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First-principles relativistic theory of the magnetic response of paramagnetic metals:
Application to yttrium and scandium
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We describe a first-principles theoretical formalism for the magnetic response of paramagnetic metals in
which all relativistic effects such as spin-orbit coupling are included. In particulaedkg axisand depen-
dence upon wave vectay of the paramagnetic spin susceptibilipfq) can be calculated. To illustrate we
apply the method to two transition metals, yttrium and scandium. In each case wg dintb peak at a wave
vectorq=(0,0,0.57)/c, coincident with a Fermi surface nesting vector, and to have an easy axis perpendicu-
lar to g. Since x(qg) plays a key role in determining the interaction between magnetic impurities in these
metals, these results are consistent withhbgcal antiferromagnetic order found in many dilute rare-earth Y
alloys. Conversely, the easy axis for the response to a uniform magneticgfiel, lies along thec axis.
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[. INTRODUCTION in which all relativistic effects such as spin-orbit coupling
are considered. We show that tkasy axisand its depen-

A useful tool for studying metallic magnetism is the para-dence upon wave vectagr for the magnetic response can be
magnetic spin susceptibilityy(q). It determines the re- calculated. We present specific calculations of the magnetic
sponse of a paramagnetic metal to a magnetic perturbationesponse of the transition metals yttrium and scandium.
For materials which order magnetically at low temperaturesThese case studies provide useful preparation for investiga-
a study ofx(q) for their higher temperature paramagnetiction of the magnetic response of the conduction electrons of
phases indicates the type of magnetic order to be found beare-earth materials. Here the indirect exchange interactions
low the magnetic transition temperatures. The precursor spiwhich connect the localizedf4magnetic moments are typi-
fluctuations are described. If the greatest valug/@f) is at  cally described as Ruderman-Kittel-Kasuya-Yos(iB&KKY )
q=(0,0,0), as ina-Fe, for example, ferromagnetic order is like and depend upor(q) of the conduction electrorfs.
expected below the Curie temperat.peak for x(Q) at Although yttrium and scandium are not lanthanides, they
some finiteq=Q, on the other hand, signifies a more com-do have several aspects in common with the heavier rare-
plicated antiferromagnetiAF) structure with a modulation earth (RE) metals. Both Y and Sc have similar hexagonal
wave vector equal t@ as found in, say, Cr.For metals close packedhcp) crystal structures and electronic configu-
which do not possess magnetic order at any temperaturegtions apart from thé electrongi.e., 3d*4s? (So), 4d*5s?

x(a) shows how the system reacts when doped by smallY), and 475d6s? (Gd)] to the rare-earth elements. They
concentrations of magnetic impurities. also have similar electronic band structures near the Fermi

If relativistic effects upon the motion of the itinerant elec- energy’ Consequently, the topology of the Fermi surfaces of
trons are neglected, the paramagnetic spin susceptibility ¥ and Sc is similar to those of the RS he salient feature
independent of the orientation of the applied magnetic fields thewebbingthat contains flat parallel sheets perpendicular
with respect to any crystalline axis of the material. Once o thec axis leading to a strong Fermi nesting effB¢tigh
however, relativistic effects are included, the spin and orbitatjuality samples of yttrium are more easily come by than the
motion of the electrons are coupled and the spin rotationaheavy rare earths and recent experinfemisve measured
symmetry is broken, giving a preferred directioneasy axis directly the “webbing” feature of its Fermi surface. This
to the magnetic response of the system. An example of atrong Fermi nesting is thought to drive the helical antiferro-
phenomenon which may be explained by a quantitative demagnetic ordering that many RE metéle., Tb, Dy, Ho, Ey
scription of this effect is the relatively large anisotropic para-display, whereby the moments typically align in the basal
magnetostriction observed in some nearly magnetic métalsplane and rotate their orientations in successive planes
When a magnetic field is applied to a cubic paramagnet sucaround thec axis. The anisotropic crystal field of the heavier
as Pd, PdRh, a strain is set up. The volume component cdanthanides acts on thef4electrons, which in turn deter-
be explained quite straightforwardly in terms of the volumemines the orientation of the local moments. The lack of mag-
dependence of the spin susceptibility obtained from a nonnetic momentgno f electron$ excludes magnetic ordering in
relativistic theory. The anisotropichape paramagnetostric- pure Y and Sc. However, when Y is alloyed with very small
tion, however, requires spin-orbit coupling effects to beamounts of magnetic impurities as low a%0.5%, % the
included® result is helical antiferromagnetism with nesting vector close

In this paper we describe a “first-principles” theoretical to that of Y.
formalism for the magnetic response of paramagnetic metals The outline of this paper is as follows. In the next section
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we describe our theory for the paramagnetic spin susceptibilnagnetic impurities, for examplend the functional deriva-
ity in which relativistic effects are included. Following some tive of E,. with respect to magnetization. We use the local-
calculational details we then discuss our study of the waveeensity approximatioLDA) (Ref. 18 for E,.. The leading
vector dependence and easy axis of the magnetic responserefativistic effects contained in the Kohn-Sham-Dirac Hamil-
both yttrium and scandium. The relation to the topology oftonian of Eq.(1) are the well-known mass-velocity, Darwin,
the Fermi surfaces is shown. Since our formalism includesand spin-orbit coupling effects.

the effects of the Fermi-Dirac distribution on the effective If a small external fieldsb®*!is applied along a direction

single-electron energies, the calculated susceptibilities havegyith respect to the crystal axes of a paramagnetic system,

temperature dependence which we also show. In the fing| small magnetizatio®m(r) and effective magnetic field
section we draw some conclusions and indicate what mighgpeff gre set up. The effective magnetic field is given by

be expected from future studies of rare-earth materials USingbe”[p(r),m(r)]z SbY(r) +1,.(r)m(r) where |,(r) is

this formalism. the functional derivative of the effective exchange and cor-
relation magnetic fieldwithin the LDA) with respect to the

Il. RELATIVISTIC, PARAMAGNETIC, SPIN induced magnetization density. The Green’s function satisfy-

SUSCEPTIBILITY ing Eqg.(1) can be expanded in a Dyson equation in terms of

We begin by considering a paramagnetic metal subjec:teHje unperturbed Greef(fans functioo(r.r ’,8)~9f th(:”para—
to a small, external, inhomogeneous magnetic fieldMagnetic systemdo® '=0) and perturbatioo-. 5b°"" and
5b®{(r), and obtain an expression for the induced magnetilhe flrst-_order terms enable the magnetic response function to
zation Sm(r). We use relativistic density-functional theory P€ obtained. _ _

(RDFT) (Ref. 17 for finite temperaturé? to treat the inter- _ For @ general crystal lattice wit atoms located at po-
acting electrons of the system and derive an expression viagions a(I=1,... Ns) in each unit cell, a lattice Fourier
variational linear-response approdéht®Although there are transform can be carried out over lattice vectfRs}. This
a number of nonrelativistic studies of this typehere we Can be written

include relativistic effects and pay particular attention to the N

magnetic anisotropy of the response. From our RDFT start- N ;o h , 3 N "

ing point we make a Gordon decomposition of the current X (X1:%1,8) = Xo(X1 X, ’Q)JFZ; f Xo(Xi % ,0)
density! and retain the spin-only part of the current, namely !

the spin magnetizatiom(r). This results in &pin-onlyver- X |xc(X|”~)Xn(X|”~ ,Xl’, ,q)dx{’,,, ®)
sion of RDFT! in which the self-consistent solution of
Kohn-Sham-Dirac equations is sought, i.e., where thex, are measured relative to the positions of atoms
centered org, . The noninteracting susceptibility of the static
[ca p+BmE+1VeTp,m]—Ba b p,m]—e] unperturbed system is given by
XG(r,r';e)=18(r—r") 1)

ﬁ ’ -~ dk !
XO(XI 1X|’1q):_(kBT)Trﬁ0"nE V_GO(X|=X|’=k!M
which describes the motion of a single electron through ef- " BZ

fective fields anda and B are Dirac 4<4 matrices. +iwn) BT NGo(X], X K+ u+iwy). (4)
G(r,r';e) is the one-electron Green's function and the

chargep(r) and magnetization densities(r) can be written  The integral is over the Brillouin zone with wave vectdrs

in terms of it, i.e., g, andk+q within the Brillouin zone of volumevg,. The
| sum is over the Fermionic Matsubara frequencies. The
_ m ) Green's function for the unperturbed, paramagnetic system
pr)= Trf def(e,p.T) iy Glr.rie), containing the band-structure effects is obtained via relativ-

istic multiple-scattering[Korringa-Kohn-Rostoker(KKR)]
~— Im theory® We solve Eq.(3) using a direct method of matrix
m(r)= —Tfﬁﬂj def(e,u,T)—G(r,rie), (20 inversion. The full Fourier transform is then generated

where o is the chemical potentiall the temperature, and ; g (a—a')

f(e,u,T) the Fermi-Dirac function. These expressions are X (q)=(1N)E| 2 eldiaTa

equivalent to sums over Fermionic Matsubara frequencies !

w,=i(2n+1)7kgT.1’ This equivalence can be exploited in TN ,

the design of computational schemes for calculating such X f dx,f dx;, €N a), (5)
temperature-dependent quantities. The effective potential

Ve p,m] consists of the usual combination of external po-whereV is the volume of the unit cell. Some aspects of the
tential (from the lattice of nuclgi the Hartree potential, and numerical methods used to evaluate E§$-(5) of this type
functional derivative of exchange-correlation energycan be found in Refs. 15 and 20. Note that this expression for
E, p,m] with respect tgp while the effective magnetic field the noninteracting susceptibility can be shown to be formally
b®' p,m] is the sum of any external magnetic figlilom  equivalent to one of the familiar type
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Ao [ kS
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wherej and |’ are electronic-band indices;‘(k) a single-

electron energy, M is a matrix element, andf, H H
=f(ej(k),u,T), the Fermi-Dirac function.

The important feature of the response funciiggs. (3)—
(5)], is its dependence on the direction of the magnetic field
n. This vanishes for the nonrelativistic version of the formal-
ism since it is caused by spin-orbit coupling. A measure of
this anisotropy is given as the difference in the noninteract- K M K
ing susceptibility when an external magnetic field is applied 555
in two directions with respect to the crystal axes, i.e(.gl( 20 =—a y (b)
—x.?). The anisotropy of the full susceptibility (1 — x"2) e |
can be calculated from E¢B). The approach presented here g 1o
is applicable to ordered compounds and elemental metals E 150

and can be modified to study disordered alldyswing to its

KKR multiple-scattering framework. In the next section we = 110
describe calculations of the magnetic response of theep 9
metal yttrium and in order to gauge the importance of these 6

|
|
|
|
|
|
|
|
|
|
|
|
i
relativistic effects with atomic number, we compare our cal- r ine A

culations with those for Y’s lighter @ counterpart Sc. _ ) : :
FIG. 1. (a) Cross section of the webbing Fermi surface in the

H-L-M-K plane for Y. The nesting vector is indicated by the arrow.

Ill. WAVE-VECTOR DEPENDENCE The special point L lies at the centép) The enhanced susceptibil-
AND EASY AXIS OF THE MAGNETIC RESPONSE ity for Y and Sc along thd'-A direction forT=100 K. For wave
OF YTTRIUM AND SCANDIUM vectorsq close toA the gradient of the function diminishes and is
zero atA.

We use atomic sphere approximatigASA), effective . .
one-electron potentials and charge densities in the calcula=(0,0), x; is produced. On the o'gher _hanﬁf, is th_e re-
tions for Y and Sc with experimental lattice constamts sponse of the system when the field is applied in ahe
=6.89, c=10.83 anda=6.24, c=9.91, respectively, in plane,n=(1,0,0) and ¢,¢)—(m/2,0). Figure 2a) shows
atomic unitsay.?! The details of the electronic structures the anisotropyy(d, 6,¢) — x5(q) as a function ofé for Y
using a fully relativistic KKR method compare well with and Sc atg;,; and q,=(0,0,0). We find the anisotropy of
those from full-potential calculatiorf®. The Fermi surface this linear-response function to be invariantgnso that the
for Y in the H-L-M-K plane is shown in Fig. (B). It shows magnetic response is insensitive to the direction along which
two relatively flat parallel sheets. The nesting veotgy,  an external magnetic field is applied in tak plane. Asf is
= m/c(0,0,0.57) is indicated by the arrow. Figuréllis in  increased, an anisotropy is observed which reaches a maxi-
very good agreement with previous calculatnand ~Mum até=m/2 as shown in Fig. @). In fact, we observe
experiment&? Dugdale et al® have recently carried out that the anisotropy takes the rather simple form
positron annihilation Fermiology experiments and measured Mg 0 .0)— v2(a) = v5(a)— v2 6% Al2 7
Gine=/¢(0,0,0.55:0.02) for Y. Also, Vinokurovaet al? Xo(G 6,0) = Xa( @) =Dxo( @ —xo(@I-|a>AT - ()
measured ,.~7/c(0,0,0.58). We find a similar for h(;p crystal strxuctur§§2(|q>< n|=sm0)._ It is therefore
Fermi surface for Sc with the same nesting vectgy,  Sufficient to showy,(q) — x5(), to determine the easy axes
=/c(0,0,0.57), also in good agreement with earlier of the magnetic response. Flguréb)ZShows the weak tem-
calculations?? perature dependence of the anisotropy of Y and Sc at both

Our calculations of the enhanced static susceptibility, dethe nesting vectog;,. and also atj,=(0,0,0). As expected,
fined by Eq.(3), show a peak at this same wave vectorthe anisotropy is an order of magnitude larger for Y than for
Qine=7/¢(0,0,0.57) for both Y and Sc. This is shown in Fig. Sc. This differencg is a resul'g of spin-orbit coupling being
1(b), where we probe wave vectors along thaxis fromI" ~ more pronounced in the heavied 4netal Y than in the 8@
to A. [The special point A for hcp crystal structures is SC- We infer that a still greater but similar anisotropy should
(0,0,7/c).] Results are shown for a temperature of 100 K forbe evident in the magnetic response of the Gnduction
these calculations. electrons in the heavier still RE materials.

In terms of polar and azimuth anglése the direction is
written A= (sin#cose,sindsing,cosd). For hcp systems
such as Y or Sc, if an external magnetic field is applied along |t is apparent from Figs. 1 and 2 that Y shows its strongest
the A=(0,0,1) direction, i.e., thec axis, where ¢,¢)  response at the wave vectqs,. which corresponds to the

IV. CONCLUSION
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Potential future applications of this magnetic response
formalism include studies of more concentrated RE-Y alloys
and also the RE elements themselves. Tte edectrons
would need to be considered explicitly andq) used to
describe their coupling to the conduction electrons. The
Gd-Y alloy system presents an interesting range of behavior.
Pure gadolinium has a ferromagnetic phase with the easy
axis along thec axis so that in the paramagnetic phase at
higher temperatureg(q) should peak atj=(0,0,0). More-
over, its FS has been observed not to possess a webbing
feature®® Some recent experimeRthave shown that adding
more than around 30% Y to Gd changes the topology of the
Fermi surface of the paramagnetic phase and the webbing is
observed again. This is coincident with the alloys’ forming
(b) helical AF states at lower temperatures. Calculationg(of

above the Nel temperature should then peak at this nesting

vector. Moreover, in this concentration range, neutron

diffraction*®?® has shown that application of a modest uni-

form magnetic field along the axis can lead to a ferromag-

netic alignment of the Gd moments along thaxis. Once
P PRSI the_ magnetic field is switched off the system reverts to its
G 0 ¢-0-000-0-0-0-0-00-0-0-0-00-0-0-0-0-0-0-0-0-9 9 helical AF state. This suggests that the alloy$y)’'s and

Y S O aniso'Fropies are gimilar to thqse shown in Fig®) and 2a)
—0.02 but with the relative peak heights ¢fq) atg=(0,0,0) and

20 e 158 0 23 =00 Oinc to be finely balanced.

Temperature (K) In summary, we have described ab initio theoretical
formalism to calculate the relativistic static paramagnetic
(o= m/c(0.0,0.57) andqo~(0,0.0) and afT=100 K. (b) The spin_;u;ceptibility for metals.at fin_ite tem_perature.s. Since
temperature dependence of the anisotropy of Y and Sc at both ti{glatw'sqc eﬁects such as spin-orbit coupling are mclgded
nesting vector, andq, . we can identify the_ anlsqtropy @asy axe®f the magnetic

response. We applied this formalism to the #hetal Y and
Fermi Surface(FS) nesting and that the response here isfor comparison with the lighter@Sc. The enhanced suscep-
strongest to magnetic fields directed in the bagablane. tibility for both these metals displays a peak at the incom-
This is consistent with onset of |0ng-range helical anti-mensurate wave VeCt(ﬂ}nc:(o,o,o.SZT/C), traceable to a
ferromagnetic ordering found in very dilute rare-earthEs nesting feature found in the calculated electronic struc-
yttrium alloys such as Th-Y, Dy-Y, and Ho-YA simple  tyre and Fermiology experimerft& The anisotropy results
description can be given in terms of the indirect Rudermansfgr hoth Y and Sc indicate that the easy axisjat lies in the
Kittel-Kasuya-Yosida(RKKY) exchange interactiohHere basal plane, while fog=(0,0,0) is parallel to the crystal
the localized 4 moments of the RE impurities interact via zxjs.
the conduction electrons of yttrium whose magnetic proper-
ties are described by the spin susceptibiljfq). Since
x(Qinc) has an easy axis perpendiculardg. a helical in-

/Ry)

o 0.031

{q) (45

z

-X

0.011 +

{4,9,0)

1

0.06

FIG. 2. (@) The anisotropy as a function @f for Y and Sc at
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