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Coincidence of reciprocal lattice planes model for quasicrystal-crystal epitaxy

E. J. Widjaja* and L. D. Marks
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A coincidence of reciprocal lattice planes model was developed to calculate the interfacial energy in
quasicrystal-crystal epitaxy. This model allows a quantitative description of the interface as opposed to previ-
ously employed qualitative models that consider symmetry relations and alignment of rotation axes. Compu-
tations were carried out on several types of quasicrystal-crystal systems, namely, the crystalline structures on
various surfaces of single quasicrystals~Al-Cu-Fe, Al-Ni-Co, and Al-Cu-Co! caused by ion bombardment, the
crystalline thin films grown on quasicrystal substrates, and the quasicrystalline thin films grown on crystalline
substrates. This model can also be extended to include quasicrystal-quasicrystal epitaxy.

DOI: 10.1103/PhysRevB.68.134211 PACS number~s!: 61.44.Br, 05.70.Np, 68.35.2p
ab
s
et
e
cu
m
s
ys
th

to
as
tr

n
-

rs

e
tio
ile
hi
ism

n
th
pe
m
th
o
d
uc
a

ip
te
s

h
in
o

Al-
s
the
im-
nd-
ibe

in
in-

-
of

e

co-
ting
he

s-

h
ude

in
an

e
he
nd
ce

er
cial

stal
I. INTRODUCTION

Shortly after the discovery of quasicrystals, it was est
lished that the structure of icosahedral Al-Mn undergoe
phase transition when exposed to irradiation of energ
particles.1 Bombardment with Ar1 ions at room temperatur
transforms the quasicrystalline surface into a crystalline
bic structure due to preferential sputtering of the Al ato
from the surface. The resultant crystalline structure ha
specific orientation relationship with respect to the quasicr
talline substrate. Similar behavior has been observed in o
quasicrystal systems such as decagonal Al70Ni15Co15,2,3

icosahedral Al65Cu20Fe15,4,5 decagonal Al70Cu15Co15,6,7 and
decagonal Al75Ni10Fe15.8 Many studies have been devoted
determining the orientational relationship between the qu
crystal and crystal phases by means of transmission elec
microscopy,3,4,6,7 low-energy electron diffraction,5 secondary
electron imaging,2 and reflection high-energy electro
diffraction.9–11 Recently it was shown that crystalline thin
film growth on quasicrystalline substrates, and vice ve
exhibits the same phenomena.9,12

A majority of these works, however, explain the observ
orientation of the structures from a stereographic projec
through a description of the rotation axis alignment. Wh
this is a valid approach for describing the orientation, t
method offers no insight into the fundamental mechan
behind the preferred orientation. Shimodaet al.,9 Zurkirch
et al.,2 and Bolliger et al.13 described their findings via a
atomic model of the two-dimensional interface between
quasicrystal and crystal phases, which is obtained by su
imposing the surface structures. The validity of these ato
models relies heavily on a real-space structural model for
quasicrystal system, which may not be readily available
in some cases, may not be correct. Furthermore, their mo
fall short of the long-range fitting for the superimposed str
ture since the misfit dislocations and interface relaxations
ignored. Shenet al.5 explained the orientation relationsh
between different surfaces of icosahedral Al-Cu-Fe sys
and its cubic phase via a structural model of cubic clo
packed and icosahedral packed clusters. This approac
lows only one orientation for any given system; this is
contrast to observations where multiple orientations were
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served, even for the same surfaces, for example, the
Ni-Co 2D surface.3 It should be noted that all of the method
employed to date do not take into account the role of
interfacial energy. Thus, there is a need to develop an
proved model that will enhance the fundamental understa
ing of quasicrystal-crystal epitaxy. In this paper we descr
and employ the coincidence reciprocal lattice planes~CRLP!
model to predict and explain the orientation relationship
quasicrystal-crystal epitaxy through the inclusion of the
terfacial energy.

II. COINCIDENCE RECIPROCAL LATTICE PLANE
MODEL FOR QUASICRYSTALS

A very simplistic view of the epitaxial growth places im
portance upon the principle that the coherent overgrowth
crystal materialY on crystalX is likely to occur if some
undistorted crystal plane ofY can be laid down on top of the
exposed face ofX, in such a way that a large fraction of th
Y atoms can be made to coincide with the sites ofX atoms. It
can be further understood that the greater the number of
incidences per unit area, the lower the energy of the resul
interface will be. This basic principle is the backbone of t
coincidence-site-lattice~CSL! theory which was first inves-
tigated by Friedel,14 and later explored by Ranganathan15 and
applied to cubic lattices by Grimmer.16–19 The CSL concept
was implicitly incorporated in the approach of superimpo
ing real-space atomic models employed by Shimodaet al.,
Zurkirch et al.and Bolligeret al.Nonetheless their approac
lacks the theoretical mathematical expressions that incl
interfacial energy. In earlier work by Warringtonet al.,20 a
CSL theory was applied to investigate grain boundaries
icosahedral quasicrystals. The CSL method employed is
N-dimensional CSL~Ref. 21! due to the quasiperiodic natur
of quasicrystals. The focus of this work is to determine t
quasicrystal rotations in order to classify disorientation a
to find the degeneracy of different values of the coinciden
index. However, suchN-dimensional approach does not off
the potential to solve the problems associated with interfa
energy in the systems; hence a three-dimensional~3D! struc-
tural description needs to supplement the hypercry
description.22
©2003 The American Physical Society11-1
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Given that the nature of the system is quasiperiodic,
3D reciprocal space of quasicrystals can be mathematic
described through a projection from a periodic higher dim
sion. In addition to that, the reciprocal space also can
directly deduced from electron-diffraction patterns. The
approach in a CRLP model for a quasicrystal-crystal int
face enables the calculation of the interfacial energy in
similar approach to a crystal-crystal epitaxy. We employ t
reciprocal space approach to explain the experimentally
served orientation preference. The improved CRLP mode
based on the crystal-crystal epitaxy model previously de
oped by Fletcher,23 which will be shown also to be appli
cable to quasicrystal-crystal epitaxy. The original CR
model by Fletcher and Lodge24 was exploited as the startin
point, as described in the following paragraphs.

The potential energyVo of a Y atom at positionr outside
a plane face of a X crystal with atomic positionsR, Vo(r )
can be written in terms of its Fourier componentsVo(k) as

Vo~r !5
N

8p3E Vo~k!exp~ ik•r !dk, ~1!

Vo~k!5
1

N (
R

2
y~k!exp~2 ik•R!, ~2!

whereN is the ~infinite! number of atoms in the crystal an
y(k), the Fourier transform of the atomic potentialy(r ), is
given by

v~k!5E y~r !exp~2 ik•r !dr . ~3!

Assuming the crystals to be undistorted, the total inter
tion energy between two crystals,Eo

T , can be expresse
through the summation ofVo(r ) over all the atomic position
R8 of the Y crystal, resulting in

Eo
T5(

R8

1
Vo~R8!

5
1

8p3 (
R8

1 (
R

2 E y~k!exp@ ik•~R82R!#dk, ~4!

where the plus and minus signs on the summations indi
that it extends only over the upper and the lower half spa
respectively.

The equation to describe the interfacial energy per u
area,Eo , can then be simplified to

Eo5
1

2pAA8
dks ,qs

dks ,q
s8
exp~ iks•Bs!(

R38

1 (
R3

2 E y~k!

3exp@ ik3~R382R31B3!#dk3 , ~5!

with a sum over all surface reciprocal lattice vectors for ea
crystalqs andqs8 , whereA andA8 are areas of the surfac
unit cells,B is the relative translation of the two lattices, th
subscript 3 represents the component of a vector norma
the interface,R andR8 have been redefined such that each
13421
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measured from an origin fixed on a lattice point of its resp
tive crystal,Rs andRs8 are the associated surface lattice ve
tors, andks is the component ofk parallel to the surface.

We will now allow elastic displacement of atoms near t
interface with a displacement of

F~R!52(
k

1
2@Dk sin~k•R!1Ck cos~k•R!#2Co ,

~6!

wherek is a vector corresponding to allowed distortion com
ponents. Thus, the interfacial energy described in Eq.~4!
becomes

Eo
T5

1

8p3 (
R8

1 (
R

2 E y~k!exp@ ik•~R81F82R2F!#dk.

~7!

Repeating the same procedure applied to Eq.~4! to result in
Eq. ~5!, Eq. ~7! can be transformed for a simple basis into

Eo5
1

2pAA8
(
ks

Vo~ks ,B3!exp~ iks•Bs!

3H)
k

J0~2k•Dk!J0~2k•Ck!J
3H)

k
J0~2k•Dk8 !J0~2k•Ck8 !J

3H dks ,qs
dks ,q

s8
1 (

n51

`

(
k

1 FJn~2ks•Dk!

J0~2ks•Dk!

1 i n
Jn~2ks•Ck!

J0~2ks•Ck!Gdqs1nk,q
s8
dks ,q

s8

1 (
n51

`

(
k

1 F Jn~2ks•Dk8 !

J0~2ks•Dk8 !
1 i n

Jn~2ks•Ck8 !

J0~2ks•Ck8 !
G

3dqs1nk,q
s8
dks ,qs

1•••J . ~8!

In Fletcher’s original derivation, only a simple basis f
the unit cell was employed, and thed functions arose via a
sum over all atoms in the interface, i.e.,

(
R

exp~ ik•R!5Ndk,q ~9!

for N atoms. This is not correct in general, and the equat
has to be modified by replacing everywheredks ,qs

dks ,q
s8

by

U(q)U(q8)3dks ,qs
dks ,q

s8
, where

U~q!5(
R

exp~ iq•R! ~10!
1-2



l
n

l

COINCIDENCE OF RECIPROCAL LATTICE PLANES . . . PHYSICAL REVIEW B 68, 134211 ~2003!
FIG. 1. ~a! Fourier transform
of the interaction potential mode
used in this calculation and give
in Eq. ~12!, drawn for b5a. ~b!
The interaction potential in rea
space.
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with a sum over the basis of the unit cell. This term, Eq.~10!,
which by analogy to crystallographic direct methods, wh
it also arises, is referred to as a unitary structure factor.25

From Eqs.~8! ~after expanding the Bessel functions a
keeping first-order terms only! and ~10!, an energy minimi-
zation with respect toDk and B results in an approximate
total energy of the form

E'E02t(
k

@U~q!y~q!#2

k
, ~11!

whereE0 is the coincidence part of the boundary energy,t is
a constant,k is the vector joining two diffraction spots from
the bicrystal, andy(q) is the atomic interaction potentia
The constantt, which depends on many parameters such
shear modulus, bulk modulus, and Poisson’s ratio, is ne
sary to calculate an expected value for the total energy; h
ever the value of this constant is not important in our cal
lations since we consider the relative magnitudes o
Hence,t was chosen arbitrary to give a convenient ene
scale. A more complete solution can be obtained by equa
the tractions across the interface; we will only use this fir
order approximation here.

An accurate interaction potential is unknown at pres
for the quasicrystal-crystal interface; nevertheless we
use a model potential for exploratory calculations introduc
by Fletcher,26 which has the form

y~q!5HS a1b

a D 3

$exp@2.5q~a1b!24#11%21, ~12!

whereH is a scale constant anda andb are atomic radii of
crystalsX and Y, respectively. In this model, only interac
tions with atoms lying in neighboring planes parallel to t
interface are considered; in addition, this potential has a
pulsive core which is not so hard. The Fourier transfo
13421
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y(q) and the direct potentialy(r ) used are shown in Fig. 1
for the casea5b. The model potential in Eq.~12! can be
further simplified into

y~q!5$exp@aq24#11%21, ~13!

wherea is equal to 2.5 (a1b); the values ofa are tabulated
in Table I for all cases in our computations.

III. CALCULATION FOR QUASICRYSTAL-CRYSTAL
EPITAXY

The majority of the previous work on quasicrystal-crys
epitaxial systems has been devoted to the epitaxial relat
ship between crystalline structures on single-grain quasic
tal resulting from ion-bombardment processing. Thermo
namically, the stability of the aforementioned systems
uncertain since the ion-bombardment process is commo
conducted at room temperature. Nevertheless, even with
ited thermal energy available to allow atomic movement
achieve a thermodynamically stable interface, the kinetic
ergy introduced by ion fluxes may supply the required e
ergy. The abundance of literature data on ion-bombarded
faces is advantageous for analysis, even though th
systems do not make ideal case studies.

Recently, studies on the epitaxial relationships betwe
crystalline thin films on quasicrystal substrates via physi
vapor deposition have been reported. Shimodaet al. at-
tempted to grow Au thin films on decagonal Al-Ni-Co an
reported the orientation of the alloyed AuAl2 layer with re-
spect to the substrates.9,10 A similar observation was late
reported for PtAl2.11 Widjaja and Marks presented evidenc
of epitaxial Al-Cu-Fe-Cr decagonal thin films on atomical
flat Al2O3 @0001# surface.12 It appears that these are the on
reports on thermodynamically stable epitaxial relationsh
on-
TABLE I. Expected value for atomic radii anda. The atomic radii values are based on concentrati
weighted atomic radii@calculated using self-consistent-field functions~Refs. 27,28!#.

Quasicrystal Atomic Crystal Atomic a
compound radius~Å! compound radius~Å!

Al65Cu20Fe15 1.291 Al50CuxFe12x 1.339 6.574
Al70Ni15Co15 1.278 Al50NixCo12x 1.343 6.550
Al65Cu20Co15 1.226 Al50CuxCo12x 1.330 6.390
Al70Ni15Co15 1.278 AuAl2 1.367 6.610
Al70Ni15Co15 1.278 PtAl2 1.377 6.635
1-3
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TABLE II. Orientation relationship in crystal-quasicrystal epitaxy. When there are two alignments given, they are equivale
correspond to only one unique alignment. ‘‘Primary?’’ indicates if the observed alignment appears as the primary peak~global minimum!.
‘‘Fit?’’ indicates whether the calculation matches the experimentally observed configuration.

No. Quasicrystal Crystal Parallel axis In-plane alignment
System Structure structure QCicrystal Observed Reference Calculated Primary? Fit?

1 Al-Cu-Fe Icosahedral CsCl 5f i@110# 2Pi@11̄0#-2Di@001# 4 2Pi@11̄0#-2Di@001# No Yes

2 Al-Cu-Fe Icosahedral CsCl 5f i@113# 2Pi@11̄0# 4 2Pi@ 1̄2̄1# Yes Yes

3 Al-Cu-Fe Icosahedral CsCl 2f i@111# 2 f i@12̄1# 33 5 f i@11̄0# Yes Yes

4 Al-Cu-Fe Icosahedral CsCl 3f i@111# 3 f i@11̄0# 33 3 f i@11̄0# Yes Yes

5 Al-Ni-Co Decagonal CsCl 10f i@110# 2Pi@001# - 2Di@11̄0# 3,2 2Pi@001#-2Di@11̄0# Yes Yes

6 Al-Ni-Co Decagonal CsCl 2Di@110# 10f i@11̄0#-2Pi@001# 3 10f i@11̄0#-2Pi@001# Yes Yes

7 Al-Ni-Co Decagonal CsCl 2Di@111# 10f i@11̄0# 3 2Pi@ 2̄1̄3# Yes No

10f i@11̄0# 3 10f i@11̄0# No Yes

8 Al-Ni-Co Decagonal CsCl Di@100# 2 f i@001# 3 2f i@001# Yes Yes
9 Al-Cu-Co Decagonal CsCl 10f i@110# 2Pi@11̄0#- 2Di@001# 7 2Pi@11̄0#-2Di@001# Yes Yes

10 Al-Cu-Co Decagonal CsCl 2Pi@110# 10f i@11̄0#-2Di@001# 7 10f i@11̄0#-2Di@001# Yes Yes

11 Al-Ni-Co Decagonal CaF2 10f i@110# 2Di@001#-2Di@ 1̄12# 9,10 2Di@ 1̄12# No Yes

(AuAl2)
12 Al-Ni-Co Decagonal CaF2 10f i@110# 2Di@001#-2Di@ 1̄12# 11 2Di@ 1̄12# No Yes

(PtAl2)
13 Al-Cu-Fe-Cr Decagonal Corundum 10f i@0001# 2Pi@101̄0# 12 2Pi@101̄0# Yes Yes

(Al2O3)
14 Al-Cu-Fe-Cr Decagonal Corundum 10f i@0001# 2Di@101̄0# 12 2Di@101̄0# No Yes

(Al2O3)
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in crystal-quasicrystal systems where the interface relat
ship is well described.29–32

Computations were carried out on various ion-bombar
surfaces for three quasicrystal systems: the icosahedra
Cu-Fe system and the decagonal Al-Ni-Co and Al-Cu-
systems. Calculations were also performed for quasicry
~QC!-crystal thin-film epitaxy for the following systems
AuAl2 and PtAl2 thin films on a tenfold surface of decagon
Al-Ni-Co and decagonal Al-Cu-Fe-Cr thin film on corundu
Al2O3 @0001#. A complete comparison of the observed a
simulated results is tabulated in Table II. Table III summ
rizes the corresponding calculated results and position of
peaks relative to a set of references.

Quasicrystal reciprocal lattice points and structure fact
were simulated using theQUAREF program;34 the 3D recip-
rocal space quasilattices were generated by a projec
method from a higher dimension hypercube. Lattice para
eters for the hypercube and the corresponding space g
are given in Table IV along with the crystalline structu
data.

Calculations ofU(q) for quasicrystals were simplified b
incorporating only the intrinsic structure factor which is i
dependent of the specific decoration of the lattice due to
complexity of real decorated lattices. Unlike crystalline m
terials, diffraction patterns of quasicrystals generally can
be decomposed into the intrinsic structure factor and geom
ric structure factor.40 The former is attributed to the quasila
tice, while the latter is due to the decoration.

The values of atomic radii for the crystalline and quas
13421
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rystalline structures considered in the atomic potential ca
lation were taken to be the expected values of the syste

â5(
i

xiai , ~14!

where xi and ai are the atomic percentage and radius
element i, respectively, in the compound. Table I contains
calculated values of the expected atomic radii for all syste
in this simulation and the correspondinga values.

Another estimate for average values of the atomic rad
can be obtained from the densityr of the alloy:

4

3
p~RWS!

35
1

r
, ~15!

whereRWS is the average Wigner-Seitz radius. Comparis
of the average atomic radius values calculated fr
concentration-weighted atomic radii@from Eq. ~14!#,
concentration-weighted Wigner-Seitz radii,41 and density cal-
culations @from Eq. ~15!# for the alloys Al72.6Ni10.5Co16.9,
Al72Ni20Co8, and Al70Pd21Mn9 is tabulated in Table V. Due
to the lack of availability of bulk density values for the var
ous alloys used in this study, we used concentrati
weighted atomic radii values for all calculations. The diffe
ence between these values and the ones from den
calculations is about 5% and this has very little effect on
final results.
1-4



or
ent or

rved

COINCIDENCE OF RECIPROCAL LATTICE PLANES . . . PHYSICAL REVIEW B 68, 134211 ~2003!
TABLE III. Peak positions and reference in calculated configurations. ‘‘P’’ or ‘‘ S’’ indicates if the observed peak appears as primary
secondary peak, respectively. ‘‘*’’ denotes the ambiguity of the peak from experimental observation. ‘‘-’’ indicates no special alignm
no significant secondary peak.

No. Quasicrystal Crystal Parallel axis Reference Primary Secondary Obse
System Structure structure QCicrystal 0° Angle Alignment Angle Alignment

1 Al-Cu-Fe Icosahedral CsCl 5f i@110# 2Di@11̄0# 69.45° - 118° 2Pi@11̄0# S

2 Al-Cu-Fe Icosahedral CsCl 5f i@113# 2Di@11̄0# 18°61.2° 2Pi@ 1̄2̄1# 0° 2Di@11̄0# P*

3 Al-Cu-Fe Icosahedral CsCl 2f i@111# 2 f i@12̄1# 61.7° 5 f i@11̄0# - - P*

4 Al-Cu-Fe Icosahedral CsCl 3f i@111# 3 f i@11̄0# 0° 3 f i@11̄0# - - P

5 Al-Ni-Co Decagonal CsCl 10f i@110# 2Pi@001# 0° 2Pi@001# - - P
6 Al-Ni-Co Decagonal CsCl 2Di@110# 10f i@11̄0# 0° 10f i@11̄0# - - P

7 Al-Ni-Co Decagonal CsCl 2Di@111# 10f i@11̄0# 619.1° 2Pi@ 2̄1̄3# 0° 10f i@11̄0# S

8 Al-Ni-Co Decagonal CsCl Di@100# 2 f i@001# 0° 2f i@001# - - P
9 Al-Cu-Co Decagonal CsCl 10f i@110# 2Pi@11̄0# 0° 2Pi@11̄0# - - P

10 Al-Cu-Co Decagonal CsCl 2Pi@110# 10f i@11̄0# 0° 10f i@11̄0# - - P

11 Al-Ni-Co Decagonal AuAl2 10f i@110# 2Di@001# - - 60.7° 2Di@ 1̄12# S*

12 Al-Ni-Co Decagonal PtAl2 10f i@110# 2Di@001# - - 60.7° 2Di@ 1̄12# S*

13 Al-Cu-Fe-Cr Decagonal Al2O3 10f i@0001# 2Pi@101̄0# 0° 2Pi@101̄0# 618° 2Di@101̄0# P& S
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In the calculation, the reciprocal lattice planes for the t
crystals were reciprocal surface unit cells. For periodic cr
tals, reciprocal surface unit cells were constructed under
following simplifications:~1! The surface unit cell was de
termined based on bulk truncation without any reconstr
tion. ~2! All elements were considered to behave simila
for surfaces containing more than one element. Note that
reciprocal surface unit cells may be denser than those
mally observed in bulk electron-diffraction patterns. The
ciprocal unit cells included in the calculations are limited
magnitudes less than 1 Å21; q vectors with larger values ar
considered negligible due to the exponential decaying na
of the interaction potential as shown in Eq.~13!. Since the
specific nature of surface interface structures in quasicrys
line systems is unknown, the surface reciprocal lattices w
constructed based on bulk structures; many experiments
confirmed the quasi-periodic nature of the surface.45–50

IV. RESULTS AND DISCUSSIONS

In most cases, calculations showed perfect fits betw
simulated and observed configurations; exceptions will
13421
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discussed further in this section. Figures 2~a! and 2~b! show
a comparison between the calculated and experimentally
served configuration for the ion-sputtered Al-Cu-Fe sing
grain quasicrystal fivefold surface. In these plots, surfa
spots have been eliminated to assist in the visual compari
however these spots were taken into consideration during
calculations. Experimental observations in other systems
be easily compared to simulated results; references are g
in Table II. Numerical data for peak positions, types, a
references are given in Table III. Results for the interfac
energy calculation and the corresponding structure for th
different cases are plotted in Figs. 3~a!–3~f! as examples.
The configurations shown in Fig. 3 match the experimen
observation perfectly; surface spots are also removed to
visual comparison. In all figures, unless otherwise noted:~1!
surface spots are removed,~2! the sizes of the spots corre
sponding to the intensities, however, are not to be scaled,
~3! the gray and black spots represent, respectively, the q
sicrystal and crystal spots.

We will look further into the case of ion-sputtered A
Ni-Co decagonal twofold surface as an example. For t
TABLE IV. Structure and~quasi!lattice data input for calculations.

No. Quasicrystal Crystal
System Structure symmetry a(Å) c(Å) Reference Structure a(Å) c(Å) Reference

1 Al-Cu-Fe Icosahedral F-3-5 8.966 35 CsCl 2.942 5
2 Al-Ni-Co Decagonal P10.5/mm 3.3931 4.807 36 CsCl 2.8 2

AuAl2 5.998 10
PtAl2 5.922 11

3 Al-Cu-Co Decagonal P10.5/mm 3.368 4.4148 37 CsCl 2.9 6
4 Al-Pd-Mn Icosahedral m-3-5 9.123 38

Al-Pd-Mn Decagonal P10.5/mmc 2.820 12.06 39
5 Al-Cu-Fe-Cr Decagonal Measured experimentally 12 Al2O3 4.763 13.003 12
1-5
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E. J. WIDJAJA AND L. D. MARKS PHYSICAL REVIEW B68, 134211 ~2003!
surface, two different out-of-plane alignments have been
served, that is, 2D axis of the decagonal phase paralle
^110& direction (2Ddeci@110#CsCl) and parallel tô 111& di-
rection (2Ddeci@111#CsCl) of the CsCl crystalline phase
Henceforth, the notationVi@hkl# will be used to indicate
alignment of theV rotation axis of the quasicrystal phas
with ^hkl& being direction of the crystalline phase and t
notations 2D-2P, 5f , 10f , and 3f will refer to the two
twofold axes rotated relatively to each other by 18°, t
fivefold axis, the tenfold axis, and the threefold axis of t
quasicrystals, respectively.

In the 2Di@110# case, the in-plane alignment o
10f i@11̄0#-2Pi@001# is observed and it fits the calculate
structure. However, the calculated structure for 2Di@111# is
2Pi@ 2̄1̄3# while experimental observation is 2Pi@ 1̄1̄2#

~equivalent to 10f i@11̄0#). This observed configuration
which differs from the calculated one, however, appears
the calculation as second minima, with the primary minim
positions at619.1° rotation from them. Figures 4~a! and
4~b! illustrate the calculated structures at both minima; s
face reciprocal spots were plotted. Configuration in Fig. 4~b!,
10f i@11̄0#, which fits the observed data, has a higher nu
ber of near plane-coincidence, however Fig. 4~a! with con-
figuration 2Pi@ 2̄1̄3# results in much lower energy due to
very small k value from closer coincidence in one plan
Analysis on the energy graph Fig. 4~c! shows a very sharp
peak for the configuration described by Fig. 4~a! @full width
at half maximum~FWHM! less than 0.05°] while a wide
peak for Fig. 4~b! ~FWHM .14°) is evident. This energy

TABLE V. Comparison of calculated average atomic radii~unit
in Å! from concentration-weighted atomic radii, concentratio
weighted Wigner-Seitz radii, and bulk density measurements. R
erences for the values of density used in radius calculations
given.

Alloys Eq. ~14! Ref. 41 Eq.~15!

Al72.6Ni10.5Co16.9 ~Ref. 42! 1.270 1.288 1.337
Al72Ni20Co8 ~Ref. 43! 1.269 1.370 1.204
Al70Pd21Mn9 ~Ref. 44! 1.326 1.372 1.209
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b-
to
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n
a
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.

profile allows the system to achieve 10f i@11̄0# alignment
relatively easily since only small fluctuation is needed
move the system to this minimum. The simulated configu
tion in Fig. 4~d! is the case observed in Ref. 3; here, surfa
spots have been removed and bulk spots are indexed.

Two cases of CsCl structure on icosahedral Al-Cu-F
@113# on fivefold and@111# on twofold surfaces were inves
tigated and gave results which differ by less than 2° degr
rotation. This difference may be real, but can also be att
uted to mistakes in experimental observation due to sm
angle differences between the orientations. The angle

tween@11̄0# and @ 1̄2̄1# in CsCl structure is 73.2° and th
angle between two 2P axes is 72°; while the angle betwee

@11̄0# and @12̄1# in CsCl is 30° and twofold and fivefold
axes is 31.7° . In the literature, observations usually repo

these configurations, both for 2Pi@ 1̄2̄1#-2Pi@11̄0# and
5 f i@11̄0#-2 f i@12̄1#, to be similar due to their small angl
differences. It is ambiguous whether both or only one co
figuration was observed.

Similarly, for the case in which the@110# CsCl structure
on fivefold icosahedral Al-Cu-Fe is observed, the orientat
appears as secondary peak~local minimum! instead of the
primary minimum in accordance with most of the calcu
tions. Calculations limiting contributingq’s in reciprocal
space up to 0.6 Å21 resulted in the observed orientation
the lowest energy. For thin-film growth of Au and Al o
Al-Ni-Co substrates, calculations showed a similar trend
the case of@110# on the fivefold surface; only by limiting the
contributingq values to 0.6 Å21, the simulation matched the
experimental data.

This discrepancy can also be attributed to the simplis
nature of the interaction potential form. A more sophistica
and correct model is required to be able to understand
interaction across the interface, and hence be able to pre
~and explain! the observed experimental data to a higher
curacy. However, with this simple model we show that w
are able to explain the majority of experimentally observ
in-plane relationships reported in the literature. In addition
that, there is no justification that the observed orientatio
should be the global minima of the interfacial energy.

Observations of multiple in-plane alignments for the sa

-
f-
re
f
d
c-
-

FIG. 2. Comparison between
~a! simulated and~b! experimen-
tally observed configurations in
ion-sputtered fivefold surface o
Al-Cu-Fe quasicrystals. Gray an
black spots represent the quasi
rystal and crystal spots, respec
tively.
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FIG. 3. Interfacial energy calculation and its corresponding structure, respectively, at 0° rotation~which is the minimum! for ~a! and~b!
Al-Cu-Co 10f i@110#, ~c! and ~d! Al-Ni-Co 2Di@110#, and ~e! and ~f! Al-Cu-Fe 3f i@111#; crystal-quasicrystal epitaxy is due to io
bombardments. Gray and black spots represent the quasicrystal and crystal spots, respectively.
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out-of-plane alignment have been reported by Widjajaet al.
for Al-Cu-Fe-Cr decagonal thin films on atomically fla
Al2O3 substrates.12 A similar energy calculation showed ex
istence of two unique minima corresponding to two uniq
in-plane alignments. Each of these configurations has b
independently observed experimentally on the same sam

Using a similar idea for crystal-crystal epitaxy, which w
extend to include quasicrystal-crystal epitaxy, we can n
move and apply the same approach for quasicrys
quasicrystal epitaxy. From Eq.~11!, the energy actually ap
pears to have an infinite negative value as we approach
coincidence-boundary configurationk50, but the real situ-
ation is that the coincidence boundary of any order rep
sents a cusped minimum in the energy. The depth of
minimum depends on the strength of the potential com
nent brought into coincidence. Nevertheless, without the
act knowledge of the potential form and necessity to cal
late the value of interface energy, we can predict sim
behavior in quasicrystal-quasicrystal epitaxy. The only ex
ing report is Al-Pd-Mn quasicrystals.51,52Menguyet al.51 re-
ported phason-phonon-assisted epitaxy at icosahe
decagonal interfaces in Al-Pd-Mn quasicrystals. T
closeness of their structure has been used as a basis t
plain their oriented fivefold/tenfold axis. In this case the l
tice planes match very well, as shown in the superimpo
simulated 2D reciprocal space patterns for the fivefold a
tenold directions in Fig. 5.

The results reported herein indicate that quasicrystal
materials can have specific orientational relationships in
terfaces to crystals, and that these obey very similar rule
13421
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en
le.
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to

those that govern crystalline interfaces. In real space i
hard to model this~except via some large approximant to th
quasicrystal!, but the first-order approach is viable an
should be completely general in reciprocal space. Equa
~11! shows that with appropriate simplification we can fin
the most probable orientation relationship between
quasicrystal-crystal structure, which is the configuration w
a small k vector, a large interaction potentialy(q) and a
large unitary structure factorU(q). The U(q) term that
should be included will weight the analysis towards orien
tions with more atoms aligned, and may be important
general although often the 1/k term will dominate. Only
small q’s are dominant and need to be considered due
exponential decay of interaction potentialy(q). By simple
calculation one can find relatively easily the most stable c
figuration. However, as shown in some cases in our com
tations, the most stable configuration is not always the
perimentally observed configuration. This can be explain
by an analysis of the kinetics.

Due to the difference inq vectors of quasicrystals an
crystals, which is thek vector, dislocations are created
accommodate the strain. Unlike the observations of dislo
tions in quasicrystal phases, only a few papers have repo
the study of interfacial dislocation in quasicrystal-crys
epitaxy.6,8,53Zhuanget al.8 reported the observation of misfi
dislocations between theB2 surface layer and the decagon
Al75Ni10Fe15 which are parallel but less regularly space
They observed two types of spacing with a distance ratio
the golden mean of (11A5)/2, which were attributed to
1-7
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FIG. 4. Comparison of two simulated configurations at two different minima for Al-Ni-Co 2Di@111#. ~a! Configuration at the lowes
energy at 19.1° and~b! at the other minimum at 0°; interfacial energy calculation is shown in~c! and experimentally observed configuratio
in ~d!. Directions for twofold axis for quasicrystals are given and diffraction spots for the crystal are indexed. Gray and black spots r
the quasicrystal and crystal spots, respectively.
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FIG. 5. Simulated configuration for Al-Pd-Mn icosahedra
decagonal epitaxy. Gray and black spots represent the deca
and icosahedral spots, respectively.
13421
quasiperiodic nature of the misfit strain field of the decago
phase. Nevertheless, more work needs to be done to r
the strain due tok and the observed dislocation density
crystal-quasicrystal epitaxy.

V. CONCLUSION

We have developed a coincidence reciprocal lattice pl
model to calculate the interfacial energy for quasicryst
crystal epitaxy based on Fletcher’s original work. Th
simple model is able to explain and predict most of the
perimentally observed relative orientations for epitaxy as
ported in literature. This model uses the coincidence of
reciprocal lattice planes to calculate the energy of the in
face; a higher degree of coincidence results in lower ene
interface.

Some difficulties to fit the simulated and observed co
figurations may arise from the kinetics of the system, res
ing in a metastable configuration. Nevertheless, all exp
mental configurations appear as local minima in the ener

nal
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calculations. The nature of the currently unknown interact
potential model requires further development; nonethel
the combination of exponential form for the potential mod
and q-space cutoff appears to work very well for all test
cases. As the understanding of surface structures of qu
rystals improves, a better model for the surface recipro
lattices can be constructed.

We show that with this simple approach epitaxial relatio
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