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Coherence of phonon avalanches in ruby

L. G. Tilstra, A. F. M. Arts, and H. W. de Wijn*
Faculty of Physics and Astronomy, and Debye Institute, Utrecht University, P.O. Box 80000, 3508 TA Utrecht, The Netherlan

~Received 9 June 2003; published 20 October 2003!

Phonon avalanches resonant with the optically inverted Zeeman-splitĒ(2E) doublet of Cr31 have been
measured and analyzed in a single crystal of 500-at. ppm ruby (Al2O3 :Cr31) with a geometry adapted to the
study of coherence. A set of coherent Bloch equations governing the interacting acoustic wave and spin
polarizations is found to provide an excellent description of the results, and to be far superior to incoherent rate
equations for the phonon and level populations. The dephasing time conforms with the width of the inhomo-

geneously broadened transition connecting theĒ(2E) states, which indicates that dephasing primarily occurs
by the spread in frequencies.
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I. INTRODUCTION

This paper is concerned with coherence of the pho
avalanches released by dilute centers in crystalline me
more specifically by the one-phonon transition connect
the optically excited Zeeman-splitĒ(2E) doublet states in
dilute ruby (Al2O3 :Cr31). Phonon avalanches result fro
stimulated emission of phonons following population inve
sion of the participating levels, which are often referred to
the spin system. They entail a rapid heating, i.e., an inte
increase in the occupations, of the phonon modes that
‘‘on speaking terms’’ with the spins, and accordingly man
fest themselves through an enhanced spin-lattice relaxa
For this to occur, however, the energy that the inverted s
system stores into the resonant lattice vibrations must exc
the energy the latter lose by relaxation, so that the pho
occupations are driven out of thermal equilibrium. This co
dition is called phonon bottleneck.

Phonon avalanches were first observed by Brya
Wagner1 using microwave techniques in dilute cerium la
thanum magnesium nitrate. These authors relied on a s
rate equations for the populations of the phonon modes
the spin levels to successfully describe their observatio
The Ē(2E) doublet in dilute ruby has in the mean time b
come an archetypal system for the observation of pho
avalanches,2–5 because complete initial population inversio
of the doublet is feasible by selective optical pumpin
Kramers symmetry ensures the transition to be narrow,
frequency and spin-lattice relaxation time may be var
over wide ranges, and luminescent techniques enable s
tive phonon detection. Other systems in which phonon a
lanches were observed include Al2O3 :V41,6 the
2Ā(2E)-Ē(2E) transition in ruby at 29 cm21,7 LaF3 :Er31,8

and the4A2 ground state in ruby at 9.1 GHz.9 The data could
usually be described on the basis of rate equations, w
provide a by nature incoherent description, yet a sizable
gree of coherence was later inferred in the spin-phonon
teraction of dilute cerium lanthanum magnesium nitrate.10

The problem of coherence of phonon avalanches has
deed been quite elusive, mainly because the detection t
niques for phonons are quite indirect. With luminescent
tection, as a case in point, the generation of phonons is
0163-1829/2003/68~14!/144302~7!/$20.00 68 1443
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by a changing optical intensity measuring the population o
suitable spin level. Another point of concern is to avoid t
complications associated with an extended volume, suc
travel of the phonons beyond the inverted zone,3,5 the finite
penetration depth of the laser light, and inhomogeneity in
Ē(2E) splitting by the external magnetic field. In the prese
study, the experimental conditions are adapted to the p
lem at issue by the use of a specimen so thin that~i! uniform
laser illumination is ensured, and~ii ! the phonons cover the
distance between the crystal faces well within the time
avalanche requires to develop.

In Sec. II, we introduce theĒ(2E) level system and the
frequently used but, as we will verify in Sec. V, deficie
description of the avalanche in terms of rate equations for
phonon and spin populations. In Sec. IV, we derive a se
coherent Bloch equations, which are more complete in t
they include the transverse components of the spins and
acoustic waves. Finally, in Sec. V, we see that the Blo
equations describe the experiments conducted in Sec. II
a series of initial inversions in a way that is significant fro
the point of view of the physics.

II. LEVEL SCHEME AND RATE EQUATIONS

The relevant energy levels of Cr31 in Al2O3 are shown in
Fig. 1. One of the merits of this level system is the me
stableĒ(2E) doublet, whose states, when split by an exter
magnetic field, are connected by a one-phonon transit
Orbach and Raman relaxation processes are completely
zen out at the cryogenic temperatures used.11 The upper level
of Ē(2E) may furthermore be preferentially populated b
selective pulsed optical pumping. For the study of stimula
phonon emission, therefore, theĒ(2E) doublet is ideally
suited, more so because the development of the phonon
lanche may be monitored through the growing population
the lower level and the ensuing luminescent return to4A2
~cf. Fig. 1!. Other advantages are the small bandwidth
the phonon transition, and the wide range of values, att
able via adjustment of the external magnetic fieldB, for
the Ē(2E) level splitting and the spin-lattice relaxation. Fo
the highly anisotropic Zeeman splitting we have\v
5mBB@(gicosq)21(g'sinq)2#1/2, in which q is the angle
©2003 The American Physical Society02-1
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the field makes with thec axis, gi52.445,12 and g'

50.0515.13,14 The spin-lattice relaxation timeT1 within
Ē(2E) strongly depends on the magnetic field. It is given
T1

215CB5sin2q cos3q from theory,15 with C547 T25 s21

from experiment.16 The lattice furthermore is little anhar
monic, so that dilute ruby shows only weak phonon losse
cryogenic temperatures.17

A simple description of the phonon avalanche develop
after complete population inversion ofĒ(2E) is provided by
incoherent rate equations governing the population dens
N1 and N2 of the Ē(2E) levels on the one hand and th
occupation numberp per unit of volume of the resonant pho
non modes on the other.3 The equations, which despite the
shortcomings provide a substantial level of understanding
phonon avalanches, read

dp

dt
5

~p11!N12pN2

rDnT1
2

p2p0

tph
, ~1!

dN1

dt
52

~p11!N12pN2

T1
2

N1

tR
, ~2!

dN2

dt
5

~p11!N12pN2

T1
2

N2

tR
. ~3!

The first terms on the right-hand side describe spontane
emission, stimulated emission, and absorption of phon
resonant with theĒ(2E) states. The quantityr denotes the
density of phonon modes per unit of frequency, so thatrDn,
with Dn being the full bandwidth of theE1↔E2 transition,

FIG. 1. TheĒ(2E) metastable doublet and the4A2 ground quar-
tet of Cr31 in ruby split up in an external magnetic field. Followin
selective pulsed optical excitation, theĒ(2E) two-level system is
fully inverted. Subsequently, a phonon avalanche develops, w
is detected via the luminescence. The Zeeman splittings are d
to scale for the field used (B53.48 T atq565°). TheĒ(2E) states
are split by 1.68 cm21. TheĒ(2E)-4A2 separation is 14 430 cm21.
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is the density of resonant phonon modes. Notice that,
simplicity, p is taken uniform over these modes, and that
spin-lattice relaxation timeT1, which represents the spin
phonon coupling, refers to relaxation of the spins. The
maining terms represent the radiative decay ofĒ(2E) back to
the 4A2 ground multiplet with time constanttR'5 ms,
somewhat dependent on the conditions, and phonon lo
with time constanttph, at this point without concern abou
the exact nature of these losses. We further defineN* 5N1

1N2 for the momentary density of excited Cr31 centers.
For largeN* , more precisely ifN* tph/rDnT1*1, the gen-
erated phonons have insufficient time to decay, so thatp will
be driven out of its thermal equilibrium valuep0
51/@exp(\v/kBT0)21#, with T0 being the temperature of th
lattice. Adding Eqs.~2! and ~3!, we further see thatN* (t)
5N0* e2t/tR, whereN0* is the population density ofĒ(2E)
just after the laser pulse. Note thatN* decreases by no mor
than 0.1% in the time span of a phonon avalanche.

III. EXPERIMENTS

The specimen used in the present experiments is a
cuboidal slab of Czochralski-grown single-crystalline ru
with a Cr31 concentration of 500 at. ppm. It measures 8
31.5 mm2 in area and is 200mm thick. The crystallinea
axis is at right angles with the main faces, while thec axis is
parallel with these faces at an angle of 25° with the long
dimension. The faces were polished to better than 10-
roughness to reduce undesirable light scattering and pho
loss at the surfaces.

The ruby slab was mounted upright in an optical cryos
equipped with a split-coil superconducting magnet, and
mersed in liquid He regulated toT051.4 K. The magnetic
field, of magnitudeB53.48 T, is directed perpendicular t
the a axis and the longest crystal dimension, i.e., atq
565° from thec axis. TheĒ(2E) Zeeman splitting accord
ingly is v/2pc51.68 cm21. We further haveT150.67 ms,
sufficiently long to see the avalanche grow, yet short eno
to allow thermalization amongE1 andE2 prior to radiative
decay.

The optical excitation toE1 was achieved with a pulse
dye laser, operating with LDS 698 dye and pumped with
532-nm frequency-doubled output of aQ-switched Nd:YAG
~yttrium aluminum garnet! laser. The laser delivered ligh
pulses of 8 ns duration at 50 Hz repetition, and was tune
a wavelength of 693 nm to excite Cr31 from the 4A2 , MS
52 3

2 ground state toE1 ~Fig. 1!. The laser beam is inciden
along the a axis, which in ruby is a phonon-focusin
direction.18 Only the center portion of the beam was focus
to a waist'200 mm in diameter. The geometry permits a
justment of the light polarization to any angleqpol with thec
axis. The initial Ē(2E) population densityN0* appears to
depend onqpol according to 120.70 cos2qpol . The polariza-
tion was usually chosen along thec axis, despite the reduce
efficiency, because this minimizes residual Rayleigh scat
ing. Control over power and polarization of the laser lig
was achieved with polarization filters, polarization rotato
and calibrated gray filters.
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COHERENCE OF PHONON AVALANCHES IN RUBY PHYSICAL REVIEW B68, 144302 ~2003!
The phonon avalanches were detected via the grow
intensity of a suitable Zeeman component of theE2→4A2
luminescence, as indicated in Fig. 1. TheE2→4A2 lumines-
cent spectrum and the initially strongerE1→4A2 spectrum
each consist of four Zeeman transitions. To separate th
optimally, theĒ(2E) splitting is chosen equal to half the4A2
level spacing, so that the luminescent transitions are ab
equidistant and depart alternately fromE1 and E2 . The
transition intensities were measured versus the time
means of a 0.85-m Czerny-Turner double monochroma
followed by a cooled photomultiplier operating in photo
counting mode and a fast multichannel scaler averaging o
typically 5000 optical-pumping cycles. The channel dw
time usually was 20 ns.

The intensities of particularly theE2→4A2 , MS51 1
2

and E1→4A2 , MS52 1
2 transitions allow us to gaugeN2

and N1 , from which, by taking advantage of the Krame
symmetry, the quantity of interestN2 /N0* may be derived.
Because proper calibration ofN2 in terms ofN0* is impor-
tant to the analysis in Sec. V below, we have employed
more methods of calibration to find essentially identical
sults. One of these relies on the Boltzmann equilibrium va
N2 reaches after the avalanche has died out. It require
resetting of the spectrometer to the companion transition
parting fromE1 , and is insensitive to differences in rea
sorption by the various Zeeman states of4A2. In the other
method, which is less precise due to statistical noise,N1 is
followed versus the time as it drops from its initial valu
N0* , andN2 is deduced by subtraction.

Figure 2 shows the results forN2 /N0* versus the time for
a series of laser pulse energies. Not shown is the trace
22 mJ energy, just above the threshold for avalanches,
which N2 increases significantly only after the time interv
displayed. At the lowest energy in Fig. 2,N2 is observed to
increase only slowly, but already four times faster than
thermal relaxation alone. Relying for an estimate on the r
Eq. ~3!, we see that the initial growth ofN2 is approximately
given by dN2 /dt;(p11)N0* /T1, so that (p11)/(p011)
;4. With p050.25, therefore,p;4. At the highest laser
energy, where the phonon avalanche has fully developed,N2

rises much faster, corresponding top’s on the order of 103.
Figure 2 only covers the first 5ms following the laser pulse
At longer times,N2 first reaches thermal equilibrium on
time scale on the order ofT1 /(2p011)50.47 ms, and ulti-
mately decays to zero as a result of the radiative deca
Ē(2E) to the 4A2 ground multiplet on the even longer tim
scaletR'5 ms.

IV. BLOCH EQUATIONS

We depart from the Hamiltonian of the coupled lattic
spin system as formulated by Jacobsen and Stevens,19 which
comprises the kinetic and potential lattice energies, the
ergy of the spin doublets, and finally the interaction of t
lattice vibrations with the doublets. That is,

H5(
i

S P i
2

2M
1

K

2
~Ui2Ui 21!2D 1( 8

i
\vS i

z

1( 8
i

g\~Ui 112Ui 21!S i
x . ~4!
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The first summation runs over all unit cells, enumerated bi,
of a one-dimensional lattice chain, whereas, in keeping w
the dilute presence of the spins, the primed summations
restricted to unit cells containing a spin. The quantitiesPi
andUi denote the momentum and mass-excursion opera
of the strain in celli, while S i

x andS i
z are the transverse an

longitudinal components of the local spin operator. T
quantityM is the mass of the unit cell,K is the spring con-
stant between neighboring cells,\v stands for the double
splitting as well as the energy of the resonant phonons, ang
measures the coupling between the strain waves andS i

x .
Note that damping and all other consequences of lattice
harmonicity are ignored.

FIG. 2. Growth ofN2 , normalized toN0* , following pulsed
optical pumping intoE1 for a series of laser pulse energies,
indicated. The solid curves are fits of the Bloch Eqs.~15!–~19! to
the data. The dashed curves represent fits to the rate Eqs.~1!–~3!,
yet with an unphysical nonlinear dependence ofN0* on the pulse
energy. For clarity, groups of three successive data points, each
a dwell time of 20 ns, are averaged to a single point in the grap
The residualN2 at t50 is due to incomplete radiative decay aft
previous pumping cycles.
2-3
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In a quantum-mechanical treatment, we turn to
Heisenberg picture to derive the time dependence of the
erators Pi , Ui , S i

x , S i
y , and S i

z by the use of]Pi /]t
5( i\)21@Pi ,H#, etc. Contracting the resultant expressio
by elimination of Pi and S i

y , averaging in the quantum
mechanical sense, introducing the abbreviationsUi5^Ui&,
Si

x5^S i
x&, andSi

z5^S i
z&, and finally decoupling the nonlin

ear combinationŝUi 61S i
z& into the random-phase approx

mationsUi 61Si
z , we arrive at

]2Ui

]t2
5

K

M
~Ui 1122Ui1Ui 21!

1
g\

M
~e i 11Si 11

x 2e i 21Si 21
x !, ~5!

]Si
z

]t
52

g

v
~Ui 112Ui 21!

]Si
x

]t
, ~6!

S ]2

]t2
1v2D Si

x5gv~Ui 112Ui 21!Si
z , ~7!

wheree i51 if unit cell i holds a spin, ande i50 otherwise.
Equations~6! and ~7! are valid only ife i51.

To deal with this abundance of coupled equations,
change over, in the customary way, to a continuous acou
wave U(x,t) such thatU(x,t) equalsUi at the successive
mass positions. Note that at the presentv the acoustic wave-
length amounts to 135 nm, compared to a lattice constaa
'0.5 nm. Similarly, we introduce the continuous spin fun
tions Sx(x,t) and Sz(x,t) matchingSi

x and Si
z at the spin

positions. Continuum approximation of the latter two qua
tities is allowed, because several tens of excited Cr31 reside
within the distance of an acoustic wavelength despite th
dilute presence at the typicalN0* 5102321024 m23.

In the formalism below, we prefer to express the sp
excursions in the form of the Bloch vector„S(x,t),n(x,t)…
defined by

S~x,t !52N* Sx~x,t !, ~8!

n~x,t !52N* Sz~x,t !, ~9!

so thatS(x,t) represents the transverse polarization of
two-level system, andn(x,t) equals the population differ
enceN12N2 , both per unit of volume. Evenly spread ov
the lattice,a3N* spins are thus assigned to each unit c
The continuous counterparts of Eqs.~5!–~7! then read

]2U

]t2
5v2

]2U

]x2
1

a4g\

M

]S

]x
, ~10!

S ]2

]t2
1v2D S52agv

]U

]x
n, ~11!

]n

]t
52

2ag

v

]U

]x

]S

]t
. ~12!
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The sound velocityv has entered into Eq.~10! via the rela-
tion v5(Ka2/M )1/2. Note that Eq.~10! represents a driven
mass oscillator, while Eqs.~11! and ~12! govern the devel-
opment of the precessing spin Bloch vector.

To cast Eqs.~10!–~12! into the form favored for Bloch
equations, i.e., a set of first-order differential equations,
decomposeU andS into left- and right-going waves,

U~x,t !5ULei (kx1vt)1URei (kx2vt)1c.c., ~13!

S~x,t !5SLei (kx1vt)1SRei (kx2vt)1c.c., ~14!

wherek is the acoustic wave vector, andS(x,t) is assumed to
follow the spatial dependence ofU(x,t) on the grounds tha
the spins do not interact with another. Dropping the fast co
ponents, applying the slowly varying envelop approxim
tions ]U/]t!vU, ]U/]x!kU, and similar approximations
for S, and finally incorporating relaxation of the longitudin
and transverse spin components in the standard phenom
logical way,20 we arrive at the set of Bloch equations

]UL

]t
2v

]UL

]x
5

a4g\

2Mv
SL , ~15!

]UR

]t
1v

]UR

]x
52

a4g\

2Mv
SR , ~16!

]SL

]t
5agkULn2

SL

T2
, ~17!

]SR

]t
52agkURn2

SR

T2
, ~18!

]n

]t
52agk~UR* SR1URSR* 2UL* SL2ULSL* !

2
~112p0!n1N*

T1
. ~19!

Note that the precession at the angular frequencyv has been
taken out, so thatUL , UR , SL , andSR are amplitude enve-
lopes which, asn, vary slowly in space and time. The la
terms in Eqs.~17! and ~18! account for dephasing with th
time constantT2, while the last term in Eq.~19! expresses
that n strives for thermal equilibrium at the rate (
12p0)/T1 in the absence of an acoustic wave. It is a sim
task to show, by ignoring the time derivatives in Eqs.~17!
and~18! relative to the terms at the right-hand side, that E
~15!–~19! return to rate equations of the form of Eqs.~1!–~3!
in case of negligible coherence (T2→0).

At this point, we recall that the acoustic wave is observ
via its effects on the two-level populations, more specifica
N2 /N0* . From Eqs.~15!–~19! we see that these effects sca
with the unique parameter combinationkg2N* , in which k
5a5\k/2Mv is a well-defined quantity. When comparin
Eqs. ~15!–~19! with experiment, therefore, independe
knowledge ofg andN* is not required, which substantiall
reduces the freedom of adjustment. If we wish to derive
initial population densityN0* from the adjustedg2N0* , we
2-4
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COHERENCE OF PHONON AVALANCHES IN RUBY PHYSICAL REVIEW B68, 144302 ~2003!
have to rely on an estimate for the coupling constantg.
Following Leonardiet al.,21 we find thatg is related to the
direct spin-lattice relaxation timeT1 through

1

T1
5

\a2v3

2pNM (
s

gs
2

vs
5

. ~20!

The summation runs over all contributing phonon branc
~in ruby primarily the two transverse ones!, the argument of
the summation has to be averaged over all directions, anN
is the number of unit cells per unit of volume. Since
knowledge is available on the angular dependence ofgs , we
assumeg to be isotropic. A rough, but for our purposes su
ficient, estimate for g is then given by g2

;pNMv5/\a2v3T1.
Another point to be addressed is that Eqs.~15!–~19! allow

no room for the statistical quantum fluctuations necessar
trigger the phonon avalanche. Population inversion by o
cal pumping leaves the spin Bloch vector completely upri
(n5N0* , SL5SR50), but this is an equilibrium position
albeit an unstable one, under the government of Eqs.~15!–
~19!. In the theory of optical lasers,22 a common solution is
to tilt the Bloch vector over a small anglec0. An alternative
approach, adopted here because it directly connects to
physics, is to let the wave amplitudesUL andUR start from
a level comparable to their thermal values or, if need arise
higher pumping powers, a somewhat larger level. A sin
phonon mode of angular frequencyv52pn has a thermal
plus zero-point energy content\v(p01 1

2 ), so that the cor-
responding classical wave has a squared amplitudeU0

2

5\v(p01 1
2 )/4NMv2. In the Debye approximation, th

number of modes contributing toU0
2 equals rDn

54pn2Dn/v3 per acoustic branch. In the case of ruby,N
51.131028 m23, M53.6310225 kg, andv56.7 km/s for
transverse phonons along thea axis. For frequencies near th
present 1.68 cm21, experiments yieldedDn'55 MHz,11–14

so thatrDn51.331019 m23 for the two transverse acoust
branches added. At 1.4 K, therefore, the acoustic wave
plitudesUL andUR are on the order of 1 fm, indeed close
the amplitudes needed in Eqs.~15!–~19!.

We finally take acoustic damping into account. Phon
losses include diffuse scattering into the helium bath at
surfaces, ballistic transport to regions beyond the inver
zone, and anharmonic down conversion during flight in
bulk. The latter process is known to be of little significan
in ruby.23 To incorporate phonon relaxation in a simple ma
ner, we therefore introduce an amplitude loss factorR effec-
tive at the crystal end faces, i.e.,UL52RUR when the wave
reflects from the right crystal end, and similarlyUR
52RUL at the left end. The description is admittedly he
ristic, but turns out to be quite satisfactory.

In calculating the evolution ofn, as necessary for th
comparison with experiment in Sec. V B below, Eqs.~15!–
~19! are evaluated numerically. The path covered by
phonons is divided intoNc compartments of lengthDx
5vDt, with Dt being a suitable time step. In each compa
ment,N* , UL , andUR are given appropriate initial values
while SL andSR are set to zero. The end compartments a
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serve to implement the loss factorR in the way discussed
above. For the present crystal thickness of 200mm, Nc
550, corresponding toDt530 ns, provides a sufficiently
fine maze. The precise procedure of discretization is to so
extent outlined in Ref. 24.

V. COMPARISON WITH EXPERIMENT

A. Rate equations

We first attempt to analyze the data on the avalanc
associated growth ofN2 ~Fig. 2! on the basis of the incoher
ent rate Eqs.~1!–~3!. Fits of these equations to the tempor
development ofN2 , separately for each of the laser ene
gies, are represented by the dashed lines in Fig. 2. In th
fits, N0* and tph are the adjustable parameters, while t
Ē(2E) doublet is assumed to be fully inverted immediate
after the laser pulse. When we confine ourselves to
dashed lines in Fig. 2, we may all too easily infer that E
~1!–~3! provide an adequate description, leaving improv
ments to be desired only around the point where the a
lanches die out andN2 starts to level off, and, for that mat
ter, at times longer than those included in the figure.

Matters become irreparably inconsistent, however, wh
we consider the values of the fittedN0* and tph versus the
laser energy~Fig. 3!. The rate equations fail to satisfy what
to be expected on physical grounds, viz., thatN0* increases
linearly with the laser energy and thattph is constant. The
point is thatN2 exhibits an S-shaped behavior such as
Fig. 2 for any judicious model of the avalanche, i.e., a sl
onset of the phonon density, a subsequent accelerated gr
during the avalanche proper, and finally a leveling off wh
the inversion becomes depleted. For each individual la
energy, therefore, the fit could be made to trace the exp
ment to a reasonable degree of accuracy, but unphysical
ues forN0* andtph were needed to compensate for the de
ciencies. In particular, the rate equations do not provide
necessary amplification at low initial inversion, so that t
adjustedN0* overshoots the true value.

Phonon losses have been included in the rate equat
via a term 2(p2p0)/tph representing all kinds of loss

FIG. 3. The parametersN0* ~filled circles! andtph ~open circles!
fitting the rate Eqs.~1!–~3! to the observed phonon avalanches
various laser pulse energies~dashed curves in Fig. 2!. The nonlinear
dependence ofN0* and the inconstancy oftph dismiss rate equations
as a valid description of the avalanches.
2-5
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mechanisms. Despite the inconstancy oftph, confidence for
this comprehensive approach is found in the fact that
distancevtph;0.3 mm covered by the phonons in timetph is
of the order of the size of the inverted zone. As alrea
noted, exceedingly high resonant phonon occupations
reached in the course of the avalanche. We have there
attempted to improve on Fig. 3 by adding relaxation mec
nisms that depend on the phonon density, notably an
monic up-conversion of the form2(p2p0)2/ta , which
combines two resonant phonons into a single one of dou
the frequency. Adding this term, which is negligible in th
early stages of the avalanche, does however not mark
improve the dependence ofN0* on the laser energy. We fur
thermore attempted to improve matters, but again to no a
by geometry- and position-dependent approaches3,4 as well
as phonon loss by ballistic transport.23

B. Bloch equations

We next turn our attention to the Bloch Eqs.~15!–~19!,
i.e., the coherent equations of motion. Again fits are mad
the data on the growth ofN2 for each of the laser energie
~Fig. 2!. As before, the initial condition following pulse
optical pumping is assumed to be complete inversion
Ē(2E), which in the present context implies a fully uprig
Bloch vector. The adjustable parameters in Eqs.~15!–~19!
are the initial densityN0* of Ē(2E), the dephasing timeT2,
the phonon loss factorR, and the initial amplitudeU0 of the
acoustic waves. The tilting anglec0 was set to zero as it
role can be accommodated intoU0. For the present thin
sample,N0* and U0 can be taken uniform over theNc550
compartments introduced for the sake of the numer
evaluation. The results of the fits are shown Fig. 2 as the
lines, and are seen to be remarkably faithful to experim
As already noted, however, the real test rather lies in
consistency of the parameters from one laser energy to
next.

In Fig. 4 it is observed thatT2 as found from the Bloch
equations is independent of the energy of the laser pulse
fact, the output values forT2 range between 6 and 8 ns wit
error margins of about 1 ns, somewhat increasing with

FIG. 4. The parametersN0* ~closed circles!, T2 ~open circles!,
andR ~diamonds! fitting the Bloch Eqs.~15!–~19! to the observed
phonon avalanches at various laser pulse energies~solid curves in
Fig. 2!.
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ceasing energy on approach of the avalanche thresh
These values are equal to or just above the time assoc
with the bandwidth of theE1↔E2 transition, which is in-
homogeneously broadened, presumably by orientatio
wandering of thec axis and other local inhomogeneities.14

The associated time, in fact, equalsT2
†51/pDn'6 ns. The

similarity indicates that the principal source of dephasing
the frequency spread of the resonant phonons.

Also shown in Fig. 4 are the best values forN0* and R.
The initial Ē(2E) populationN0* now proves to be strictly
linear with the laser energy, which self-evidently is an arg
ment of overriding importance in favor of the coherent equ
tions of motion. Independent experiments, such as obse
tion of the luminescent intensity, indeed confirmN0* to scale
with the laser pulse energy. As concerns the reflection co
ficient R, it is, just like T2 and again according to expecta
tions, independent of the laser power. The output values
the zero-time amplitude of the acoustic wave,U0, appear to
increase monotonically with the laser energy from 0.6 to
fm. ThatU0 grows with the laser energy is however no re
son for concern as long as the increase is monotonic andU0
remains on the order of its thermal value~cf. Sec. IV!. The
argument here is that the exponentially evolving process
stimulated emission already starts up during the finite ti
span of the optical pulse, and besides that the origin of
time axis is to some extent arbitrary.

It finally is of interest to convertR to a time that permits
comparison withtph in the rate equations. In the formalism
of the Bloch equations, a damped acoustic wave loses a
tor of R in amplitude, and accordingly a factorR2 in energy,
during the time spanL/v necessary for flight over the dis
tanceL between the crystal faces. The characteristic time
phonon loss therefore amounts tote52L/(2v lnR), with in
the present caseL5200 mm, v56.7 km/s, andR'0.77.
This leads tote;57 ns, which indeed compares withtph
;50 ns from the rate equations. The agreement lends fur
support to the way the coherent model accounts for the p
non decay, viz., by removal at the end faces of the inver
zone.

VI. CONCLUDING REMARKS

We have measured the development of phonon avalan
resonant with the excitedĒ(2E) doublet of Cr31 in dilute
ruby. The experimental conditions were specifically adap
to a study of coherence, rather than phonon propagation
yond the excited zone or the effects of the geometry,
reducing the size of the sample. The initial inversion of t
doublet is achieved by pulsed optical excitation.

The results have been analyzed in terms of a set of Bl
equations, which are inherently coherent, in comparison w
the common approach of incoherent rate equations gover
the phonon occupations and the relevant spin populatio
Coherence appears to be an essential ingredient in the
lution of the avalanches. Rate equations, on the other h
may mimic the course of the avalanche provided false val
of the parameters are inserted.
2-6
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The measured dephasing timeT2 compares, within errors
with the timeT2

† associated with the width of the one-phon
transition connecting theĒ(2E) states. As the transition i
known to be inhomogeneously broadened,14 i.e., composed
of a conglomerate of one-phonon transitions of different f
quencies,T2 results from the dephasing by the inhomog
neous frequency spread on the one hand and the intr
relaxation suffered by the transverse spin components on
other. By analogy with Bloch equations in magne
resonance,20 we may therefore write 1/T2;1/T2

†11/T28 ,
whereT28 is a measure of the loss of coherence by relaxa
alone. The present results thus indicate thatT28 significantly
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