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Heat capacity of helium in cylindrical environments
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We perform a systematic investigation of the structure, elementary, and phonon excitations of quantum fluid
“He adsorbed in the interior of carbon nanotubes. We show that the helium fluid inside the cylinder behaves
exactly as in planar films on a graphite substrate, presenting the same kind of layering transition. This tendency
is confirmed by the behavior of a singféle impurity diluted into adsorbefiHe. We also present a simple
description of the lowest excitation modes of the adsorbed fluid and compute the low-temperature contribution
of the phonon spectrum to the specific heat, which displays the dimensionality characteristics reported in
previous works.
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I. INTRODUCTION radial transverse motion of the adatoms comes into play.
The paper is organized in the following way. In Sec. Il we

In recent years a large amount of work has been devotednalyze the structure and elementary excitations of‘the
to study the adsorption of quantum fluids in confined geomfluid in a single-wall carbon nanotube as well as the behavior
etries. Special attention have been paid to systems with cyef the *He impurity. Thermodynamic properties of the exci-
lindrical confinements®and, in particular, adsorption of lig- tations are given in Sec. lll, where we indicate the appear-
uid helium onto walls of carbon nanotubes offers a variety ofance of the collective branches provided by the random
interesting behaviorsin Ref. 3, a new situation was identi- phase approximatioiRPA) for fluid *He in a cylindrical
fied, characterized by the presence of a sharp peak in tr@nvironment and analyze their contribution to the specific
density profiles of the adsorbed fluid aligned with the centraheat in the phonon regime. Section IV is devoted to the sum-
axis of the tube, which constitutes a possible realization of anary and conclusions.
one- or quasi-one-dimension&Q1D) quantum fluic®=*3

Quite recently, it has been shown that this restricted dimen- || £l EMENTARY EXCITATIONS OF  “He IN THE
sionality makes room for the possibility of spin-zero sound CYLINDRICAL ENVIRONMENT

driven by the attractive particle-hole interaction of liquid

SHe 1213 In this work we adopt the Orsay-Trent@®T) density

In this work we shall examine in depth the nature of thisfunctionat® and minimize the total energy &, helium at-
new “axial phase” found in carbon nanotubes, performing aoms, bound to a graphite tube of radigs and lengthL (L
detailed examination of the structure and energetics of ad>R;) by a confining fieldVy(r), with respect to the radial
sorbed*He as the number of adatoms increases, within thelensity p,(r). The variational Euler-Lagrange equation in
frame of finite-range density functional theory. Since thethe mean field is of the form
general shape of the equation of stalg0S and density
profiles for such systems was presented in Ref. 3, in this
work we concentrate in the analysis of the excited states of
the helium atoms and their role in the appearance of succes-
sive inner layers of the fluid. Furthermore, we shall evaluateyith ., the chemical potential which guarantees particle
the probability density of a singléHe impurity adsorbed number conservation, i.e.,
into the “He fluid. We shall also discuss some aspects of
measurable thermal effects—i.e., the heat capacity—
associated with phonon excitations in these fluids. In fact, a Ny=2mL f rdrp,(r), (2.2
related problem has been previously addressed in Ref. 14,

where a hydrodynamic description for acoustic modes withyng where the mean fie[p4(r)] includes the substrate
isotropic dispersion on a cylindrical surface was adopted, itential. Having computed the ground-state self-consistent
order to examine the dimensionality crossover of the heaélensityp4(r) as a function of the linear density,=N,/L,

capacity from one to two dimensions in such environmentsgne can tackle the spectral problem of the one-body Hamil-
This approach has been most recently extended to inveggnian in cylindrical coordinates

tigate the phonon modes and thermal response of fluids ad-
sorbed on a spherical wadfl.Moreover, several properties of

hZ
—ﬁvhwm(r)]—m}M:o, 2

2 2 2
the specific heat of a dilute, quasi-one-dimensional helium 4 _— _ A~ Ei(ri) + £_+ — [+ V[pa(N].
system have been recently studtédand our interest here 2mir or\ ar]  r2 g2 572
focuses on the superspinodal linear density regimes, where (2.3
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FIG. 1. Total energy per particle and chemical potential of he-

lium atoms in cylinders of radiR,=6, 7, and 8 A agdunctions of

linear densityn,. The inset shows the Maxwell construction for the

tube withR,=8 A.

The eigenvalue equatiobl ;@ (r) =& ®Pni(r) can be
solved for single-particlés.p) wave functions

el(kztle)
q)nlk(r):fnl(r)ﬁ (2.9

and eigenenergies
enk=€n+12K?12m, (2.5

where the momentum-independent functidpgr) and the
eigenenergies , satisfy

!

|
f +_n
nl r

2|2
VIpa(r)]+ Wlfnlzsnlfnl .
(2.6

The particular solutiorzgg= p4 and foy=\2mwp4/n, corre-
sponds to Eq(2.1). Keeping in mind the shap@.4) of the
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FIG. 2. Density of helium in the cylinders of Fig. 1. The linear
densities correspond to a surface coverage n,/(2mRgpey) Of
about 0.14 A%,

helium in tubes with radii 6, 7, ah8 A . Wevisualize very
clear jumps in the slope of the chemical potential at values of
n,=2.23, 3.1, and 3.93 A!, which indicate transitions to
configurations with more than one cylindrical shell adhered
to the wall. The corresponding fluid patterns can be viewed
in Fig. 2, which displays the radial densipy(r) as a func-

tion of the distance to the tube axis. The linear densjthas
been chosen so that the surface coverage on the cylindrical
shell, ng=n,/(27Rgper), With Rghe) the centroid of the
peak close to the wall, takes values around 0.14 AFor
these numbers of atoms the second maxima in the density
profiles are well developed, and the fluid inside the tube
tends to reproduce the layering sequence already encoun-
tered on flat graphite surfac&s,?! where the density profile

wave function, hereafter we shall denote as longitudinal an@xhibits oscillations with quasiperiod of about 3 A. In the
transverse motion, respectively, that associated with discurrent geometry, this represents a sequence of concentric

placements along the axis of the tulzeniotion) or along its
radius ¢ motion).

We have solved Eq2.6) for various linear densities,
assuming a binding field of the forrh

5 21/ o\ 10
Vs(r,Rt):37TGS€(T 3_2 ﬁt Mll(r/Rt)
o 4
—(—) Ms(r/Rt)}, (2.7
R
with €=16.24 K,0=2.74 A, ,=0.38 A~2, and
T d(p
M, (X)= f . 2.8
) 0 (1+x2—2x cose)™? @9

cylindrical shells; in the casR;=6 A, the second shell col-
lapses into the so-called axial state, which constitutes a pos-
sible realization of a one- or quasi-one-dimensional quantum
fluid. In Ref. 3, this new situation was identified as the axial
regime; moreover, calculations of the adsorption isotherm for
H, at zero temperature indicate that the axial one seems to be
a true phase of the fluid adsorbed in a nanotube bundle,
which could be reached after a sequence of first-order phase
transitions starting from the shell configuratibn.

It is worthwhile noticing that for the smallest tube radii,
i.e., R=7 A, the film growth is always stable above the
submonolayer condensation that takes place at low cover-
ages. InsteadR;=8 A is peculiar due to the fact that the
layer promotion that follows monolayer completion occurs in
the unstable regiméu/dn,<0. This can be visualized in
the inset of Fig. 1. In this case, film growth happens discon-

The main results can be summarized as follows. Figure linuously and a Maxwell construction yields the si¥a, of
displays the total energy per particle and the chemical poterthe jump in the order parameter. We firh,=0.55 A1,
tial as functions of the linear density,, corresponding to which in turn corresponds tans,=0.22 layers for a radius
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TABLE I. Energy of the bandheads for angular motion, centroids, root-mean-square distance to the axis,
and dispersion of the wave functions for the radial ground-state ba:/ in a cylinder withR,=7 A and
n,=2.5 A. The position of the radial bandheads for1, 2, and 3 are shown at the bottom.

h2 12
eopt ————[K]

l eor [K] P 2mRe (VA reee (Al wlA]
0 —130.11 —130.11 4.07 4.08 0.27
1 —129.74 —129.74 4.07 4.08 0.27
2 —128.62 —128.65 4.07 4.08 0.27
3 —126.77 —126.83 4.07 4.08 0.27
4 —124.18 —124.27 4.07 4.08 0.27
5 —120.85 —120.99 4.08 4.09 0.27
6 —116.79 —116.98 4.08 4.09 0.27
7 —112.00 —112.24 4.09 4.09 0.27
8 —106.49 —106.77 4.09 4.10 0.26
9 —100.26 —100.57 4.10 4.10 0.26
10 —93.32 —93.65 4.10 411 0.26
11 —85.67 —85.99 4.11 4.11 0.25
12 —77.32 —77.61 4.11 4.12 0.25
13 —68.27 —68.49 4.12 4.13 0.25
14 —58.54 —58.65 4.13 4.13 0.25
15 —48.11 —48.07 4.13 4.14 0.24
n £no [K]

1 —66.77

2 —58.75

3 —40.80

AWidth evaluated asv=/(r2)—(r)2.

Rshei=5 A. Therefore, this is a phenomenon of discontinu-Fig. 2. The last three columns contain the values of the
ous film growth similar to that occurring on planar centroid of the density distribution, its rms, and variance.
graphité®2%2land appears to be intrinsic to tube radii equal The numbers indicate that the density profiles depend very
to or above 8 A, for which inwards arrangement of heliumweakly on the angular motion; this can be viewed in Fig. 3,
takes place along a sequence of cylindrical shells, which ar@here the wave functionf,(r) are plotted forl between 0
essentially two-dimensional configurations. The situation isand 15. The relevant information from this drawing is the
different for the smaller radii, where monolayer completionpoor influence of the centrifugal potential in the vicinity of
is followed by the appearance of an axial state of onethe walls, due to the large depth of the graphite field. This
dimensional nature. This suggests that the instability comfact may introduce an important simplification for more
mented above is a feature of the two-dimensional geometrgomplex problems— for example, studies of mixtures of he-
that disappears when the inner cylindrical shell shrinks into a
line along the axis. The latter is, in fact, the most likely : T : .
configuration in nanotube samples where the average radius
is around 6.7 &?

Hereafter we concentrate our analysis on a pore with ra-
diusR;=7 A. In Table | we display the eigenenergies,
for a linear densityn,=2.5 A=, n=0-3. For the radial
ground state band=0, we also show in the first column the
angular bandheads, , |=0-15. These values confirm the
large- scale separation associated with the cylinder dimen- 02 r
sions, the radial quantum,g—eq,=63.34 K being a factor
of 170 larger than the angular orngy— 9= 0.37 K. On the
other hand, we verify that at least in the radial ground-state 0
band, the thresholds for angular motion are almost indistin-
guishable from the free particle ansatzg=u4
+%212/(2mR,e) shown in column 2 of Table I, where FIG. 3. Angular wave functiongq(r) for the radial ground-
R Stands for the centroid of the ground-state dengify  state band in a cylinder witR,=7 A andn,=2.5 A~%,

0.6
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_: FIG. 6. Radial single-particle energies, for R.=7 A as func-
] tions of linear densityn,.

ground state is remarkably stable against increasing number
of atoms. Apparently this is also the case for the first-excited
radial state, at least at the lowest linear densities; however,
slight distortions in the mean field, announcing the appear-
ance of a secondary minimum at smaller radii, become evi-
FIG. 4. Ground-state and first- and second-excited radial wavéjent In, 1.e., thellowest.p.a.nel of Fig. 4. T_h's distortion be-
functions, together with the equilibrium mean field, in a cylinder ©OMes dr"_"mat'(_: in the vicinity of the f[ransmo_n to the dou_ble'
with radiusR,=7 A and for increasing linear density,. shell configuration and provokes an impressive change in the
pattern of the excited statésf. Fig. 5), which display as well
a pronounced increase of the probability amplitude at the

7 [&]

lium isotopes which involve, in principle, the computation ofI " £ th d hell
a large amount of wave functions for tiéle atoms—since ocation ot the seconaary shell.
the compression induced by the angular motion could be The_ behav_lor of the_ wave functions can be further_ under-
disregarded for a preliminary semiquantitative analysis. StOOd_'g tt;e I'gzt gf F|g% 6, vyhereo\%ve ﬁ)lo; the ehnergeg,g

In Figs. 4 and 5 we show, for a series of linear densitied®” =0, 1, and 2 as functions ai,. In fact, the upper

n,, the normalized ground-state and first and second-excited€9'€s undergo one Landau-Zener-like crossing, so that the

radial wave functionsfe(r), f1o(r), and f,o(r), together corresponding statgs pecome almost degenerate at the given
with the mean field potential, which corresponds to the equif"tom numbers. TP'S IS the"cas_e fego and &1 near_tlhe
librium densityp,. Various important features of this struc- formation of the “extended” axial state at,~3.1 A :

ture should be pointed out. At first sight, the main peak in theW.here the regime eXh'b'.tS quas_|degenerac;y of the e{:\_rhe_r ra-
dial ground state and first excited state in the equilibrium
mean field. Moreover, this value af, corresponds to a cov-
eragen,=0.123 A2, thus in good quantitative agreement
with the threshold for second-layer promotion observed in
helium films on flat graphite surfacés.

The probability densityys(r)|? of a single*He impurity
adsorbed into théHe fluid is another topic of interest, since
its behavior in the case of planar helium films adsorbed on
graphite has been thoroughly investigated in the Bhis
probability density is such that

wa rdr|y5(r)|?=1 (2.9

[cf. Eqg.(2.2)]. In order to examine these density profiles in
the current cylindrical geometry, we solve the Sclinger
equation for a singléHe atom in the mean field given by the
density functional description of mixtures of helium
isotopes>~2’we set the particle and kinetic energy densities
of the latter fluid equal to zero in the coupling contributions

A to the mean field experienced by this single atom. In Fig. 7
r [&] we plot the radial densitys(r) as a function of radial dis-
tance for various*He linear densities,. In this figure we
FIG. 5. Same as Fig. 4 for other valuesrof can observe that at the lowest linear densities, the impurity
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(?A 0.2 — 3He 1’14=1.3 A-] I‘l4=2.6 A-l C(T) _ 1 z d hwa()\uq) 2
S Nikg 27N A9 ket
T He f 4Kp 4 a\ B
. 1
01 i xnlho 0@ HL+nho,0)l. (32
< I,
Nj I \ 4 ‘| The pure phonon contribution to the specific heat of one
) S V.4 U I Im L cylindrical shell was previously examined in Ref. 14 for both

L = liquid and solid “He, on very general grounds which sug-
0 gested a thermodynamic means of determining the speed of

< '\/\_\J sound in the given environment. A similar problem was ad-

ﬁ -100= B i\ dressed in Ref. 13, where it was assumed that very dilute
2200 |- — helium atoms—i.e., at the saturation densfty=n,/2m
ool bbb b Pl b b b1 =0.036 A"! of one-dimensional helium reported in previous

< ln=254" n=33AT works*%—confined to a cylindrical surface of radi& e/,

T 015 L ,‘l interact with a contact force of constant strengttihe s.p.

" h spectrum of these atoms is described by,=7%7(q?

2: 01 ] || +\2/RZ,¢1)/2m. A single branch of excitations was encoun-

= 0.05 ,’ \ tered, corresponding to the Bogoliubov spectrum

> [

0 Ll [fo(N,q)]2=elq+20Ne, - (3.3
-0 A In this case, the specific heat of a single cylindrical shell
%{; 100 '-\/\/\\, displays not only the dimensionality crossover from one
- 4 to two dimensions as higher-angular-momentum bands be-

2200 come excited, but the transition between phononlike and
Co Ll bl Fa il lalaly particlelike behavior of boson excitations in this particular
0123456012345¢67 environment.

(A) As discussed in the previous section, in the realistic ge-

ometry and energy configurations which make room to trans-
FIG. 7. Probability density of onéHe impurity and particle  verse motion of the atoms, the first excited radial band lies at
density of the adsorbetHe fluid, together with the respective mean very high energies provided that the number of helium atoms
fields experienced by the atoms, for various linear densities  remains below, say, 3 AL \When transverse s.p. states be-
Quantitiesp(r) and [y5(r)||* are normalized according to Egs. come competitive with the angular bandheads, at linear den-
(2.2 and(2.9). sities close to the formation of the second shell, transitions
. . . . that change the number of radial nodes cannot be disre-
remains confined to the interior of the adsorbed shell. Ingarqeqd. In order to analyze the subsequent modifications to
stead, the probability density is pushed inwards with increasg,q gimpjified scenarios in Refs. 13 and 14, we start by as-
ing n, and becomes finally concentrated inside the inneiming that the s.p. spectrum of thele quasiparticles in the

shell. This evolution pattern is in qualitative agreement with,, o4, field can be represented by the simplified expression
the microscopic calculations for He on graphite of Ref. 24,

where it has been shown that as the thickness of the films
grows and layering sets in, thi#e atom is expelled towards
the free surface. rA2 h? K2

=gpt +
2nghen 2m

(cf. Table ). Furthermore, we assume that the ground state is
excited by an operator which, in addition to being able to
createn radial nodes, transfers axial momentgrand angu-
%ar momentum, of the form

enk=¢€nt ey

(3.9
IIl. THERMODYNAMICS OF THE EXCITATIONS

Let us assume that the helium fluid exhibits well-defined
collective excitation branchesw,(\,q) corresponding to
the response to external fields which transfer angular m
mentumA and linear axial momenturg. Here « labels the
various dispersion relations that may arise as roots of the O(r) =0, (r)e(aztre), (3.5
secular equation—i.e., the RPA equation—for the collective

modes™ The total energy of these excitation branches is The RPA secular equation can be solved analytically when

computed as a function of temperature as the radial excited band lies sufficiently high in energy, typi-
cally for low linear densities of helium atoms. The RPA sus-
U(T)= X o\ an[fwN,a)], (3.1  ceptibility reads
alq

RP 0 0 RP
w)= w)+ w)V w), 3.6
so that the specific heat reads, in terms of the Bose occupa- Xorq (@) = X0rg( @) Xoro(0)VoraXoig (@), (3.0

tion numbersn(e) =1[e**eT—1], being

144501-5
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Xong(@)=[(OX|Og,|00)|%n, e
1 1 ap s PR
X — :
ho—epgtin hotegngTin .
]
(3.7 *
O 2F
and
Vorg=(000,0nq|V,,|ONG, 000, (3.9

where Vi (r, r') is the effective particle-holéph) interac-
tion, which in the density functional frame is computed as B o
the double-functional derivative of the total energy with re-  FIG. 8. Specific heat of the phonon branches of the excitation
spect to the local particle density. The eigenfrequencies ofPectrum as a function of temperature for various linear densities.
the collective modes in E3.6) are the zeros of the dielec- )

tric function e(q )\,w)zl—X&\q(w)Voxq, which reproduce  introduced by the Bose occupation numbers secures that

the RPA-Bogoliubov branchdsf. Eq. (3.3)] essentially the phonon branch—i.g<0.5 A~*—is being
included.
s 2 ~ 5 The general feature in this plot is that at sufficiently low
[ @o(N,@)]°= €0y F 2N4Vorgl(ON|O0r[00)| 05 g - temperatures, i.eT<0.1 K, all these curves are linear func-

(3.9  tions ofT, showing the predominant 1D phononlike origin of
the specific heat!'* according to the rule

For low enough linear densities, the radial bands lie suf-
ficiently apart and uncouplea branchedcf. Eq. (3.2)] ap- Cip
pear associated with the quantum numbewith dispersion N_kB: 3n,fCe
relations[ % w,(X\,q)]? obtained from Eq(3.9) upon substi-
tution of the radial quantum number 0 intoAs discussed in  Moreover, all curves experience a change in slope indicative
the preceding section, wham, increases the ground state of a crossover to a Q1D regime where excitations with non-
(g.s) and first excited radial energies undergo oppositevanishing angular momentum participate in thermal activity.
trends and approach each othef. Fig. 6), thus enlarging The overall quenching of the specific heat is mostly gov-
the domain for ph propagation and coupling the differenterned by the 1f{,cs) slope[cf. Eq. (3.2)]; anyway, non-
RPA branches. monotonic behavior of the slogC/dT as a function oh,

Since our goal is to shed light on the possible evolution obecomes visible above,=2 A ~!. Correspondingly, the
the spectrum and the heat capacity, in connection with thésothermsC, vs n, display “dips” reminiscent of those
energy gap for transverse motion, our calculations are exreported in the case of planar filfisat the various phase
ploratory and have been performed under substantial simpliransitions that take place in the first layer. In fact, a previous
fications. In particular, we focus on an adequate descriptioinvestigation of the dimensional crossover of the phonon
of the phonon branch, consistent with the equation of statgpecific heat liquid and soliHe in a single cylindrical shell
depicted in Fig. 1; consequently, we select, at each lineawas carried out in Ref. 14, where emphasis was laid on the
density for all A and g, the interaction strengthg, excitation of the angular-plus-linear momentum branches
=Vo00 [(ON|O0,|00)|? that reproduces the sound velocity #2 1%/(2mRZ, ) + %2 k?/(2m) on the g.s. bandn=0.
derived fromE(n,) (cf. Fig. 1) in the stable regime, i.e., for While in this work it was argued that a measurement of the
linear densities roughly above 1 A. Similarly, one could phonon heat capacity would shed light on the value of the
derive a parameteg; = V1o [(1A|Og,|10)|? from the slope  speed of sound, the present approach derives these values
of the curvee o(ny) and compute the Bogoliubov branch from the equation of state and from the density dependence
associated to the s.p. energy,q. This criterion for the of the excited transverse bandhead.
choice ofg, cannot be applied in the interval 2.4 A<n, A word of caution concerning the specific heat should,
=<3.1 A ! where the slope ofo(n,) is negative. However, however, be stated, since within the range of linear densities
below the Landau-Zener crossing betweegy(n,) and being considered, the first shell 8He atoms is expected to
go0(N4) Nearn,=2.4 A~1, these constants are so similar thatbe solid®® In fact, the phase diagram dHe films on flat
no gquantitative changes can be reported if we choose afiraphite surfaces indicates the presence of a commensurate
matrix elements to be identical. solid—eventually coexisting with a fluid phase—or an in-

We adopt this simple scheme at all linear densities, for theommensurate solid for areal coverages between 0.04 and
purpose of qualitative comparison, and consider the phono0.12 A~2, which corresponds to, between 1.005 and 3.015
specific heat in Eq(3.2) for different situations, as shown in A~1 on a perfect cylindrical surface with a radiBg,; of
Fig. 8, where we displaZ/(N,kg) as a function of tempera- 4 A. The present results on excitation spectra and specific
ture T (in K) for various linear densities, above 1 A% In heat of helium atoms actually correspond to a high- density
this temperature range, the thermal cutoff to the inte@@  fluid. In this description, the values for the coupling con-

ksT. (3.10

144501-6
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stants and sound velocities of the first and second shells wedency is provided by the behavior of a singlde impurity
extracted from the EOS. As a consequence, we predict refliluted into the adsorbed host. This result is far from trivial;
erence values for the phonon specific heat of a homogeneoirs fact, since the radial potential of graphite seen by the
fluid in the cylindrical geometry, at the density of the ex- adatoms in the interior of a nanotube seems to strengthen its
pected solid layer, which should be confronted with futureattraction as curvature increasésne might have expected
measurements to assert the validity of the Debye model fomore substantial quantitative modifications to the film
this solid. pattern.
We have also presented a simple description of the lowest
IV. SUMMARY AND CONCLUSIONS excitation modes of the adsorbed fluid and computed the
) ) _ low-temperature contribution of the phonon spectrum to the
In this work, we have performed a systematic calculationspecific heat, which displays the dimensionality characteris-
of the structure and elementary and phonon excitations ofcs already reportédin the very dilute limit. In the present
quantum fluid”He adsorbed in the interior of carbon nano- case the range of linear densities rather corresponds to the
tubes, employing a description based on a finite-range densig first layer encountered in flat helium films on graphite.
sity functional. In Sec. Il, it has been concluded that thethe excitations and subsequent specific heat data should then
structure of the helium fluid inside the cylinder evolves with e regarded as a phenomenological picture of the phonon

the number of atoms as does the liquid adsorbed on a flafyectrum of the 1D harmonic solid subjected to anharmonic
graphite surface, presenting a layering transition at |'”eanupIing.29

densities which, for different tube radii, reproduce the value

of the areal coverage fqr fir_st—layer p_romotion. encountereq 'in ACKNOWLEDGMENTS
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