the anisotropy axis at half-filled high Landau levels rotates by 90° by increasing the electron density.
It also supports the suggestion that the stripes are pinned by the native surface morphology at the interface of
the heterojunction.
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Two-dimensional electron systems~2DES’s! of the high-
mobility samples in a strong magnetic field exhibit a ri
variety of physical phenomena associated with the Coulo
interactions between electrons. In the lowest Landau le
~LL !, the electrons condense into an incompressible quan
liquid at certain rational filling factors and lead to the famo
fractional quantum Hall effect~FQHE!.1–3 Recently, a new
kind of many-body correlated phase which shows large
isotropy in the longitudinal resistance in the magnetotra
port experiments was revealed at half-filled high Landau l
els (n59/2,11/2, . . . ).4,5 The origin of this strange
anisotropy is widely viewed as the formation of a unidire
tional charge density wave~UCDW! or stripe state around
these filling factors.6,7 Even before the experimental disco
eries, the UCDW was predicted theoretically by Fog
et al.8 and Moessner and Chalker9 based on Hartree-Foc
~HF! discussions, where the 2D electron gas spontaneo
breaks the translational symmetry. When the external fiel
tilted away from the sample normal, it shows that the e
transport orients orthogonal to the in-plane magne
field.10,11 Theoretical computations beyond the HF appro
mation are also consistent reasonably with the experim
results.12–14 Some researchers proposed the existence of
uid crystalline states with stripe ordering and broken ro
tional symmetry.13,15,16

Nevertheless, the preferred orientation of the stripes
perpendicular magnetic field remains puzzling.17 For 2D
electron systems in GaAs/AlGaAs heterostructures grown
^110&-oriented GaAs substrates, the hard transport direc
is parallel to thê 110& crystallographic direction while the
easy direction is parallel tô110&. It is hard to believe that
the crystal structure affects the orientation of the stripe.
the experiments the magnetic field is a few tesla, so the w
function of each electron in the third LL is spread over mo
than several hundred angstroms. The details of the cry
lattice structure will be averaged out. Fil proposed that
piezoelectric effect may play a role in determining the orie
tation of the stripes.18 In a recent experiment, Willettet al.
examined the surface morphology of high-mobility hete
structures and found that the transport is consistent with
0163-1829/2003/68~15!/153314~4!/$20.00 68 1533
b
el
m

-
-
-

-

r

ly
is
y
c
-
nt
q-
-

a

n
n

n
ve

tal
e
-

-
at

in samples having artificially induced 1D charg
modulations.19 The native lines are orthogonal to the stripe
which, at first glance, is somehow in contrast to intuitio
Several authors have studied this new effect with a perio
external potential and their results consistent with
experiment.20,21

Recently, Zhuet al. observed a density-induced inte
change of anisotropy axes at half-filled high LL’s.22 They
employed a tunable-density heterostructure-insulated g
field-effect transistor to access a wide density regime
found that as the density of the 2DES is raised above
31011 cm22, the easy axis rotates from the^110& direction
to the ^110& direction. Their result provides another way
demonstrate the pinning mechanism of the stripe ph
which we will discuss in this work. We will show when tak
into account two electric subbands and introduce a unidir
tional periodic potential to the electron system; these stri
align either parallel or perpendicular to the external potent
The stripe is parallel to the periodic potential for we
modulation whereas it perpendicular to the potential
strong modulation. For intermediate modulation, the strip
experience a rotation of 90° from parallel or orthogonal
the external potential as the density increases. Our discus
supports the suggestion that the orientation of the st
phase is pinned by the native symmetry breaking potentia
the GaAs/AlGaAs interface.

In order to deal with the problem analytically, we assum
that the electron gas is confined in a plane by a harmo
potential with characteristic frequencyV. Before going to
the details, we argue that this choice of confining poten
may quantitatively correct for the problem we will deal wi
in this work despite the fact that the realistic confining p
tential in the sample is essentially a finite square well. T
harmonic well is very different from the square well in i
excited spectra, for the harmonic spectrum is equally gap
while that of the square well is not. However, in our wor
there will be only two energy levels of confining potential
be involved and thus the unequal energy gaps between
ferent adjacent energy level will not be a concern. Therefo
one can variationally adjust the harmonic frequency su
©2003 The American Physical Society14-1
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that the harmonic energy gap equals the gap between t
two given levels in a realistic square well. In this sense,
harmonic potential may be a good approximation to a re
istic potential to give a quantitative description. Such a h
monic potential has been chosen to deal with many quan
Hall systems to replace the realistic potential which is eit
triangular23 or square.6,7,24 It was also used to discuss th
giant magnetoresistance induced by a parallel magn
field.25

For a perpendicular magnetic field applied to the syste
B5Bẑ, there are two electric subbands mixing with the La
dau levels, with frequenciesv15V and v25vc , respec-
tively. The corresponding eigen wave functions are26

fm
v15Nm

1e2z2/2l 1
2
Hm~z/ l 1!,

fn
v25Nn

2e2(x2X)2/2l 2
2
Hn„~x2X!/ l 2…, ~1!

where Hn(x) are the Hermitian polynomials andNn
6

51/A2nn!Ap l 6 are the normalization coefficients.l 6
2

5\/mbv6 . X is an integer multiple of 2p l 2
2 /Ly . The com-

bined single-particle wave function is

Fmn5
1

ALy

eiXy/ l 2fm
v13fn

v2 . ~2!

Then the energy levels of single particle states are descr
by a set of two indices (mn) with index m indicating the
electric subbands andn the Landau levels.

Figure 1 schematically depicts the energy levels of
2DES. Given a filling factor, e.g.,n59/2, increasing the
electron density means increasing the strength of the m
netic field B. Hence there appear a series of energy le
crossings since the electric subbands rarely change whe
the cyclotron frequencyvc increases with the magnetic field
The Fermi energy is indicated by the thick dashed line. Si
the single-particle state at the Fermi surface is changed f
(10) on the left to (01) on the right of the crossing point
the density increases, one may expect a phase transitio

FIG. 1. A schematic description of the energy levels with tw
electric subbands. (mn)’s indicate the two indices of electric sub
bands~m! and Landau levels (n). Thin dashed lines are the corre
sponding Zeeman splitting. Thick dashed line is the Fermi level
n59/2.
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the level crossing as in most circumstances.28,29 We will
show that the UCDW indeed changes from orthogonal
parallel to the periodic potential for intermediate modu
tions as the electron density~hence the magnetic field! in-
creases.

To include the surface morphology at the interface of
heterostructure, we consider the effect of a periodic poten
of wave vectorQW p and strengthV0 on the stripes of funda-
mental wave vectorQW s . In realistic samples of GaAs
AlGaAs heterostructure, the wave vector of potential mod
lation QW p should be in the^110& direction.19,30,31 Two
configurations ofQW p and QW s are considered in our work
QW piQW s or QW p'QW s . In the orthogonal orientation, the mai
deformation of the stripe caused by the periodic potentia
modulation of the width of the stripes. In the parallel orie
tation, the main deformation of the stripe is displacement
the stripes. Both deformations lower the cohesive energy
the stripe state.21

The Hamiltonian consists of a Coulomb interaction p
H0 and an interaction with the external potential partH1 :
H5H01H1. Here

H05
1

2LxLy
(

qW
v~qW !r~qW !r~2qW !, ~3!

wherev(qW )52pe2/k0q:

H15
1

2
V0 (

qW 56QW p

r~qW !exp~ iqW •r 0
W !, ~4!

whererW0 is the origin of the potential.r(qW ) is the electron
density operator projected onto the upper LL. It can be w
ten as

r~qW !5 (
X

F~qW !e2 iqxXcX1

† cX2
, ~5!

whereX65X6qyl
2/2. HereF(qW ) is computed by the state

~2!, which is given by

F~qW !5e2qz
2l 1

2 /42qi
2l 2

2 /4Lm~qz
2l 1

2 /2!Ln~qi
2l 2

2 /2!, ~6!

whereLn(x) is the Laguerre polynomial.qW i is the momen-
tum in the 2DES plane.

By using the standard manipulation for the Hartree-Fo
decoupling of Hamiltonian~3!, we get

H0
HF5

1

2 (
qW

uHF~qW !D~2qW ! (
X

e2 iqxXcX1

† cX2
. ~7!

The effective potentialuHF(qW ) is explicitly written as a sum
of a Hartree term~in units of e2/k0l )

uH~qW !5 E dqz

p l

1

qi
21qz

2 @F~qW !#2 ~8!

and an exchange term

r

4-2
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uex~qW !522p l 2 E dpW

~2p!2
uH~pW !eipW 3qW l 2. ~9!

Allowing the charge density wave~CDW! by introducing the
order parameters

D~QW !5
2p l 2

LxLy
(
X

e2 iQxX^cX1

† cX2
&, ~10!

the cohesive energy of the electrons in the topmost LL can
obtained as

Ecoh5
1

2nN
(

QW Þ0

uHF~QW !uD~2QW !u2, ~11!

where nN51/2 is the filling factor at the topmost Landa
level.

We carry out a HF computation on a rectangular latt
with the wave vectors of the order parameters asQW

5( jQx
0 ,kQy

0), wherej andk are integers. Following the pro
cedure in Refs.@21 and 27#, when

NQx
0Qy

0l 252Mp, ~12!

with N andM being integers, the Landau level splits intoN
Hofstadter bands. The CDW state is recognized as the s
phase when the order parameters withQW 56QW s are domi-
nant. WhenN56 andM51 the stripe state has the lowe
energy. In Ref. 21, several cases were considered forQp
5Qs /k, with k52,3,4,5,6. As an example in our work, th
wave vector of the external potential is typically chosen to
Qp5Qs/3. We consider two configurations in which theQW p

andQW s are either parallel or orthogonal to each other, resp
tively. In the parallel orientation case, the main deformat
is the displacement of the stripe, which is called the ‘‘fr
quency modulation.’’ In the orthogonal orientation case,
main deformation is the modulation of the stripe widt
which is called the ‘‘amplitude modulation.’’ In the latte
case, there is a periodic density modulation along the str
with wave vectorQW 5QW p for weaker modulation. When th
modulation becomes stronger (V0 /\V*0.1), the stripe
looks like breaking up at the ridges of the external poten
and degenerates into a rectangular CDW state.

Figure 2 shows the dependence of the cohesive energ
the electrons in the third LL on the modulation strength
the external potentialV0. The parallel orientation state an
orthogonal orientation state for (mn) energy levels are de
noted by ‘‘para(mn)’’ or ‘‘orth( mn), ’’ respectively. When
the electron density~or vc /V)rises, the Fermi level change
from the (10) state to the (01) state. Figure 2~a! is for
vc /V50.2941 and 2~b! is for vc /V50.8824. Both figures
show that the parallel orientation is slightly lower in ener
than the orthogonal orientation for small modulation stren
(V0 /\V&0.04) whereas the orthogonal orientation dom
nant for large modulation strength (V0 /\V*0.06). Previous
studies claimed that the orientation of the stripe is alw
perpendicular to the periodic potential.20,21 The difference
may result from the fact that their calculations did not cou
the width of the quantum well. We note that the two-subba
15331
e

e

pe

e

c-
n
-
e
,

es

l

of
f

h
-

s

t
d

level is not the key element to whether the stripes are para
or orthogonal to the potential. The orientation of the strip
is mainly dependent on the relative strength of the exter
modulationV0 with respect to the characteristic frequen
V. However, in the single-band model, there is no transit
of orientation of the stripes as the density varies. In the tw
subband levels, since the matrix elements in formula~6! are
dependent on the single-particle states~2!, the Hartree-Fock
potentials are different at the two sides of the crossing, wh
the orientation transition underlies.

Figure 3 shows the anisotropy energyEa versusvc /V or
electron density~in arbitrary units!. Ea is the energy differ-
ence between the parallel orientation and the orthogonal

FIG. 2. The cohesive energy of the UCDW vs the modulat
strengthV0 /\V of the potential. ‘‘para’’ and ‘‘orth’’ denote parallel
and orthogonal orientations to the periodic potential, respectiv
~a! is for vc /V50.2941 and~b! is for vc /V50.8824.

FIG. 3. Anisotropy energyEa vs vc /V or electron density~in
arbitrary units!. Ea is the energy difference between the paral
orientation and the orthogonal orientation.Ea is definitely negative
for V0 /\V50.02 whereas definitely positive forV0 /\V50.07.
For V0 /\V50.05, Ea changes from positive to negative asvc /V
~or electron density! increases, implying a phase transition fro
orthogonal orientation to parallel orientation.
4-3
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entation. We depict three curves for three typical values
V0 /\V. We find thatEa is definitely negative forV0 /\V
&0.04, indicating that the parallel orientation is favored.Ea
is definitely positive forV0 /\V*0.06, indicating that the
orthogonal orientation is favored. For the curveV0 /\V
50.05, Ea changes from positive to negative asvc /V ~or
electron density! increases, implying a phase transition fro
orthogonal orientation to parallel orientation. This result c
incides with the recent experimental observation by Z
et al. that the anisotropy axes at half-filled high Landau le
els in the two-dimensional electron system rotate by 90°
increasing the electron density.22 It should be noted that in
previous studied samples with electron densities inside
transition region of Ref. 22, the easy direction is always p
allel to the ^110& direction.10,11,19,30This variety of experi-
mental results may originate from the sensitive depende
of the stripe orientation on the roughness of the surface m
phology at the interface of the heterostructure. In our cal
lations, the parallel phase exists only for rather weak mo
lation (V0 /\V&0.04). Specifically, anisotropy axis rotatio
takes place only in a limited range of modulation stren
and width of the quantum well (0.04&V0 /\V&0.06). Be-
yond this range, no reorientation transition can be obser

In Fig. 1 there are more energy crossings asvc /V ~or
electron density! further increases or decreases. For low
density, the single-particle state will be the (02) state. T
a

.

,

n,

B

.

.

15331
f

-
u
-
y

e
r-

ce
r-
-
-

h

d.

r
e

stripe will experience an additional orientation interchan
which may be observed in experiment by sweeping a lar
electron density regime. We emphasize that complex tra
port behavior takes place only in a two-subband quant
well at half-filled Landau levels. Given a filling factor, in
creasing the electron density means increasing the mag
field, which leads to energy level crossings. Reference
suggested that the squeeze of the electron wave function
harder press against the interface may be the origin of
reorientation of the stripes. We have checked in our com
tations that no such transition can take place in a single-b
model. Our result provides support to the explanation t
the pinning mechanism is the native surface morphology
the interface of the GaAs/AlGaAs heterostructure.

In summary, we have studied the effect of a unidirectio
periodic potential on the orientation of the UCDW state. B
considering two electric subbands of a wide quantum wel
is found that the stripe is parallel to the potential for we
modulation and is perpendicular for strong modulation. F
intermediate modulation, the orientation can be either pa
lel or perpendicular to the potential. When the electron d
sity increases, the stripes experience a rotation of 90° fr
parallel or orthogonal to the external potential. The resul
consistent with a recent experimental observation. Our
cussions may help to discern the pinning mechanism
stripes at half-filled high Landau levels.31
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