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Heat capacity of helium in cylindrical environments
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We perform a systematic investigation of the structure, elementary, and phonon excitations of quantum fluid
4He adsorbed in the interior of carbon nanotubes. We show that the helium fluid inside the cylinder behaves
exactly as in planar films on a graphite substrate, presenting the same kind of layering transition. This tendency
is confirmed by the behavior of a single3He impurity diluted into adsorbed4He. We also present a simple
description of the lowest excitation modes of the adsorbed fluid and compute the low-temperature contribution
of the phonon spectrum to the specific heat, which displays the dimensionality characteristics reported in
previous works.
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I. INTRODUCTION

In recent years a large amount of work has been devo
to study the adsorption of quantum fluids in confined geo
etries. Special attention have been paid to systems with
lindrical confinements1–8 and, in particular, adsorption of liq
uid helium onto walls of carbon nanotubes offers a variety
interesting behaviors.1 In Ref. 3, a new situation was ident
fied, characterized by the presence of a sharp peak in
density profiles of the adsorbed fluid aligned with the cen
axis of the tube, which constitutes a possible realization o
one- or quasi-one-dimensional~Q1D! quantum fluid.9–13

Quite recently, it has been shown that this restricted dim
sionality makes room for the possibility of spin-zero sou
driven by the attractive particle-hole interaction of liqu
3He.12,13

In this work we shall examine in depth the nature of th
new ‘‘axial phase’’ found in carbon nanotubes, performing
detailed examination of the structure and energetics of
sorbed4He as the number of adatoms increases, within
frame of finite-range density functional theory. Since t
general shape of the equation of state~EOS! and density
profiles for such systems was presented in Ref. 3, in
work we concentrate in the analysis of the excited state
the helium atoms and their role in the appearance of suc
sive inner layers of the fluid. Furthermore, we shall evalu
the probability density of a single3He impurity adsorbed
into the 4He fluid. We shall also discuss some aspects
measurable thermal effects—i.e., the heat capacit
associated with phonon excitations in these fluids. In fac
related problem has been previously addressed in Ref.
where a hydrodynamic description for acoustic modes w
isotropic dispersion on a cylindrical surface was adopted
order to examine the dimensionality crossover of the h
capacity from one to two dimensions in such environmen

This approach has been most recently extended to in
tigate the phonon modes and thermal response of fluids
sorbed on a spherical wall.15 Moreover, several properties o
the specific heat of a dilute, quasi-one-dimensional heli
system have been recently studied,11 and our interest here
focuses on the superspinodal linear density regimes, w
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radial transverse motion of the adatoms comes into play
The paper is organized in the following way. In Sec. II w

analyze the structure and elementary excitations of the4He
fluid in a single-wall carbon nanotube as well as the behav
of the 3He impurity. Thermodynamic properties of the exc
tations are given in Sec. III, where we indicate the appe
ance of the collective branches provided by the rand
phase approximation~RPA! for fluid 4He in a cylindrical
environment and analyze their contribution to the spec
heat in the phonon regime. Section IV is devoted to the su
mary and conclusions.

II. ELEMENTARY EXCITATIONS OF 4He IN THE
CYLINDRICAL ENVIRONMENT

In this work we adopt the Orsay-Trento~OT! density
functional16 and minimize the total energy ofN4 helium at-
oms, bound to a graphite tube of radiusRt and lengthL(L
@Rt) by a confining fieldVs(r ), with respect to the radia
density r4(r ). The variational Euler-Lagrange equation
the mean field is of the form

F2
\2

2m
¹21V@r4~r !#2m4GAr450, ~2.1!

with m4 the chemical potential which guarantees parti
number conservation, i.e.,

N452pL E rdrr4~r !, ~2.2!

and where the mean fieldV@r4(r )# includes the substrate
potential. Having computed the ground-state self-consis
densityr4(r ) as a function of the linear densityn45N4 /L,
one can tackle the spectral problem of the one-body Ham
tonian in cylindrical coordinates

H452
\2

2mF1

r

]

]r S r
]

]r D1
1

r 2

]2

]w2
1

]2

]z2G1V@r4~r !#.

~2.3!
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The eigenvalue equationH4Fnlk(r )5«nlkFnlk(r ) can be
solved for single-particle~s.p.! wave functions

Fnlk~r !5 f nl~r !
ei (kz1 lw)

A2pL
~2.4!

and eigenenergies

«nlk5«nl1\2k2/2m, ~2.5!

where the momentum-independent functionsf nl(r ) and the
eigenenergies«nl satisfy

2
\2

2m S f nl9 1
f nl8

r D 1FV@r4~r !#1
\2l 2

2mr2G f nl5«nl f nl .

~2.6!

The particular solution«005m4 and f 005A2pr4 /n4 corre-
sponds to Eq.~2.1!. Keeping in mind the shape~2.4! of the
wave function, hereafter we shall denote as longitudinal
transverse motion, respectively, that associated with
placements along the axis of the tube (z motion! or along its
radius (r motion!.

We have solved Eq.~2.6! for various linear densitiesn4
assuming a binding field of the form17

Vs~r ,Rt!53puses2F21

32S s

Rt
D 10

M11~r /Rt!

2S s

Rt
D 4

M5~r /Rt!G , ~2.7!

with e516.24 K, s52.74 Å , us50.38 Å22, and

Mn~x!5 E
0

p dw

~11x222x cosw!n/2
. ~2.8!

The main results can be summarized as follows. Figur
displays the total energy per particle and the chemical po
tial as functions of the linear densityn4, corresponding to

FIG. 1. Total energy per particle and chemical potential of
lium atoms in cylinders of radiiRt56, 7, and 8 Å asfunctions of
linear densityn4. The inset shows the Maxwell construction for th
tube withRt58 Å.
14450
d
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helium in tubes with radii 6, 7, and 8 Å . Wevisualize very
clear jumps in the slope of the chemical potential at values
n452.23, 3.1, and 3.93 Å21, which indicate transitions to
configurations with more than one cylindrical shell adher
to the wall. The corresponding fluid patterns can be view
in Fig. 2, which displays the radial densityr4(r ) as a func-
tion of the distance to the tube axis. The linear densityn4 has
been chosen so that the surface coverage on the cylind
shell, ns5n4 /(2pRshell), with Rshell the centroid of the
peak close to the wall, takes values around 0.14 Å22. For
these numbers of atoms the second maxima in the den
profiles are well developed, and the fluid inside the tu
tends to reproduce the layering sequence already enc
tered on flat graphite surfaces,18–21where the density profile
exhibits oscillations with quasiperiod of about 3 Å. In th
current geometry, this represents a sequence of conce
cylindrical shells; in the caseRt56 Å, the second shell col-
lapses into the so-called axial state, which constitutes a p
sible realization of a one- or quasi-one-dimensional quan
fluid. In Ref. 3, this new situation was identified as the ax
regime; moreover, calculations of the adsorption isotherm
H2 at zero temperature indicate that the axial one seems t
a true phase of the fluid adsorbed in a nanotube bun
which could be reached after a sequence of first-order ph
transitions starting from the shell configuration.1

It is worthwhile noticing that for the smallest tube rad
i.e., Rt<7 Å, the film growth is always stable above th
submonolayer condensation that takes place at low co
ages. Instead,Rt58 Å is peculiar due to the fact that th
layer promotion that follows monolayer completion occurs
the unstable regimedm/dn4,0. This can be visualized in
the inset of Fig. 1. In this case, film growth happens disc
tinuously and a Maxwell construction yields the sizeDn4 of
the jump in the order parameter. We findDn450.55 Å21,
which in turn corresponds toDns50.22 layers for a radius

-

FIG. 2. Density of helium in the cylinders of Fig. 1. The line
densities correspond to a surface coveragens5n4 /(2pRshell) of
about 0.14 Å21.
1-2
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TABLE I. Energy of the bandheads for angular motion, centroids, root-mean-square distance to th
and dispersion of the wave functions for the radial ground-state band/n50!, in a cylinder withRt57 Å and
n452.5 Å . The position of the radial bandheads forn51, 2, and 3 are shown at the bottom.

l «0l @K#
«001

\2 l 2

2mRshell
2

@K#
^r & @Å# r rms5A^r 2& @Å# w @Å#

0 2130.11 2130.11 4.07 4.08 0.27
1 2129.74 2129.74 4.07 4.08 0.27
2 2128.62 2128.65 4.07 4.08 0.27
3 2126.77 2126.83 4.07 4.08 0.27
4 2124.18 2124.27 4.07 4.08 0.27
5 2120.85 2120.99 4.08 4.09 0.27
6 2116.79 2116.98 4.08 4.09 0.27
7 2112.00 2112.24 4.09 4.09 0.27
8 2106.49 2106.77 4.09 4.10 0.26
9 2100.26 2100.57 4.10 4.10 0.26

10 293.32 293.65 4.10 4.11 0.26
11 285.67 285.99 4.11 4.11 0.25
12 277.32 277.61 4.11 4.12 0.25
13 268.27 268.49 4.12 4.13 0.25
14 258.54 258.65 4.13 4.13 0.25
15 248.11 248.07 4.13 4.14 0.24
n «n0 @K#

1 266.77
2 258.75
3 240.80

aWidth evaluated asw5A^r 2&2^r &2.
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Rshell55 Å. Therefore, this is a phenomenon of discontin
ous film growth similar to that occurring on plana
graphite18,20,21and appears to be intrinsic to tube radii equ
to or above 8 Å, for which inwards arrangement of heliu
takes place along a sequence of cylindrical shells, which
essentially two-dimensional configurations. The situation
different for the smaller radii, where monolayer completi
is followed by the appearance of an axial state of o
dimensional nature. This suggests that the instability co
mented above is a feature of the two-dimensional geom
that disappears when the inner cylindrical shell shrinks int
line along the axis. The latter is, in fact, the most like
configuration in nanotube samples where the average ra
is around 6.7 Å.22

Hereafter we concentrate our analysis on a pore with
dius Rt57 Å. In Table I we display the eigenenergies«n0
for a linear densityn452.5 Å21, n50 –3. For the radial
ground state bandn50, we also show in the first column th
angular bandheads«0l , l 50 –15. These values confirm th
large- scale separation associated with the cylinder dim
sions, the radial quantum«102«00563.34 K being a factor
of 170 larger than the angular one,«012«0050.37 K. On the
other hand, we verify that at least in the radial ground-st
band, the thresholds for angular motion are almost indis
guishable from the free particle ansatz«0l5m4

1\2 l 2/(2mRshell
2 ) shown in column 2 of Table I, where

Rshell stands for the centroid of the ground-state density~cf.
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Fig. 2!. The last three columns contain the values of t
centroid of the density distribution, its rms, and varianc
The numbers indicate that the density profiles depend v
weakly on the angular motion; this can be viewed in Fig.
where the wave functionsf 0l(r ) are plotted forl between 0
and 15. The relevant information from this drawing is t
poor influence of the centrifugal potential in the vicinity o
the walls, due to the large depth of the graphite field. T
fact may introduce an important simplification for mo
complex problems— for example, studies of mixtures of h

FIG. 3. Angular wave functionsf 0l(r ) for the radial ground-
state band in a cylinder withRt57 Å andn452.5 Å21.
1-3
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lium isotopes which involve, in principle, the computation
a large amount of wave functions for the3He atoms—since
the compression induced by the angular motion could
disregarded for a preliminary semiquantitative analysis.

In Figs. 4 and 5 we show, for a series of linear densit
n4, the normalized ground-state and first and second-exc
radial wave functionsf 00(r ), f 10(r ), and f 20(r ), together
with the mean field potential, which corresponds to the eq
librium densityr4. Various important features of this struc
ture should be pointed out. At first sight, the main peak in

FIG. 4. Ground-state and first- and second-excited radial w
functions, together with the equilibrium mean field, in a cylind
with radiusRt57 Å and for increasing linear densityn4.

FIG. 5. Same as Fig. 4 for other values ofn4.
14450
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ground state is remarkably stable against increasing num
of atoms. Apparently this is also the case for the first-exci
radial state, at least at the lowest linear densities; howe
slight distortions in the mean field, announcing the appe
ance of a secondary minimum at smaller radii, become e
dent in, i.e., the lowest panel of Fig. 4. This distortion b
comes dramatic in the vicinity of the transition to the doub
shell configuration and provokes an impressive change in
pattern of the excited states~cf. Fig. 5!, which display as well
a pronounced increase of the probability amplitude at
location of the secondary shell.

The behavior of the wave functions can be further und
stood in the light of Fig. 6, where we plot the energies«n0
for n50, 1, and 2 as functions ofn4. In fact, the upper
energies undergo one Landau-Zener-like crossing, so tha
corresponding states become almost degenerate at the
atom numbers. This is the case for«00 and «10 near the
formation of the ‘‘extended’’ axial state atn4.3.1 Å 21,
where the regime exhibits quasidegeneracy of the earlier
dial ground state and first excited state in the equilibriu
mean field. Moreover, this value ofn4 corresponds to a cov
eragens50.123 Å22, thus in good quantitative agreeme
with the threshold for second-layer promotion observed
helium films on flat graphite surfaces.23

The probability densityuc3(r )u2 of a single3He impurity
adsorbed into the4He fluid is another topic of interest, sinc
its behavior in the case of planar helium films adsorbed
graphite has been thoroughly investigated in the past.24 This
probability density is such that

2p E rdr uc3~r !u251 ~2.9!

@cf. Eq. ~2.2!#. In order to examine these density profiles
the current cylindrical geometry, we solve the Schro¨dinger
equation for a single3He atom in the mean field given by th
density functional description of mixtures of helium
isotopes,25–27we set the particle and kinetic energy densit
of the latter fluid equal to zero in the coupling contributio
to the mean field experienced by this single atom. In Fig
we plot the radial densityr3(r ) as a function of radial dis-
tance for various4He linear densitiesn4. In this figure we
can observe that at the lowest linear densities, the impu

e

FIG. 6. Radial single-particle energies«n0 for Rt57 Å as func-
tions of linear densityn4.
1-4
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HEAT CAPACITY OF HELIUM IN CYLINDRICA L . . . PHYSICAL REVIEW B 68, 144501 ~2003!
remains confined to the interior of the adsorbed shell.
stead, the probability density is pushed inwards with incre
ing n4 and becomes finally concentrated inside the in
shell. This evolution pattern is in qualitative agreement w
the microscopic calculations for He on graphite of Ref. 2
where it has been shown that as the thickness of the fi
grows and layering sets in, the3He atom is expelled toward
the free surface.

III. THERMODYNAMICS OF THE EXCITATIONS

Let us assume that the helium fluid exhibits well-defin
collective excitation branches\va(l,q) corresponding to
the response to external fields which transfer angular
mentuml and linear axial momentumq. Herea labels the
various dispersion relations that may arise as roots of
secular equation—i.e., the RPA equation—for the collect
modes.28 The total energy of these excitation branches
computed as a function of temperature as

U~T!5 (
alq

\va~l,q!n@\va~l,q!#, ~3.1!

so that the specific heat reads, in terms of the Bose occ
tion numbersn(«)51/@e«/kBT21#,

FIG. 7. Probability density of one3He impurity and particle
density of the adsorbed4He fluid, together with the respective mea
fields experienced by the atoms, for various linear densitiesn4.
Quantitiesr(r ) and uc3(r )uu2 are normalized according to Eqs
~2.2! and ~2.9!.
14450
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C~T!

N4kB
5

1

2pn4
(
al

E dqF\va~l,q!

kBT G2

3n@\va~l,q!#$11n@\va~l,q!#%. ~3.2!

The pure phonon contribution to the specific heat of o
cylindrical shell was previously examined in Ref. 14 for bo
liquid and solid 4He, on very general grounds which su
gested a thermodynamic means of determining the spee
sound in the given environment. A similar problem was a
dressed in Ref. 13, where it was assumed that very di
helium atoms—i.e., at the saturation densityñ45n4/2p
50.036 Å21 of one-dimensional helium reported in previou
works9,10—confined to a cylindrical surface of radiusRshell ,
interact with a contact force of constant strengthg. The s.p.
spectrum of these atoms is described by«lq5\2(q2

1l2/Rshell
2 )/2m. A single branch of excitations was encou

tered, corresponding to the Bogoliubov spectrum

@\v~l,q!#25«lq
2 12gn4«lq . ~3.3!

In this case, the specific heat of a single cylindrical sh
displays not only the dimensionality crossover from o
to two dimensions as higher-angular-momentum bands
come excited, but the transition between phononlike a
particlelike behavior of boson excitations in this particu
environment.

As discussed in the previous section, in the realistic
ometry and energy configurations which make room to tra
verse motion of the atoms, the first excited radial band lie
very high energies provided that the number of helium ato
remains below, say, 3 Å21. When transverse s.p. states b
come competitive with the angular bandheads, at linear d
sities close to the formation of the second shell, transitio
that change the number of radial nodes cannot be di
garded. In order to analyze the subsequent modification
the simplified scenarios in Refs. 13 and 14, we start by
suming that the s.p. spectrum of the4He quasiparticles in the
mean field can be represented by the simplified express

«nlk[«nl1«k

5«n1
\2l 2

2mRshell
2

1
\2 k2

2m
~3.4!

~cf. Table I!. Furthermore, we assume that the ground stat
excited by an operator which, in addition to being able
createn radial nodes, transfers axial momentumq and angu-
lar momentuml, of the form

O~r !5Onl~r !ei (qz1lw). ~3.5!

The RPA secular equation can be solved analytically wh
the radial excited band lies sufficiently high in energy, typ
cally for low linear densities of helium atoms. The RPA su
ceptibility reads

x0lq
RPA~v!5x0lq

0 ~v!1x0lq
0 ~v!V0lqx0lq

RPA~v!, ~3.6!

being
1-5
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x0lq
0 ~v!5u^0luO0lu00&u2ñ4

3F 1

\v2«0lq1 ih
2

1

\v1«0lq1 ihG
~3.7!

and

V0lq5^000,0lquVphu0lq,000&, ~3.8!

whereVph(r , r 8) is the effective particle-hole~ph! interac-
tion, which in the density functional frame is computed
the double-functional derivative of the total energy with r
spect to the local particle density. The eigenfrequencies
the collective modes in Eq.~3.6! are the zeros of the dielec
tric function e(q,l,v)512x0lq

0 (v)V0lq , which reproduce
the RPA-Bogoliubov branches@cf. Eq. ~3.3!#

@\v0~l,q!#25«0lq
2 12ñ4V0lqu^0luO0lu00&u2«0lq .

~3.9!

For low enough linear densities, the radial bands lie s
ficiently apart and uncoupleda branches@cf. Eq. ~3.2!# ap-
pear associated with the quantum numbern, with dispersion
relations@\vn(l,q)#2 obtained from Eq.~3.9! upon substi-
tution of the radial quantum number 0 inton. As discussed in
the preceding section, whenn4 increases the ground sta
~g.s.! and first excited radial energies undergo oppos
trends and approach each other~cf. Fig. 6!, thus enlarging
the domain for ph propagation and coupling the differe
RPA branches.

Since our goal is to shed light on the possible evolution
the spectrum and the heat capacity, in connection with
energy gap for transverse motion, our calculations are
ploratory and have been performed under substantial sim
fications. In particular, we focus on an adequate descrip
of the phonon branch, consistent with the equation of s
depicted in Fig. 1; consequently, we select, at each lin
density for all l and q, the interaction strengthg0
5V000 u^0luO0lu00&u2 that reproduces the sound veloci
derived fromE(n4) ~cf. Fig. 1! in the stable regime, i.e., fo
linear densities roughly above 1 Å21. Similarly, one could
derive a parameterg15V100 u^1luO0lu10&u2 from the slope
of the curve«10(n4) and compute the Bogoliubov branc
associated to the s.p. energy«1lq . This criterion for the
choice ofg1 cannot be applied in the interval 2.4 Å21<n4
<3.1 Å21 where the slope of«10(n4) is negative. However
below the Landau-Zener crossing between«10(n4) and
«20(n4) nearn4.2.4 Å21, these constants are so similar th
no quantitative changes can be reported if we choose
matrix elements to be identical.

We adopt this simple scheme at all linear densities, for
purpose of qualitative comparison, and consider the pho
specific heat in Eq.~3.2! for different situations, as shown i
Fig. 8, where we displayC/(N4kB) as a function of tempera
tureT ~in K! for various linear densitiesn4 above 1 Å21. In
this temperature range, the thermal cutoff to the integral~3.2!
14450
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introduced by the Bose occupation numbers secures
essentially the phonon branch—i.e.,q,0.5 Å21—is being
included.

The general feature in this plot is that at sufficiently lo
temperatures, i.e.,T&0.1 K, all these curves are linear func
tions ofT, showing the predominant 1D phononlike origin
the specific heat,11,14 according to the rule

C1D

NkB
5

p

3n4\cs
kBT. ~3.10!

Moreover, all curves experience a change in slope indica
of a crossover to a Q1D regime where excitations with n
vanishing angular momentum participate in thermal activ
The overall quenching of the specific heat is mostly go
erned by the 1/(n4cs) slope @cf. Eq. ~3.2!#; anyway, non-
monotonic behavior of the slopedC/dT as a function ofn4
becomes visible aboven452 Å 21. Correspondingly, the
isothermsC1D vs n4 display ‘‘dips’’ reminiscent of those
reported in the case of planar films23 at the various phase
transitions that take place in the first layer. In fact, a previo
investigation of the dimensional crossover of the phon
specific heat liquid and solid4He in a single cylindrical shell
was carried out in Ref. 14, where emphasis was laid on
excitation of the angular-plus-linear momentum branch
\2 l 2/(2mRshell

2 )1\2 k2/(2m) on the g.s. bandn50.
While in this work it was argued that a measurement of
phonon heat capacity would shed light on the value of
speed of sound, the present approach derives these v
from the equation of state and from the density depende
of the excited transverse bandhead«10.

A word of caution concerning the specific heat shou
however, be stated, since within the range of linear dens
being considered, the first shell of4He atoms is expected to
be solid.23 In fact, the phase diagram of4He films on flat
graphite surfaces indicates the presence of a commens
solid—eventually coexisting with a fluid phase—or an i
commensurate solid for areal coverages between 0.04
0.12 Å22, which corresponds ton4 between 1.005 and 3.01
Å21 on a perfect cylindrical surface with a radiusRshell of
4 Å. The present results on excitation spectra and spe
heat of helium atoms actually correspond to a high- den
fluid. In this description, the values for the coupling co

FIG. 8. Specific heat of the phonon branches of the excita
spectrum as a function of temperature for various linear densiti
1-6
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stants and sound velocities of the first and second shells w
extracted from the EOS. As a consequence, we predict
erence values for the phonon specific heat of a homogen
fluid in the cylindrical geometry, at the density of the e
pected solid layer, which should be confronted with futu
measurements to assert the validity of the Debye model
this solid.

IV. SUMMARY AND CONCLUSIONS

In this work, we have performed a systematic calculat
of the structure and elementary and phonon excitations
quantum fluid4He adsorbed in the interior of carbon nan
tubes, employing a description based on a finite-range d
sity functional. In Sec. II, it has been concluded that t
structure of the helium fluid inside the cylinder evolves w
the number of atoms as does the liquid adsorbed on a
graphite surface, presenting a layering transition at lin
densities which, for different tube radii, reproduce the va
of the areal coverage for first-layer promotion encountere
planar films. Some indications of this behavior were ant
pated in Ref. 3, where, however, the emphasis was laid
the appearance of the axial state. We may then say that
structure would correspond to a ‘‘rolled-up’’ helium film
grown on a graphene sheet; further confirmation of this t
n,
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dency is provided by the behavior of a single3He impurity
diluted into the adsorbed host. This result is far from trivi
in fact, since the radial potential of graphite seen by
adatoms in the interior of a nanotube seems to strengthe
attraction as curvature increases,17 one might have expecte
more substantial quantitative modifications to the fi
pattern.

We have also presented a simple description of the low
excitation modes of the adsorbed fluid and computed
low-temperature contribution of the phonon spectrum to
specific heat, which displays the dimensionality characte
tics already reported13 in the very dilute limit. In the presen
case, the range of linear densities rather corresponds to
solid first layer encountered in flat helium films on graphi
The excitations and subsequent specific heat data should
be regarded as a phenomenological picture of the pho
spectrum of the 1D harmonic solid subjected to anharmo
coupling.29
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