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Phonon and electron-phonon renormalization in Al-doped MgB2
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A detailedab initio study of the electronic properties of the Al-doped MgB2 compound is reported. TheE2g

phonon frequency is calculated as a function of the Al content within linear-response theory. Our results show
that a strong phonon frequency renormalization starts at 25% Al content, explaining the phonon frequency
behavior as a function of Al doping reported by different experiments.
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Two years after the report of superconductivity in MgB2,1

many properties of this compound have been investiga
and understood in many respects. In particular, the me
nisms that lead to superconductivity are right now quite w
established:2 the strong electronic coupling with a particul
phonon mode~the zone centerE2g) and the number of hole
at the Fermi level in thes B bands have been demonstrat
to lead to a transition temperatureTc as high as 39 K.2,3

Unfortunately, the understanding of the mechanism did
help to further improve the superconducting properties
MgB2. Based on a possible increase of the hole density
states~within a rigid-band scheme!, it was suggested—bu
never demonstrated—that hole doping could further incre
Tc . From the experimental side, however, hole doping
MgB2 remains a challenging goal to achieve: incorporat
of proper dopants is very difficult due to structural chang
and phase separations that turn out to suppress, rather
increase,Tc .

As a paradox, the first, and the only successful, alloy
of the MgB2 structure was achieved with the electron-dop
Al. Thanks to the very stable AlB2 phase, Al substitution
within the Mg network is possible at any concentration, a
at 50% doping the formation of an ordered stable AlMg4
phase has been reported.4 Many experiments as well as the
oretical calculations appeared on Mg12xAl xB2 compounds,
focused on understanding the mechanisms that lead to su
conducting degradation. These alloys are in fact particula
interesting since they allow to monitor the structural, ele
tronic, and superconducting properties as a continuous fu
tion of electron doping.

Mainly, the decrease ofTc upon Al addition has been
explained in terms of changes in the Fermi-surfa
topology.5,6 Lately, two related works4,7 pointed out the
renormalization of theE2g phonon frequency in going from
AlB2 to MgB2. Both papers discuss the behavior of theE2g
phonon frequency as a function of increasing Al content a
clearly show an anomaly in the curve at about 20%–25%
concentration, where the phonon frequency is seen to
crease abruptly.

The changes induced by doping to physical paramet
such as lattice constants (a and c), carrier density, phonon
frequency, and density of states at the Fermi level, are
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mately related to the superconducting phase transit
Therefore, the study of all these physical quantities
Mg12xAl xB2 represents a unique opportunity to study t
interplay of all these parameters and to understand how
influence the critical temperature of MgB2. We can identify
two different effects that jointly lead to aTc reduction asx
increases:~i! a positive pressure effect—due to the smal
Al ionic radius—and~ii ! the increased number of electron
contributed by Al. Both effects are crucial. First-principle
electronic structure calculations, in addition with densi
functional perturbation theory, represent the only meth
available to properly take into account all these import
ingredients and to study in detail electronic band structu
phonon frequencies, and electron-phonon couplingl. We
use the first-principles pseudopotential approach,8 within the
virtual-crystal~VC! approximation to account for the effec
of disorder when substituting Al on the Mg sites. Norm
conserving pseudopotentials were used for all the elem
considered, Mgp semicore states were not included in t
valence, and their contribution to the exchange and corr
tion potential was accounted for by the nonlinear core c
rections. All the intermediate phases at different Al conte
are obtained through linear interpolation from the calcula
structural parameters of pure MgB2 and AlB2. We verified
that Vegard’s law is generally fulfilled within 1%, comparin
with fully optimized supercells at selected concentration9

and with optimized VC structures~as also found in Ref. 6!.
The calculations were carried out within the local-dens
approximation to the exchange-correlation potential. A
320315 k-point grid in the Brillouin zone, a Gaussia
smearing 0.15 eV, and an energy cutoff of 38 Ry were fou
to give a satisfactory convergence for all the calculated qu
tities. The calculated structural parameters for MgB2 (AlB2)
are a55.758 a.u. andc/a51.144 (a55.585 a.u. andc/a
51.088). The electron-phonon interaction strength is cal
lated according to10,11

l5Nh
s~EF!

\2

2MBv2 (
j
U(

a
«a

j DaU2

, ~1!

whereDa is the deformation potential of thes bands at the
G point per B atoms,j runs over the two degenerateE2g
©2003 The American Physical Society08-1
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modes,a over the two moving B atoms,Nh
s is the hole num-

ber per spin per cell in thes bands at the Fermi level,« j
a

represents the unitary displacement along theE2g phonon
eigenvectors for each B atom, and the frequency is expre
in terms of the corresponding energy.

Figure 1 summarizes our main results as a function of
content. In panel~a! we report the behavior of the contribu
tion of the B s and p bands to the density of states at t
Fermi level, as obtained from a spline fit of theab initio
bands. The value ofNs at x50 is 0.3 states/eV cell and
decreases as the Al concentration is increased. We no
monotonic decrease, with an abrupt change of slope oc
ring at aboutx525% ~marked by a vertical dashed line!. In
panel~b!, the energy difference between the Fermi level a
the top of thes bands at theG and A point ~i.e., the hole
Fermi temperature for perfectly two-dimensional bands! is
plotted as a function ofx and is in agreement with simila
calculations.6 The monotonic decreasing trend, related to
filling of the s bands, is characterized by a change of slo
occurring at aboutx533%: at this concentration the Ferm
temperature goes to zero indicating the complete filling
the s bands at theG point. At higher Al doping, the Ferm
level touches thes bands along theG-A line,5 marking the
transition from a pure two-dimensional~2D! Fermi surface
to an overall three dimensional~3D! dispersion regime. Both
quantities shown in Fig. 1@panels~a! and ~b!# describe how
Al addition changes the electronic properties of MgB2; the
presence of two different regimes as a function ofx calls for
a deeper investigation of the dynamical properties.

As stated in the beginning, the existence of low-ene
phonon frequencies, strongly coupled tos electrons atEF ,
is the fundamental property that makes the MgB2 compound
so special in comparison with all the other diborides. T
experimental determination of the phonon spectrum of
alloyed compounds revealed interesting features; a co
sponding complete theoretical estimate, however, is

FIG. 1. ~a! B s ~circles!, p ~diamonds!, and total~triangles!
density of states at the Fermi level.~b! Energy distance of thes
bands atG ~circles! and at A ~triangles!. ~c! Frequency of the
E2g(q50) phonon mode.~d! Electron-phonon coupling constan
for theE2g mode at theG point @lE2g

(q50)#. All the quantities are
plotted as a function of the Al content.
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lacking. The only theoretical results available are those
x550% phase,7,9 where an interesting structural phase tra
sition to a supercell-like structure, with a doubling of thec
lattice parameter, has been reported. The main result of t
studies is that the filling of thes bands and the contractio
of the lattice constants increase the phonon frequency of
mixed compound. We calculated the behavior of theE2g
phonon frequency as a function ofx: our results are shown in
Fig. 1, panel~c!. We see that in going from the superco
ducting (MgB2, x50%) to the nonsuperconducting pha
(AlB2 , x5100%), the phonon frequency jumps fro
575 cm21 to 1000 cm21, with rather abrupt changes atx
.25% andx.66%. Moreover, three different regimes ca
be easily identified: the first one (0%,x,25%) is charac-
terized by a slow variation of the phonon frequency, the s
ond one (25%,x,66%) reveals a rapid increase of th
frequency, while the last one (x.66%) shows a saturation
behavior to the AlB2 value. This result evidentiates that ph
non renormalization does not vary smoothly with electr
doping; in addition, the first discontinuity in the phono
curve occurs at about 25%, slightly less than 33%, where
transition from the 2D to the 3D Fermi surface is predicte
The only direct link between band-structure features a
anomalies in the phonon frequency behavior can be tra
back to thep hole pockets around theM point that com-
pletely disappear at about 25% doping. The second disco
nuity occurs at aboutx566%, a doping level actually large
than the value~about 60%! which fills out completely thes
bands.

Although observed experimentally, this phonon renorm
ization at aboutx525% was never clearly pointed out, du
to difficulties in the assignment of the various compone
and to phase inhomogeneities. In Ref. 7, however, the p
non frequency renormalization is shown to be nonlinear a
characterized by a pronounced jump atx.20%. In addition,
the results of Ref. 4 indicate that the onset of the phon
changes occurs at aboutx525%.

Due to the virtual-crystal approach used in our calcu
tions, we do not consider structural phase transitions
phase separations at any Al content. In fact, we find that
a andc lattice parameters decrease roughly linearly as the
content is increased, without any of the anomalies obser
in experiment.12,13Nevertheless, the main features of theE2g
phonon frequency behavior as a functions of Al content
pear clearly and well reproduce the experimental findin
this shows that they are related to band-structure effe
rather than to bare structural features.

It could be interesting to study the behavior as a funct
of Al doping of the other modes. However, within virtua
crystal approximation it is not obvious to assign a reasona
value to the mass of the virtual atom; nevertheless, mo
such as theB1g mode and theE2g previously discussed, in
volving the out-of-plane motion of B atoms alone, could
predicted. The behavior of such a mode as a function of
content is reported in Fig. 2.

The mode does not show any anomaly: the curve
creases smoothly moving from pure MgB2 to AlB2, taking
values at the end points in good agreement with previ
calculations and experiments.14 Interestingly, theB1g mode
8-2
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follows the opposite trend with respect to theE2g mode,
becoming softer as the Al content is increased. The differ
behavior of these phonon modes stresses the peculiari
the coupling betweens electrons and theE2g mode.

Let us now discuss the effect of Al doping on the electro
phonon coupling. As discussed by several authors,2,3,15 the
phonon mode most relevant to superconductivity in MgB2 is
the E2g mode; therefore, a good approximation to t
electron-phonon coupling strength can be inferred using
zone-center mode only.3,11A more rigorous treatment of suc
a quantity requires summation over all phonon modes
the entire Brillouin zone;2 however, this is beyond the goa
of the present paper.

Panel~d! of Fig. 1 shows the plot ofl as a function ofx.
As expected, the electron-phonon coupling constant
creases as the Al content is increased; however, we rem
that the deformation potential at theG point3 remains almost
constant (.13 eV/Å) with doping, in agreement with th
results previously found in pure MgB2 and AlB2.9,16

The calculation ofl(x) and ofvE2g
(x) allows to estimate

Tc , and, more importantly, shows how they concur toTc
degradation. We can obtain an estimate ofTc(x) through the
McMillan formula, using the calculated quantities and a
suming as usualm* 50.1: Tc(x)5vE2g

(x)/1.2exp@21.04(1

1l(x)#/@l(x)(120.62m* )2m* #.
Several experimental studies focussed on the effects o

addition in MgB2, and in particular, reported the variation
the transition temperature as a function ofx. Due to the ap-
proximations discussed above, we are not looking fo
quantitative agreement: we therefore normalize our result
the Tc obtained for pure MgB2 in order to compare the pre
dicted trend with available experiments.

In Fig. 3 @panel~d!# our results are shown, in compariso
with the experiments~normalized at their respectivex50%
value! as given in Refs. 4,7, and 13@panel~a!, ~b!, and ~c!
respectively#. The agreement between the theoretical pred
tions and the various experimental data is rather good fx
up to 30%, although the theoretical values show a more ra
Tc lowering asx increases. At largerx concentrations differ-
ent experiments give different results, probably related
differences in sample preparation. Clearly, the contribut

FIG. 2. Frequency of theB1g(q50) phonon mode as a functio
of the Al content. The solid line shown is a spline fit of the data
a guide to the eye.
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of p bands, neglected in our approach, should be inclu
and could somehow change theTc behavior.

It is interesting to stress that all the experiments are ch
acterized by a change in the slope at aboutx525% ~dashed
vertical line in Fig. 3!. This discontinuity is well reproduced
by our calculation that shows the same feature. As discus
previously, the origin of this anomaly is related to changes
both theE2g phonon frequency and the hole density of sta
at the Fermi level.

In conclusion, we report the first calculation of zon
center frequencies phonons, electron-phonon coupling c
stant, andTc as a function of Al doping in MgB2. Our results
agree well with the details of the experimental results, sho
ing how theE2g phonon frequency and the electron-phon
coupling change in going from AlB2 to the superconducting
material. We correctly reproduce the anomaly in the phon
curve at x525% found by experiments and show that
correlates with a similar behavior in thes hole density of
states. In addition, we found that the onset of the sharp
crease inl is concomitant with a hardening of theE2g mode.

Finally, it should be stressed that Al doping brings t
system into a highly nonadiabatic regime, where conv
tional electron-phonon coupling theory is expected
fail.17,18 Although the conventional approach is able to e
plain the main features of superconductivity in MgB2,3 our
calculations cannot quantify the importance of the effe
beyond the Migdal approach.

This work was partially supported by Istituto Naziona
Fisica della Materia~INFM! through project PRA-UMBRA
and ‘‘Iniziativa Trasversale Calcolo Parallelo,’’ and by th
italian Consiglio Nazionale delle Ricerche~CNR! through
‘‘Progetto 5% Applicazioni della superconduttivita` ad alta
Tc . ’’

s

FIG. 3. ExperimentalTc of Mg12xAl xB2 samples as a function
of x taken from Refs. 4,7 and 13~panel ~a!, ~b!, and ~c!, respec-
tively!. The temperatures are normalized to thex50 value. Panel
~d! calculated transition temperature as a function of Al content
8-3
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