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Photoelasticity of crystalline and amorphous silica from first principles
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Based on density-functional perturbation theory we have computed from first principles the photoelastic
tensor of few crystalline phases of silica at normal conditions and high pre&puaez, «-cristobalite, and
B-cristobalite and of models of amorphous sili¢aontaining up to 162 atomsobtained by quenching from
the melt in combined classical and Car-Parrinello molecular-dynamics simulations. The computational frame-
work has also been checked on the photoelastic tensor of crystalline silicon and MgO as prototypes of covalent
and ionic systems. The agreement with available experimental data is good. A phenomenological model
suitable for describing the photoelastic properties of different silica polymorphs is devised by fitting it on the
ab initio data.
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[. INTRODUCTION talline phases of silica provided us with a database over
which a phenomenological model of the dielectric response

The dependence of the refractive index versus strain ifas been fitted. This model aided us in the interpretation of
silica glass, namely, the photoelasticity, is of interest fromthe ab initio results on the photoelastic properties of amor-
the fundamental point of view as well as for several technoPhous silica. As described below, we have confirmed on a
logical applications in optics and microelectronics. For in-quantitative basis that the, dependence of the anisotropic oxy-
stance, photoelasticity ia-SiO, is known to cause a reduc- 9en polarizability on the SiSi angle is the key parameter for
tion of fiber Bragg gratings efficienéyand to produce a loss modeling the d|ele9tr|c and photoelastic properties of.smca.
of resolution of pure silica lenses used in photolytography. The paper is organized as follows. In Sec. Il we describe our
Despite its widespread interest, a microscopic and quantitzomputational framework. In Sec. Il we report on a prelimi--
tive modeling of photoelasticity in amorphous silica is still hary test of our framework on the photoelastic tensor of Si
lacking. and MgO as prototypes of covalent and ionic materials. In

In this paper, we have computed the photoelastic tensor opec. IV we report our results on the photoelastic cqefficients
crystalline and amorphous silica by first principles within @nd structural response to strains of several crystalline phases
density-functional perturbation thedryDFPT) aiming at of silica: quartz at ambient conditions and high pressure,
|dent|fy|ng the microscopic properties Wh|Ch ru|e the photo_a'cristoba”te, anC18-CI’iSt0ba|ite. In Sec. V, we first report
elastic response in silica systems. Models of amorphouf€ details of the protocols used to generate the models of
silica Containing up to 162 atoms have been generated WSIQ AnalySiS of their structural and elastic propel’ties are
quenching from the melt in combined classical and Cargiven. Then the calculated photoelastic tensordeBiO, is
Parrinello molecular-dynamics simulations. Photoelastic codiscussed and compared with experimental data. In Sec. VI
efficients of quartz have been computed previously withinwe present a phenomenological model of the dielectric prop-
DFPT by Detraux and Gonfewho found good agreement erties of silica which we have fitted on the dielectric tensor
with experimenta| data. From the Change of effective Chargegf a-cristobalite at different densities. Its transferability was
of oxygen upon strain, Detraux and Gonze have suggestdfoven by comparing with thab-initio database on the di-
that an important contribution to photoelasticity in quartzelectric and photoelastic tensors of the crystalline and amor-
comes from the dependence of oxygen polarizability on thé®hous systems presented in previous sections. Finally, Sec.
deformation of the SiOSi ang|es upon strain. VIl is devoted to discussion and conclusions.

In this paper we have enlarged the scope of the previous
work by Detraux and GonZéby computing the photoelastic
coefficients of a-SiO, and of several crystalline phases
(quartz, a-cristobalite, andB-cristobalite at normal condi- We have used density-functional theory in the local-
tions and at high pressure from first principles. Comparingdensity approximatioh(LDA), norm-conserving pseudopo-
with available experimental data and with calculations in-tentials for oxygefiand silicon’ and plane-wave expansion
cluding a scissor correction to the electronic band gap, wef the Kohn-ShamKS) orbitals up to a kinetic cutoff of 70
conclude that the simple local-density approximation toRYy, if not specified otherwise. The structure of the crystalline
DFPT is suitable to well reproduce the experimental photophases has been determined by optimizing all the structural
elastic tensor, despite a large er(d@0%) in the dielectric  parameters. Monkhorst-P&ckVIP) meshes have been used
constants. Thab initio photoelastic coefficients of the crys- in the integration of the Brillouin zonéBZ). The calcula-

1. COMPUTATIONAL DETAILS
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tions on the crystalline phases have been performed by usiras developed by Putrinet al!’ In these latter calculations
the code PWSCEModels ofa-SiO, have been generated by we have restricted the BZ integration to tRepoint only.
guenching from the melt in classical molecular-dynamicsThis latter technique converges to the correct DFPT result in
simulations using the empirical potential by van Beestthe limit of large simulation cells or equivalekipoint mesh,

et al® which has been shown to properly describe the strucalthough with a different pace with respect to standard
tural and dynamical properties of amorphous siltaVe  DFPT. How large should the system be to reproduce the
have slightly modified the interatomic potential of Ref. 10 correct result within the BP approach has been investigated
for short Si-O and O-O separations by adding a term of thdor B-cristobalite in Sec. IV C below. It turns out that for
form Vv =A;/r*?=B;;/r®, with A=6 eVA” and B  system size of the order of 192 atoms and Ehpoint only,
=20 eV A® for Si-O interactions and\=24 eVA? andB the error in the photoelastic coefficients @fcristobalite are
=180 eV A for O-O interactions. The modified potential of the same order of the errors introduced by the LDA. Pho-
turned out to be necessary to describe the high-temperatuteelasticity of the largest model afSiO, in Sec. V has been
liguid (above 5000 Kwhere ions with opposite charges may addressed within the BP approach as implemented in the
approach each other very closely and fall in the well of thecode CPMD*?

Coulomb potential in the absence of the additional repulsion The exchange-correlation functionals available in litera-
here introduced. This new term does not change the strudure [LDA and generalized gradient approximatic@GA)]

tural properties of crystalline and amorphous phases. Thasually underestimate the electronic band gap and overesti-
simulations have been performed at constant volulbeni- ~ mate the electronic dielectric tensor up to 10—1% %his

tio annealing of the models at 600 K for 0.75 ps has beemliscrepancy can be corrected semiempirically by applying a
then performed by Car-Parrinelfo molecular-dynamics self-energy correction, also referred to as a scissor correc-
simulation as implemented in the code CPNfDWe have tion, which consists of a rigid shift of the conduction bands
generated two amorphous models containing 81 and 162 aivith respect to the valence bantfsThis procedure has been
oms. Different quenching and annealing protocols have beensed successfully to reproduce the photoelasticity of° Si,
used as discussed in Sec. V. Integration of the BZ has beegBaAs?’ and quartZ However, as shown in Sec. lll and 1V, it
restricted to thd’ point only in the Car-Parrinello simula- turns out that even within simple LDA, the error in the pho-
tions. A fictitious electronic mass of 800 and a time step oftoelastic coefficients is smaller than what is expected on the
0.15 fs have been used. In the dynamical Car-Parrinelldasis of the error in the dielectric constant itself. The scissor
simulations we have used an ultrasoft pseudopotéffial  correction has thus been neglected in the calculations on
oxygen and a lower cutoff of 27 Ry. The structures generatedmorphous silica and on crystalline phases at high pressure.
by Car-Parrinello simulations have been then optimized withThe calculations with the scissor corrections have been per-
norm-conserving pseudopotentials to study the dielectridormed with the codeasiniT.?

properties. We have computed the dielectric and photoelastic

tensors within density-functional perturbation thedryjhe

photoelastic tensop,, is defined by Ill. TEST CASES: SILICON AND MgO

As test cases of our theoretical framework, prior to the
Aei = Pija 7 » (1)  application to silica, we have computed the photoelastic co-
efficients of crystalline silicon and MgO as prototypes of
whereg;; is the optical dielectric tensor angl, is the strain  covalent and ionic systems, respectively.
tensor. Only the electronic contribution is includedap ,
also indicated ag”. Experimentally, it corresponds to the
dielectric response measured for frequencies of the applied
field much higher than lattice vibrational frequencies, but We have computed the photoelastic tensor for the conven-
lower than the frequencies of the electronic transitions. Theional cubic supercell containing eight atoms. The dielectric
photoelastic coefficients have been calculated by finite diftensor has only one component and there are three photoelas-
ferences from the dielectric tensor of systems with straingic coefficientsp,;, p1»>, andps, independent by symmetry.
from —2% to +2%. The independent componentsmf An 8x8x8 MP mesh over the BZ corresponding to 20 k
(21 in general can be reduced by the symmetry of the sys-points in the irreducible wedge is used. The KS states are
tem. In quartz, for instance, there are only eight independergxpanded in plane waves up to a kinetic cutoff of 20 Ry. The
coefficients which can be determined by applying three typephotoelastic coefficients, computed at the theoretical equilib-
of strain 7,1, 733, and 7,3. The components of the photo- rium lattice constantgd=5.377 A), are reported in Table |
elastic tensor will be expressed hereafter in the compresseahd compared with previous results obtained by Levine
Voigt notation. et all® These authors computed the photoelastic coefficients
The dielectric tensor for the different strained configura-at the experimental lattice parameter=(5.429 A) within
tions has been calculated within DFP&s implemented in  simple LDA and by adding a scissor operator, corresponding
the codepwscrand PHONONS® However, the largest amor- to a rigid shift of 0.7 eV of the conduction band with respect
phous model considered here which contains 162 atom® the valence band. Although the scissor correction is cru-
turned out intractable within the latter framework. Therefore,cial to reproduce the dielectric constant of silicon, it pro-
we have also computed the dielectric tensor within theduces small changes in the photoelastic tensor both at the
Berry-phaséBP) approach to the electronic polarizatibh'®  experimental and at the theoretical equilibrium densities. On

A. Silicon
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TABLE |. Dielectric constant and photoelastic coefficients of crystalline silicon. Results obtained by
simple LDA and by adding a scissor correction of 0.7 eV are compared. Previous theoretical results by
Levine et al!® are also reported.

LDA LDA +scissor LDA LDA+scissor Expt.
(athea) (atheo) (aexpt) (aexpt)
this work this work Ref. 19 Ref. 19 Ref. 24
e 13.20 11.38 114 11.4
P11~ P12 —0.105 -0.110 —0.105 —0.115 —0.111+0.005
P11+ 2p12 —0.058 —0.051 —0.085 —0.067 —0.055+0.006
P11 —0.090 —0.090 —0.098 —0.099 —0.094+ 0.005
P12 0.016 0.020 0.007 0.016 0.0£D.001
Paa —0.052 —0.045 —0.049 —0.051£0.002
the other hand, the photoelastic coefficients are strongly de- A. a-Quartz

pendent on the lattice constduf. Table |). Better agreement

th . oy hieved when the th tical Jatii The photoelastic coefficients of quartz have been recently
with experiments 1s achieved when the theoretical fattice p""E:omputed within DFPT by Detraux and Gorfz&his phase

rameter is used. This conclusion is also true for the calculat—1615 thus been used as a test case for our theoretical frame-
tion of the piezoelectric tensor in other materi&ié3 » ; .
work on silica systems. The unit cell of quartz is hexagonal

(space groug?3,21) and contains nine atoms of which two
are independent by symmetry in the positionsgD(0) and

MgO crystallizes in a NaCl-type lattice. We have com-0O (x,y,z). We have used a:83Xx2 MP mesh in the BZ
puted the photoelastic coefficients for a conventional cubigntegration, although a single special point is enough to
supercell containing eight atoms. A norm-conserving pseudoachieve convergence in the structural propefti#e opti-
potential °f6 Car-Von Barth typ® including nonlinear-core  mized lattice parametersa(c/a) and internal structural pa-
correction$® for Mg and an 8<8x8 MP mesh for the BZ ameters are reported in Table Ill. Actually, the agreement

iy?gtégéaet;n ggt\:a\eint;ederllysfiﬁh;hﬁgqgic:ra:itlijo? Ii;tigtea?:r\?vri?:t%ith experiments on structural parameters is fair, but some-

Murnaghan functiol which yields a=4.197 A (@0, ow worse than usual for the SBD angle and the lattice

—4.2017 A) and a bulk modulu®=185 GPa BeXpt parameter. These discrepancies have to be mainly ascribed to
. exp

—160 GPa). The dielectric constant is, as usual overestin€ choice of the LDA for the exchange and correlation func-

mated (~5%), but thecalculated photoelastic coefficients tional, which commonly causes an underestimation of the
reported in Table Il are in good agreement with experimentafduilibrium volume. It was demonstrated that GGA is neces-
data®®?° The spread in the experimental data is quite largeSary to reproduce the correct energy differences among the
as they have not been obtained by the Brillouin scatterin@hases of silicd® however the equilibrium lattice parameters
method but by a hydrostatic pressure method, which is sutand the Si-GSi angle are only slightly improved for

B. MgO

ject to larger uncertainties. a-quartz (agreement with experimental data is still within
2%) and Si-O distances slightly worsésee Table 1 of Ref.
IV. CRYSTALLINE SILICA 30 for comparisop The small differences between our re-

In the followi . h lculated oh sults and those reported in Ref. 4 depend on the different
n the following sections we report the calculated photo-.qice of the pseudopotentials.

elastic coefficients of three crystalline phases of silica at nor- The calculated dielectric constants and independent pho-
mal conditions and at high pressuteguartz,a-cristobalite,  ye|astic coefficients are collected in Table IIl. Only three

and g-cristobalite. The collected set of data have then beer dependent strainszf;, 713, and 7,5 are necessary to

used to fit the phenomenological model of photoelasticitycompute all the independept; . The theoreticap; are in
discussed in Sec. VI below. ] ij

good agreement with previous results obtained by Detraux
and Gonzéby adding the scissor correction and with experi-

TABLE II. Dielectric constant and photoelastic coefficients of ments. Although the scissor operator is necessary to repro-

MgO. duce the dielectric constant, its effect on the photoelastic
coefficients is less important. The scissor operator has been

LDA (@med  Expt. (Ref. 29  Expt. (Ref. 29 adjusted to 2.1 eV in Igef. 4 to better reprodupce the dielectric

£ 3.16 2.92 3.02 constants of quartz.

P11~ P12 -0.26 -0.24 —0.248 To identify the main structural changes upon strain, we

P11 -0.31 -0.30 —0.259 have computed the response of the structural parameters

P1s -0.05 -0.08 -0.011 (bond lengths and angleso strain of =2%. Results are

Pas —0.075 —0.096 summarized in Table IV. The stiffness of the Si-O bonds

causes the structure to respond to strain mainly by changes
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TABLE Ill. Structural parameters, dielectric tensor, and photo-

with the scissor correction are also reported for the sake of com=
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TABLE V. Structural parameters, dielectric, and photoelastic
elastic coefficients ofr quartz as computed in this work and mea- tensor ofa-quartz at high pressure. Experimental data from Ref. 35
sured experimental*—33 Previous results by Detraux and Gofize are given in parenthesis. Angles are in degree and lengths in A.

parison. Angles are in degree and lengths in A. 0 GPa 3 GPa 7 GPa
This work LDA LDA + scissor  Experiment a 4.805 4.661 4.517
Ref. 4 Ref. 4 Refs. 31 and 32 ¢/2 1101 1.120 1.142
VIV, 1 0.93(0.93 0.86(0.87)

a 4.805 4.815 4.913 u 0.460 0.450 0.441
c/a 1.101 1.105 1.100 X 0.408 0.400 0.391
u 0.460 0.461 0.465 y 0.283 0.299 0.311
X 0.408 0.410 0.415 z 0.105 0.095 0.088
y 0.283 0.281 0.272 Si-O 1.605(1.609  1.600(1.602  1.593(1.599
z 0.105 0.108 0.120 Si-0 1.610(1.619  1.611(1.613 1.611(1.614
Si-0(1)  1.605 1.602 1.605 Si-O-Si 137.7(143.7  131.8(139.9  126.8(133.3
Si-0(2 1610 1611 1.614 050 108.3 106.2 103.7
s-osi 1377 1391 143.7 0350 111.4 113.6 115.9
O-SiO 108'23 103'87 103':; 030 108.3 107.5 106.6

111. 110.97 110. g

10839  109.36 108.37 0-SHO 109.1 108.6 108.3

109.11  109.43 110.41 &1 2.590 2.694 2812
e1 2590 2538 2353 2.356 £33 2620 2.131 2.865
Eas 2620 2569 2.385 2.383 P11 0.170 0.174 0.219
bt 0.17 0.16 0.17 0.16 P12 0.227 0.214 0.209
D1 0.23 0.23 0.23 0.27 P1s 0.245 0.215 0.199
P15 0.24 0.24 0.25 0.27 P33 0.085 0.067 0.051
Pa3 0085  0.080 0.11 0.10 Ps1 0.253 0.251 0.254
Pay 025 025 0.27 0.29 Pas —0.056 —0.055 —0.053
P1g -0.031 -0.023 -0.03 ~0.03
Pa1 —~0.040 -0.034  —0.028 -0.047
Pas —0056 —0.062 —0.061 —~0.079 structural and dielectric properties af-quartz at 3 and 7

GPa, well below the transition pressure to the monoclinic
phase(21 GPa.3* The variation of the equilibrium volume
of the bond angles. The Si-6i angles undergo larger and of the internal structural parameters ofquartz as a
changes than the tetrahedral OGSiangles due to the function of pressure is in good agreement with
strongly directional character of trep® orbitals of silicon. experiments® The Si-OSi angle undergoes larger changes

The dielectric tensor and photoelastic _coefficients havgnon compression than the O-Siangles, while the Si-O
been calculated at high pressure as well. Table V reports thgstances are nearly unaffected.

We are not aware of any experimental data on the photo-
elastic coefficients of quartz at high pressure.

The dependence on pressure of the response of structural
parameters to strain is reported in Table VI. By inspection of

TABLE IV. The response of Si-O bond length and SisD
angles ofa-quartz tozn1, 733, andz, strains. Symmetry breaking

due to 7, strains generates three independent Si@ngles.

aldnyy 91933

) TABLE VI. The response of the structural parameters of
S?-O @ A 0.036 0.102 a-quartz to thezs;; strain at different pressures. Angles are in de-
Si-0(2) A) 0.024 0.090 gree and lengths in A.
Si-0-Si (1) 130.6 7.7
Si-O-Si (2) 30.5 Al dnas 0 GPa 3 GPa 7 GPa
Si-0-Si (3) 160.4 Si-0 (1) 0.102 0.078 0.031
0-Si0 (1) 77.2 47.5 Si-0 (2) 0.090 0.013 —0.005
0-Si0 (2) -33.9 -0.6 Si-O-Si 77.7 69.4 61.7
0-S+0 (2) —19.0 0-Si0 (1) 47.5 0.81 -19.6
0-S+0 (3) 36.0 -51.7 0-Si0 (2) -0.6 20.3 17.6
0-S+0 (3) -12.9 0-Si0 (3) -51.7 -41.8 —34.9
0-Si0 (4) -15.7 57.4 0-Si0 (4) 57.4 42.4 54.6
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TABLE VII. The derivatives of the projection of the Si-Si vec- TABLE VIII. Calculated and experimental structural parameters
tors along the direction[ P;(Si-Si)] with respect to straing,; and  of a-cristobalite. Angles are in degree and lengths in A.
733 iN a-quartz at different pressures.

This work Expt.(Ref. 36
0 GPa 3 GPa 7 GPa

a 4.856 4.957
P, (Si-Si) 1.690 1.554 1.505 c/a 1.381 1.390
al dnqq P,(Si-Si) 0.000 —0.024 —0.006 u 0.313 0.305
P,(Si-Si) 0.000 —0.008 —0.012 X 0.234 0.238
P,(Si-Si) —0.450 —0.392 —0.416 y 0.129 0.111
Al dnas P,(Si-S) 0.000 0.000 —0.250 z 0.191 0.183
P,(Si-Si) 1.762 1.595 1.718 Si-O (1) 1.603 1.602
Si-0O (2) 1.605 1.617
. . Si-OsSi 139.8 144.7
Table VI we can conc!ude that at hlgh pressure t.ht'a_ Si-O 030 (1) 10753 108.08

bonds become even stiffer. However, since the flexibility of by
the Si-OSi angle is reduced, also the deformation of the O'EFO @ 109.36 109.57
tetrahedral unit becomes sizable. O-SHO (3) 110.35 109.92
The data reported so far are not sufficient to establish a 0-Si-O (4) 1171 111.27

correlation between structural and photoelastic properties;
however these results support the idea that bond angles

(mainly Si-OSi) play a key role in determining the photo- duces smaller changes in the photoelastic coefficients as oc-
elastic coefficients of quartz. curs in quartz. Hereafter, the scissor correction will thus be

In order to identify the structural response of silica poly- neglected in the calculation of the photoelastic tensor for
morph to strain, it is useful to consider this system as ather crystalline and amorphous phases of,SiO

then be expressed in terms of the length and orientation of,otoelastic coefficients ir-cristobalite.

the vector distance Si-Si between the two silicon atoms o The differences in density and topology of quartz and

the SiOSi unit which depends on the SiSD bond angle.  q-cristobalite determine a different response of the structural
The orientation of the SiOSi units can be valuated by comparameters to straifresults are displayed in Table) X
puting the projection of the Si-Si distances on the Cartesian |n a-cristobalite bond lengths are affected by strain even
axis. This analysigTable VII) shows that a tensile strain |ess than in quartz and the distortion of the tetrahedral bond
increases the alignment of the Si-Si vectors along the straigngles is smaller. In facte-cristobalite has a more open
axis. structure than quartz and it is able to accommodate strains
mainly by a rotation of the tetrahedra.
B. a-Cristobalite The derivatives of the projection of the Si-Si vectors
. ) along the Cartesian axes with respect to strain are reported in
The a-cristobalite crystal has tetragonal symmepace  tapje X|. The alignment of the Si-O-Si units along the strain
group P4,2,2). The unit cell contains 12 atoms of which 4yis ohserved inv-quartz occurs also im-cristobalite for

two are independent by symmetry at the positionslGi0)  girain along the main symmetry axisy{), but it is much
and O K,y,z). The optimized structural parameters of giqiier for thex,, strain.

a-cristobalite are compared with experiments in Table VIII.
A 3X3X2 MP mesh has been used in the BZ integration. _ ] _ _ _
TABLE IX. Dielectric and photoelastic tensors afcristobalite

The exr;)eélrtnegtalr:/alute O]; SI_ISI anglet(144r.]7_ r)]' Wh'f[:lh !Sﬂ within the simple LDA and LDA supplemented by the scissor cor-
suggested fo be the S ructura p_arame er. W Ich mostly In ur'ection(2.1 eV). Experimental values faf,; ande 33 are reported in
ences the photoelastic respofisis, very similar to that of parenthesigRef. 37.

quartz (143.9°). Conversely-cristobalite and quartz differ

in density (2.36 g/crhand 2.65 g/criifor a-cristobalite and LDA LDA - scissor
a-quartz, respectivejyand in the ring topology(six- and
eight-membered rings in quartz and only six-membered rings €11 2.363 2.206(2.219)
in a-cristobalits. €33 2.358 2.196(2.202
The dielectric tensor has two independent components P11 0.218 0.225
(e11=¢&29 and e33). The independent photoelastic coeffi- P12 0.244 0.248
cients are seven and can be obtained by applying of four P13 0.293 0.299
strains: 711, 733, 712, and n,3. The theoretical dielectric P33 0.152 0.162
and photoelastic tensors are reported in Table IX. The results  p,,; 0.294 0.298
obtained by including a scissor correction equal to that used  p,, —0.094 —0.090
for quartz (2.1 eV) (Ref. 4 are also reported. The scissor Pes ~0.068 —0.066

correction largely improves the dielectric constants, but pro
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TABLE X. The response of Si-O bond length and bond angles TABLE XII. Dielectric and photoelastic tensors Bfcristobalite
of a-cristobalite tonq,, 733, and 7,3 strains. The number of dif- calculated at convergence with respect to BZ integratidi® 4
ferent Si-O bond lengths, Si-Si and O-SiO angles increase upon X4x4 mesh corresponding to 3§-points in the irreducible
application of they,; strain and further double under application of wedge and with two other coarser meshds point only and eight

the 7,5 strain. Angles are in degree and lengths in A. k-points in the IBZ, see text The cubic unit cell containing 24
atoms has been used. The results obtained with the ceve (Ref.
9l dnyy 3l dnss Iz 13) and the Berry-phase approach of Ref. 17 is reported for the
Si-0 (1) 0.030 0011 +0.006 192-atom supercell at thé point only.
S?-O 1) —0.019 +0.125 r 8 k 32k points BP 192 atoms
Si-0(2) —-0.079 —0.008 +0.015
Si-O (2") 0.031 +0.172 £11 2.337 2.281 2.282 2.181
Si-O-Si (1) ~312 70.6 +33.3 ess 2310 2251 2.252 2.161
SO (2 186.7 4379 P 0297 0291 0.292 0.266
050 M 9.98 353 305 Py 0131  0.124 0.119 0.165
> Pys 0242  0.269 0.267 0.238
O-SkO (1) 68.2 +18.2
0-Si0 (2) —14.9 3.81 +41.9
O'§FO () —16.9 14.5 +20.5 (Si-0) in good agreement with the experimental values
0-5i0 (3) —18.4 *54.4 146.7°, 107.8°, and 112.8°, and 1.611 A respectiv@ly.
0-5+0 (4) -29.1 38.3 +24.8 The dielectric tensor has two independent components

£11= €9, and e33. The calculated dielectric constants and
) ) photoelastic coefficients are reported in Table XII.
C. p-Cristobalite In the perspective to study the dielectric response of large

The g-cristobalite phase can be obtained by heatingnodels of amorphous silica, we have checked the conver-
a-cristobalite above 270 °C at normal presstir@he space gence of the photoelastic coefficients as a function of the size
group Fd3m assigned experimentally t@-cristobalite has of the mesh in the BZ integration fgB-cristobalite. Table
been interpreted in the past as an average structure composgt reports the results obtained by using thepoint only of
of small domains with six possible orientations of the struc-the 24-atom supercell and a mesh of eigpbints in the first
ture with 142d symmetry®® More recent nuclear-magnetic- BZ, which corresponds to thié point only of a cubic super-
resonance data have shown that the coexistence of differenell containing 192 atoms. The results with a mesh ok32
domains of lower symmetry is in fact dynamical and notpoints are the “exact” values at convergence in the BZ inte-
static as due to domains with fixed orientatrHowever,  gration. The dielectric and photoelastic tensor are already
the B-cristobalite structure witH42d symmetry is locally —converged by using th& point of the 192-atom supercell.
stable at low temperatu®-300 K) in the small simulation We have also computed the dielectric tensor and photoelastic
cells with periodic boundary conditions used here. Its propcoefficients of the 192-atom supercell ¢@-cristobalite
erties can then be studied theoretically, also to get insightvithin the Berry-phase approach to electronic polarization,
into the properties of amorphous silica. In faBtcristobalite  as developed by Putrinet all’ This latter calculation con-

is the crystalline phase of silica with density (2.18 gﬁm verges to the correct DFPT result, although with a different
and refractive index closest to those of amorphous silica. Wgace with the cell size by using tHe point only in the BZ

have modeleg-cristobalite in a cubic supercell containing 8
f.u. with 142d symmetry. We optimized the internal coordi-
nates at the experimental density of 2.18 gicrta

integration, or, equivalently, with tHépoint mesH? In fact,
calculations within DFPT and BP with the sanEepoint
—7.13 A). A 4x4%4 MP mesh has been used in the BZ mesh give different results and the discrepancy decreases by
integration. The internal structural parameters  ofincreasing thé-point mesh(or, equivalently, the cell dimen-

B-cristobalite are assigned by theAS'OangIe two OB sion). In Table XII the dielectric and photoelastic tensor of
angles and the Si-O bond length. The calcul,ated values a'@—cristobalite calculated within DFPT and BP are compared.
14290 (SIAOSI), 10750 and 11360(0’\30), and 1606 A The BP appl’oaCh haS been applled t,@-arIStOba“te Super'
cell containing 192 atoms, by restricting the BZ integration
TABLE XI. The derivatives of the projection of the Si-Si vec- to theT' point only, which is equivalent to the eigktpoint
tors along the direction[ P;(Si-Si)] with respect to straing,; and  mesh of the 24-atom supercell. However, the DFPT results

733 iN a-cristobalite. with eight k-points (24-atom cell are different from the BP
results on an equivalektpoint mesh [" point and 192-atom
3l dnya 3l Ims3 cell). The BP approach converges more slowly with cell size
P, (S-S 0.190 —0.675 (or equivalently with thelz-point. mesh than DFPT. More-
P,(Si-S) —0.226 0675 over, the converged value @f is approached from below
P,(Si-S) 0 1.676 within the BP approach. This effect is responsible for the

difference in dielectric constant afSiO, reported herésee
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infra) for an 81-atom supercell and a 162-atom cell and for a 10000
72-atom cell recently considered in Ref. 40.

From Table XII it turns out that for a system size of the S 8000 ¢
order of 192 atoms the errors in the photoelastic coefficients 2 6000 |
due to the use of BP approach [atpoint are as the same ®
order of the errors introduced by the LDA itself. Since the & 4000 |
BP approach is computationally less demanding than DFPT §
as implemented in the code®MD and PWSCF, respectively, |
we have used the former approach for the largest amorphous 0 . ‘
model described in the following section. 0 100_ 200 300

Time [ps]
V. AMORPHOUS SILICA FIG. 1. Quenching protocol adopted for the 162-atoms amor-
phous model.

We have generated several models of amorphous silica bfy | d h | . ¢
guenching from the melt in classical MD simulations using ast to correctly reproduce the structural properties of amor-

the empirical potential by van Beest al!° as described in phous silica in the small syste@1 atom3 which in fact

. : ) . to be strongly anisotropic. This problem is less se-
Sec. Il. We have considered simulation cells of two sizes: 8fPP€ars )
and 162 atoms. We first report on the details of the quenc €ere for the larger systerl62 atoms which can escape

) . .~ from high-energy local minima visited along the quenching.
ing protocols and on the structural properties of the resultmgNe ha\?e thenggenerated another smallergm(ﬁsgtaton) 9

amorp_hous models before discussing the dielectric properti%ith a much lower quenching rate by equilibrating the sys-
of a-Si0;. tem for 5 ns at 3800 K and quenching to 300 K in 2.5 ns
(corresponding to a quenching rate of X402 K/s). The
A. Structural properties 81-atom system referred to hereafter corresponds to this sec-
. . ond quenching protocol.
The generation of amorphous models by quenching from™ ", & .0 annealing for 1.0 ps at 600 K has been then

the melt within Car-Parrinello simulations poses some un-
P erformed bycpPmD. For the smaller model, we have com-

ﬁmoédsvtﬂihrﬁit?&ionnse oa?ti\fgle ;ﬁgctslt?]ee aﬂg”tthgf ?#:&C:('jr_@uted structural properties over a dynamiahlinitio micro-
' ' » Neg Y q Y canonical run at 300 K, 0.6 ps long. The pair-correlation

.E|S prodgced. The main p_roblem Is that a very high quenChf’unctions and the bond angle distributions of the initio

ing rate(in Ref. 41 quenching rate was #/s) prevents an nd classical models at 300 K are compared in Fig. 2
adequate relaxation, which freezes the concentration of sma?] —~ , T
rings (three and four membergtb a value much higher than _ The average OSJ angle is very close to the tetrahedral
those expected in the experimental samflesfurther limi- ~ Value (109.5%), while the Si€i bond angle distributions are
tation is given by the small size of the systems that can bguite different in the classical and CPMD simulations. The
treated byab initio simulations(in Ref. 41 the simulation Main effect ofab initio annealing is a shift to lower angles of
supercell contains 72 atoms the SiG5i angle distribution. The Si-O and O-O pair-

In order to partially overcome these limitations, we havecorrelation functions are not affected, while the Si-Si pair-
adopted a combined classical arab initio simulation correlation function reflects the modification in the SiO
scheme, which has been already reported to produce modet§dle distribution, showing a longer tail at small Si-Si dis-
of glassy SiQ with satisfactory structural and electronic @NCes. Theab initio annealing and optimization does not
properties, when compared to fulgb initio models and to  &ff€ct the topology acquired by the system during the classi-
available experimental dafd Within this approach, models €& MD quenching. The ring-size distribution of the two
of a-Si0, are generated by quenching from the melt by clas2Si10. models is reported in Fig. 3. The 81-atom model
sical molecular dynamic€ViD) with the BKS potential at produced Wlth_ the low quenching rate has a Ipw concentra-
low quenching rate. The amorphous models thus obtainefio" of small rings(three- and four-membergakith respect
are then annealed by Car-Parrinello MD. Starting configural® the 162-atom mode| and to previous modéig-atoms
tions of liquid silica have been obtained from unstable!@rg® generated fullyab initio.™ After the ab initio anneal-
simple cubic crystal which rapidly reaches 8500 K. For bothiN9 performed with the softer Vanderbilt pseudopotentials,
the 81- and 162-atoms models we have used an initially cuthe final structure has been further optimized with norm-
bic box with density of 2.21 g/cfn After 25 ps at 8500 K, conse_rving pse_udopotentiadﬁ)r the calculations of_th_e di-
the high temperature liquid is cooled to about 4000 K in 25€!€ctric properties The cell geometry has been optimized at
ps. The temperature at which atomic diffusion freezes ovefixed volume allowing orthorhombic distortions of the ini-

our simulation scale is much larger-@500 K) than the ex- tially cubic supercell such as to produce a diagonal stress

perimental vitreous temperature- (700 K). In order to ob- tensrc]Jr. idual ani inth .
tain a good amorphous model, we have equilibrated the lig- | "€ residual anisotropy in the stressis

uid at a temperature slightly above 3500 K and then —4228 —-111 71

guenched it slowly. The quenching protocol used to generate

the 162-atom model and the first 81-atom model is shown in o= —11.1 -4211 -26 @
Fig. 1. It turns out that the quenching rate of Fig. 1 is still too 7.1 —2.6 —422.
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FIG. 2. (a) Partial pair-correlation functions ar{t) bond angle
distributions for the 81-atom model &-SiO,, computed within
classical MD(solid lineg and CPMD(dotted line$ at 300 K. His-
tograms in pane(b) refer to the structure optimizeab initio at the
theoretical equilibrium density and at zero temperature.

for the optimized ratiodb/a=1.051 andc/a=1.002 in the
81-atom supercell and

—429.0 —-14.0 8.4
o= —14.0 —4245 6.1 (3
8.4 6.1 —424.

for the optimizedb/a=1.037 andc/a=1.018 in the 162-
atom supercell. The large negative stress in [gis due to
the so-called Pulay stress. Thia and thec/a ratio obtained
in this way at the initial density of 2.21 g/éhhave been

PHYSICAL REVIEW B8, 134202 (2003
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FIG. 4. Ab-initio equation of state of tha-SiO, models. a
81-atoms supercell.)H62-atoms supercell.

plete basis set following the prescription given in Ref. 44 and
then fitted by a Murnaghan functidhThe resulting equilib-
rium densitypq, bulk modulusB, and derivative of the bulk
modulus with respect to pressuB’() for the 162-atom and
81-atom models arg.q=2.34 g/cni, B=39.0 GPa,B'=
—7.01 and peq=2.31 g/cmi, B=46.2 GPa, andB'=
—6.28, respectively. These results, especially for the larger
model, are in good agreement with the experimental values
of peq=2.205 g/cm, andB=36.7 GPaB’ = —5.31° Note

in particular that the highly unusual negative valueBdfis

well reproduced by our calculations. The bulk modulus
would probably improve by optimizing/a andc/a at each
volume, held fixed in the equation of state of Fig. 4. The
error in B is smaller for the larger system which has less
geometrical constraints and can more easily respond to the
density change.

In fact, we have also computed the equation of state
within the classical molecular-dynamics scheme, using the
empirical potential of Ref. 10 for the 81- and 162-atom mod-
els and for a larger amorphous model containing 648 atoms.
The results, reported in Table XIIl, indicate that the overes-
timation of the bulk modulus in thab initio calculations can

then hold fixed and the volume varied to generate the equase ascribed mainly to a size effect.

tion of state reported in Fig. 4.
As far as we know this is the firsth initio calculation of
the equation of state &-SiO,. The calculatedE(V) points

Bond angle distributions of the fully optimized system at
the equilibrium density are plotted in Figs. 2 and 5 for the
81-atom and for the 162-atom model, respectively. The shape

have been corrected for the discontinuities due to the incorrbf the SiCSi angles distribution strongly depends on the

20 T T T T T T T 30

(a) (b)
, | |||‘|
3 4 5 6 7

2 3 4 5 6 7 8 9 10 2
Silicon atoms per ring

9
ing

o
n
=3

o

=]

Number of rings
Number of rings

@

o

| |
8 10 1

Silicon atoms per rin

FIG. 3. The ring-size distributions of the 81-atde) and of the
162-atom silica model&h) computed according to Ref. 43.

guenching rate. The model quenched at lower (&featom
cell) has a larger mean S8 angle both in the classical

TABLE XIll. Equilibrium density peq, bulk modulusB, and
first-order derivative of the bulk modulu8() of amorphous silica
models optimized with the BKS potential.

Size (atoms 81 162 648
Peq (0/cn?) 2.23 2.30 2.29
B (GP3 53.5 40.5 34.1
B’ -9.0 —43 -6.3
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(a) TABLE XIV. The derivatives of the SiO distance, SiOSi angles,
40 — and Si-Si vector distances with respect to strajgs, 7,,, andzas;
30 Si-O | in the models ofa-SiO,. P;(Si-Si denotes the projection of the
20 | 1 Si-Si vector distance on thi¢h axis.
10 |
0 81-atoms 162-atoms
— 47 dmyy  dldnn  ddnss I Idnss
o 2 Si-O 0.151 0.154 0.157 0.15 0.11
0 Si-O-Si 68.6 69.1 73.4 68.5 57.5
6 I P,(Si-S) 1488 —-0.037 -0.122 -0.105 -0.053
4r Py(Si-SD —-0.141 1553 —0.049 1.452 —0.044
g ! P,(Si-S)) —0.124 -0.067 1.490 -0.098 1.355
1
2.192 0.009 -0.004
(b) 0.01 e=| 0.009 2.198 —-0.018 (5)
0.008 —-0.004 —-0.018 2.191
0.006 5 for the 162-atom supercell. For a fully isotropic and homo-
£ 0.004 5 geneous system, as expected for a truly amorphous system,
§ 0.002 T should obviously reduce to a single number. The experimen-
> 0 = talvalue ofs atp=2.2 glcni is 2.125% At the same density
© 0.08 S the theoretical dielectric constait/3 Tr(e)] is & = 2.260 for
5 g- the 81-atom cell and =2.148 for the 162-atom cell. The
s 006 3 misfit with respect to experiments is similar to those already
0.04 » found for the crystalline phases of silica. For the largest sys-
0.02 ] tem (162-atom$ the use ofl’ point only within the BP
0 o) ) , framework partially compensates for the error due to LDA,
0 . . . .
60 120 140 160 180 as occurs foB-cristobalite(cf. section 3.5.Bresulting in an

FIG. 5. (a) Partial pair-correlation functions ar{t) bond angle
distributions for the 162-atom model afSiO,, computed within
classical MD at 300 K. Histograms in pan®) refer to the structure
optimizedab-initio at the theoretical equilibrium density and at zero

temperature.

simulation and afterab initio annealing. Furthermore, for
this model the concentration of smat(20°) SiC5i angles
is lower than in the model generated fulb initio in Ref. 41
and fits better to experimental data.

B. Dielectric and photoelastic properties

Since the photoelastic coefficients are very sensitive t
density, we have computed the dielectric properties of amor:
phous silica at the theoretical equilibrium volurfe. pre-
ceding section The residual, small anisotropy in the struc-
ture can also be identified by inspection of the dielectsk (

tensor

e=

for the 81-atom supercell and

angle [degree]

accidental better agreement with experiments. The dielectric
constant computed at within the BP for a 72-atom cell of
a-Sio, in Ref. 40 is 2.00, which confirms that, within B#,
converges from below by increasing the cell size.

At the theoretical equilibrium density the dielectric con-
stant ise=2.292 ande=2.194 for the 81- and 162-atom
cells, respectively

We have computed the response to strain of the structural
properties of the amorphous models as reported in Table
XIV.

The calculated photoelastic coefficients of the 81- and
162-atom supercells at the theoretical equilibrium density are
reported in Table XV. The photoelastic coefficients have
been calculated by finite differences from the dielectric ten-
sor of systems with strains from1% to +1%. As dis-
cussed in Secs. Il and IV B the calculation on the 81-atom
2ell have been performed within standard DFPT, while the
calculations on the larger 162-atom supercell have been per-
formed within the Berry phase. Residual structural anisotro-
pies are responsible for the differences ameng, p,, and
P33 values and among@q,, po; and ps,. A measure of the
model isotropy is given by the fulfilment of the Cauchy
relation (2044=p11—P12). The value ofp,, computed by

0.013 —0.009 applying the 7,3 shear strain in the 81-atom model is
—0.074(cf. Table XV) which compares well with the value

2.292 0.007

0.007 228 ' “) of (p11—pP12)/2, ranging from—0.069 to —0.092, which

suggests a sufficient homogeneity of the small model as well.
Agreement with experiments is fair, but less satisfactory
than the performances of DFPT-LDA for crystalline phases.
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TABLE XV. Photoelastic coefficients of the amorphous silica N )
models containing 81 and 162 atoms compared to experimental Eizﬁ_ E TiRk' 5k, (7)
data. k#i,R =
81 atoms 162 atoms Expt. whereD is the electric displacemend the total number of
olarizable centers per cell, arfid; is a symmetric tensor
P11 0.072 0.125.0.10¢ zeﬁne d as: P i y
P2o 0.045 0.047 :
Pas 0.053 0.085 ) 1 Pr
P12 0.217 0.223 0.270.28% TR=VV| —|==>|1-3 "‘2"‘], ®)
Po1 0.230 = Fik/ i Fik
p31 0224 => . . - . .
0 0.209 0227 whereR are the Bravais lattice vectors ang is the distance
32 . . . . . N >
P13 0.209 0.238 between sitesandk in cells separated big. The sum ofT§
P23 0.197 0.235 over the Bravais lattice vectoR is performed as an Ewald
Paa —0.074 -0.073 sum as described in Ref. 49,
Reforence 46 The electric displacemer® is in turn equal toD=E
bReference 47. +4mP, whereE is the macroscopic electric field and the

electric polarizatiorP can be expressed as
In particular, the ratiop,,/p4» is largely underestimated in N
our model with respect to experiments. In view of the excel- 2 -
lent results of DFPT-LDA for crystalline silica, the discrep- q P
ancy with experiments fom-SiO, could be naturally as- ) ) , ,
cribed to an insufficient quality of ow-SiO, models, either whereV is the cell voJume. A set of linear equations which
due to a size effect or to a still too fast quenching raterelates the local fieldE; to the macroscopic electric field is
However, we should also note that the measurement of thebtained from Eqs(7)—(9) as
absolute values op;; and py, is very delicate and to our

N
P= E @ik, 9

<~
<lr

N

knowledge only two independent measurements have been = = A = -
performegd ) f{al\‘i?m i E= Ei_gfi (7_% T=ﬁ<) B, (10

In order to obtain insight into the different microscopic
contributions to photoelasticity and shed light on the rela-or in a compact matrix form
tionship between structural properties and photoelastic re- . _
sponse, we have developed a phenomenological model of E=(1-B){E;}. (11
photoelasticity in silica, as described in the following T =
section. | is the identity matrix,E andE; are expressed ad\3vec-

tors, andB is a 3NX 3N matrix consisting of X3 blocks
VI. PHENOMENOLOGICAL MODEL OF Bjx defined as
PHOTOELASTICITY IN SILICA - 4
- -

In order to identify the main microscopic features ruling Bix= 7_2 TiF,i) ay. (12

photoelasticity in silica, we have devised a phenomenologi- - R =/=—

cal model of the dielectric properties transferable both to thg-g; 5 cubic lattice Eqs(10) vyield the Clausius-Mossotti
crystalline and amorphous phases of Sify fitting on the (| grentz-Lorenz formula(see Ref. 48 for detailsHowever,
ab initio database on photoelasticity in crystalline silica re-,one of the crystalline polymorphs of Si@ cubic, thus the

ported in previous sections. . . . R
To this aim, we have assumed that the dielectric responstgrm containing the dipole lattice surﬂ&) has to be ex-

of silica could be embodied in an ionic polarizability tensor Plicitly evaluated. ) o )
of the oxygen ions, whose value is assumed to depend on the From Eq.(9) and(11), the following relation is obtained:
SiOSi angle only. The dielectric tenser can be obtained

from a site-dependent oxygen polariza=bil'iy, as described P= % 2 a;(1 _B)Hlé_ (13)
below. The dipole moment; at sitei is related to the local bl == =
field E; via the polarizability tenson as The inversion of the matrix I(~B) is performed in the
3N-dimensional space. Finally, the dielectric susceptibility
pi=aiE; . (6)  tensory (P=xE) results in
> B 1 N
The local electric fieldg; acting on a polarizable object at _ - (1—B) L 14
sitei is therf® X“v Z, a'(= Bl (14
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FIG. 7. The dielectric tensor af-cristobalite as a function of
the Si-OSi angle.

upon phonon displacements, that obviously involve both
angle modulations and bond stretching. Conversely, the
FIG. 6. Sketch of the Si-O-Si unit and of the bond contributionschange ofa; , a7, and at with Si-O bond length is not
to polarizability. essential to describe photoelasticity, since strain-induced
) ) structural relaxations mainly consist of bond angle deforma-
Fromy, both the d|eIectr|c§=1+47rK) and the photoelas- tions not affecting the Si-O distances.
tic tensors can be derived. N In this approximation the dielectric response can be cast

In order to exploit Eq.(14), in our empirical model we into a model based on the polarizability of the oxygen ions
have assumed that the polarizable centers in silica are thgnly which is given by
oxygen ions. Second, we have also assumed that the oxygen

polarizability depends on the S8 angle only. These c(0)+ ycog(0/2) 0 0
choices can be justified onbyposteriorifrom comparison of _ 0 c( )+ v sird(6/2 0

the results produced by the phenomenological model with £ (6)+ ysirr(6/2) ,
the ab initio data. However, to support our model we can 0 0 ar/(0)
argue that most of the valence charge in Si®©located on (16)

the oxygen ions and, second, both the structural differences )

among the different tetrahedral phases of siligither crys- With ¢=2(a, +at+a7/)/3 and y=a, —ar (cf. Fig. 6 for -
talline or amorphousand the deformations induced by strain @xis orientations The contribution of each polarizable unit
mainly rely on the distribution of the S angles. The in- t0 the dielectric susceptibility is

ternal structure of the tetrahedra (@Siangles and Si-O
bond lengthsis almost the same in the different polymorphs

and undergoes minor deformations upon strain since thﬁ/hereRi is the rotation matrix that operates the transforma-
open structure of silica allows one to accommodate strain,

mostly by rotations of the corner-sharing tetrahedra. tion from the local reference system reprgsepted i'n Eig. 6 to
Our model of silica polarizability can also be understoodtne absolute reference system of the solid, in whichithe
as a particular case of the commonly used bond polarizabilitp~O-Si unit is embedded. The parametery, anday: have

model (BPM). In the BPM the polarizability is expressed as '© P& determined and, in principle, all of them dependdon
the sum of Si-O bond polarizabilities given By We have decided to fit these parameters on the dielectric

tensor ofa-cristobalite at several densitiésee Fig. 7, since
1 rirj a-cristobalite responds to compression mainly modifying the
aij=z(aL+2a7) 8+ (a —ar) 2 3% | (19  siOSi angles, maintaining the Si-O bond length
unchanged! We have checked that changing the density of
wherer = FSi_FO is the vector joining the silicon and oxy- a-cristobalite from 2.83 to 2.05 g/(frT('Ehe theoretical equi-
gen atoms, andy, and at represent a longitudinal and a librium density is 2.54 g/c) the Si-GSi angle changes
transversal polarizability of the Si-O bond, and a1 usu- from 130° to 165° with a maximum variation of the Si-O
ally depend on the Si-O bond lengteee Fig. 6 In our  bondlength of 0.006 Asee Fig. 8
model we have introduced a second transverse bond polariz- However, fora-cristobalite the equations for [Eq. (14)]
ability o+ in the direction orthogonal to the Si-O-Si plane independent of symmetry are only two, not sufficient to fit all
(direction z in Fig._6). We have madexr,, a7, and at the three functions, v, anday: in Eq. (16). For this reason,
dependent on the SE) angled, but independent on the Si-O vy has been assumed independen®aind set equal to the
bond length. The dependence of the polarizability on thevalue obtained from the fitting of thab initio Raman spec-
Si-O distance is crucial to reproduce Raman intensitiestrum of a-quartz within the BPM by Umariet al® (v
which are ruled by the modulation of the bond polarizability =9.86 a.u.). The parametrization of the BPM proposed by

a=Rla(0R, @
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170 — TABLE XVI. Coefficients of the polynomials that fit(6)

T and a+:(60) (6 is expressed in radiants

S 160 |

3, Ao a; az

S 150 | c(6) —20.46 1838  —2.942

% ar:(6) —6.141 9.956 —~1.730

Q 140 |

@ to the change of the Si-O bond length upon compressea
130 : : : : : Table V), whose effect on the oxygen polarizability has been

86 88 9 92 94 96 98 10

neglected in our model. This effect is less important in

a-cristobalite, whose more open structure can easily accom-
FIG. 8. The modulation of the Si-8i angle ina-cristobalite as ~ Modate density changes with minor effect on the Si-O bond

a function of the lattice parametar length. The phenomenological model reproduces the dielec-

tric constant ofa-SiO, as well.

Umari et al. reproduces thab initio Raman intensities of The transferability of the model has been further checked

a-quartz within 15%. The results fax(#) and e/ (6) ob- by computing the photoelastic tensor. This is given by the

tained from Eq.(14) have been interpolated by a second-derivative of the dielectric susceptibility tensgr[Eq. (14)]

order polynomial(see Fig. 9 whose coefficients are re- With respect to the strain tensag,, as

ported in Table XVI.

lattice parameter [a.u.]

As shown in Fig. 9 the oxygen polarizability increases by a)z( 1Y - da - ai
. ) . ) —=—xd, -2 | |R R |A+[R'aR;]
increasing the SI-€8i angle. In fact, the Si-O bond becomes I £ \Var = dn\, == I
more ionic by increasing the Si-Si angle and the larger -
charge on oxygen ion makes it more polarizable. The in- IRy LR
creased ionicity of Si-O bond at larger SiOSi angles is fur- tl7—— aRitRia — A/, (18
(777)\/.1, - = ﬁn)\u =

ther confirmed by the dependence of the effective charge of
oxygen ions on the SiOSi angles shown in Fig. 10. The lattewhere the matrixA is defined asA=(1—B) ! [see Eq.
figure reports the distribution of the effective charges(14)], and the arguments in square brackets indicatSR
(1/3Tiz*) of oxygen ions in different sites of ow-SiO,  matrices. The change of the oxygen polarizability with strain
model, computed within DFPY. can be expressed in terms @f(6)/96 and dat:(6)/96 de-
The transferability of the oxygen polarizability shown in duced from Fig. 9. All the other derivatives have been ob-
Fig. 9 has been checked by comparing the dielectric contained by finite differences. Equatioil8) can provide an

stants of the other silica polymorphs discussed in previougstimate of the photoelastic coefficients of all silica polymor-
sections, as obtained within the phenomenologlcal modths made of Corner-sharing tetrahedra.

and by DFPT(see Table XVI). The agreement is overall ~ The photoelastic coefficients calculated within the phe-
satisfactory. In particular, birefringence of quartz andnomenological model for a few silica polymorphs are com-
B-cristobalite are well reproduced. pared toab initio data in Table XVIII(second and first col-

The discrepancies for quartz at high pressure may be dugmn, respectively The same comments made above for the
dielectric constants still hold for the photoelastic tensor. The

18 ' ; PR agreement withab initio data is better for system at ambient
=z T conditions than at high pressure. Overall, we can conclude
S 16 /// Cyy ] that the phenomenological model has good transferability.
e -
5 |7 15
214
§ )
.g gt XX 1 -1.6
K ”
N
6 = . L . \%
130 140 150 160 170 -1.7
Si-O-Si angle [degree]
FIG. 9. The functiong(6) (solid line and circlesand a1 (6) ¢
(dashed line and squadesvhich assign the oxygen polarizability '1'8120 140 1éo 180
(see text The data are the result of the fitting on the dielectric Si-O-Si angle [degree]
tensor ofa-cristobalite at different densities. Tlag, and «,, com-
ponents of the polarizability tens¢dashed lingsas obtained from FIG. 10. Dependence of the Born effective charges of oxygen
Eq. (16). ions on the Si-@Si angle for our 81-atom model @kSiO,.
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TABLE XVII. Comparison of the dielectric constants computed  TABLE XVIIl. Comparison of the photoelastic coefficients
within ab initio DFPT and within the phenomenological model fit- yielded by the phenomenological model andatyinitio DFPT. The
ted ona-cristobalite. data ona-SiO, refers to the 81-atom model. See text for the de-
scription of the other columns.

DFPT model
DFPT Model dR/dn Lorentz daldf=0

a-quartz £11 2.590 2.630
P=0 GPa eas 2.620 2.670 a-quartz  pys 0240 0301 0043 0278  0.469
P=0 GPa ps 0.085 0.083 —0.087 0067  0.245

a-quartz €11 2694 2775
P=3 GPa €33 2.737 2.818 a-quartz piz 0.215 0.313 0.038 0.296 0.452
P=7 GPa ps 0.067 0079 —0.078 0.105  0.239

a-quartz £1 2.812 2.912
P=7 GPa £as 2.865 2.970 py 0.124 0.090 —0.082 0.049  0.290
- . p-cristobalite p,, 0291 0275 0.040 0236  0.470
B-cristobaliite €11 2.281 2252 Py 0.269 0236 0041 0207  0.351

e 2.251 2.227
py, 0072 0103 —0.082 0.074  0.168
_ €1 2.297 2.285 a-Sio, D,y 0230 0217 0042 0227 0319
a-Si0, €22 2.292 2.281 Py 0224 0214 0038 0221  0.306

£ 2.288 2.275

p;, 0.218 0.161 —0.013 0.100  0.353
P,y 0.244 0276 —0.010 0.275  0.363

Table XVIII reports also the contribution from the indi- «-cristobalite p;; 0.293 0319 0.025 0.289  0.408

vidual terms supplying to the expression®f/dz, , in Eq. pi3 0.293 0325 0.046 0296  0.449
(18) pz; 0.152 0.154 —0.091 0.105 0.228

The first term on the right-hand side of E@18)
(—x9d\,) comes from the derivative of the density, which is

null for strains preserving the volume, i.e., fart u. The da(0) Jda(0) 96
contribution of this term is always positive. The second term a7 Y %’ (19
in Eq. (18) contains the derivative of the polarizability of the
Si-O-Si units. It can be expressed as a function of the
Si-O-Si bond angle and depends on the derivative of the
functionsc(6) and a1/ (6): with
ac( ) 0.5v i 0 0 0
70 .5y sin( #)
da(6) ac(6)
- 0 i 0
T >0 +0.5y sin(6) . (20
0 0 o"aT/(H)
a0

This term provides a negative contribution to all the compo-effect results in an increase of the off-diagonal components
nents of the photoelastic tensor. The last column in Tableand a reduction of the diagonal components of the photoelas-
XVIII reports the photoelastic coefficients obtained from Eq.tic tensor. This effect accounts for most of the observed dif-
(18), but neglecting the contribution froma/d0. By com-  ference between diagonal and off-diagonal photoelastic coef-
paring the second and the last columns in Table XVIII, it isficients (p;; and p,,, for instancg This is proven by the
clear that the change in polarizability with the SiGangle is  results in the third column of Table XVIII, which reports the
essential to correctly reproduce tale initio data. Although it contribution to the photoelastic coefficients due to the last
has not been explicitly displayed in E(L8), the derivative term in Eq.(18) only. In fact, the differencep,,—pq, for
of a also contributes to the ter@A/dy, , . a-Si0, and g-cristobalite, andps;;—p13 for a-cristobalite
The last term in Eq(18) depends on the derivative of the anda-quartz, in the second column of Table XVIII, are close
rotation matricesR; with respect to strain. It is related to the to the results in the third column. We note that the identifi-
geometrical effect of alignment of the Si-Si axis of the Si- cation of the alignment of the Si-O-Si units as the source of
O-Si unit(cf. Fig. 6 along the axis of a tensile strain. This a large value of;;— p1» and p33— p13 is consistent with the
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TABLE XIX. Photoelastic coefficients computed within the has minor effects on the photoelastic tensor.

phenomenological model for three models @fSiO, optimized We have then studied photoelasticity for models of amor-
with the BKS classical potential. phous silica, containing up to 162 atoms, generated by
quenching from the melt in molecular-dynamics simulations.

81-atoms 162-atoms 648-atoms  The calculated photoelastic coefficients are in good agree-

ment with experimental data. Owab initio framework has

P11 0.115 0.100 0.132 thus valuable predictive power also for the amorphous phase.
P22 0.161 0.143 0.141 Along with the calculated photoelastic coefficients, we
P21 0.227 0.231 0.234 have collected data on the structural response to strain of
P31 0.237 0.237 0.227 different crystalline phases. The analysis of these data has
P12 0.245 0.216 0.220 aided us in the development of a phenomenological model of
P32 0.240 0.239 0.220 photoelasticity in silica polymorphs. In fact the analysis of

the structural changes upon strain has shown that silica re-
sponds to strain mainly via rotations of the tetrahedral units
structural response data in Tables VII, XI, and XIV. The (thus changing the Si-SGi angleg with smaller changes of
small value ofp;;—py, in a-cristobalite is consistent with the intratetrahedral (O-8D) angles. For instance, the most
the weak alignment of the tetrahedra for strain along theyrominent effect of tensile stress is the alignment of the Si-
x-axis (cf. Table X). O-Si units to the direction parallel to the strain axis.

The term depending on the derivative of the mathix These results suggested us to model the dielectric proper-
accounts for the the presence of local-field correction and itties of silica polymorphs in terms of Si-O-Si polarizable
modification upon strain. Its contribution to the photoelasticunits with polarizability dependent on the Si&) angle only.
coefficients is inferred by computing; within the Lorenz-  To this aim we have developed a phenomenological model
Lorentz approximation. The results, shown in the fourth col-fitted on the dielectric constant ef-cristobalite at different
umn of Table XVIII, demonstrate that local-field effects be- densities. The model consists of polarizable oxygen ions
yond the Lorenz-Lorent approximatiofi.e., inclusion of with anisotropic polarizability dependent on the SiSD
anisotropic local fields produced by near moleculesdify  angle. The validity of the model has been proven by compar-
the photoelastic coefficients for crystalline phases up to 45%ng dielectric and photoelastic coefficients computed within
As expected, corrections to the Lorenz-Lorentz approximathe phenomenological model to the results of DFPT calcula-
tion are small for the amorphous silica models. The phenomtions. The agreement is good and the simple phenomenologi-
enological model allowed us to address the role of the size ofal model sheds light on the main contributions to photoelas-
the simulation cell on the photoelastic tensome$iO,. This ticity in silica polymorphs. It turns out that the change in the
has been done by computing the photoelastic coefficienexygen polarizability with strain via the SE) angle is es-
within the phenomenological model for the same 81-atonsential to reproduce the photoelastic response. The neglect of
and 162-atom models discussed so far and for a larger modthis term introduces errors of up to 50%. Second, the differ-
of 648 atoms, all optimized with the BKS potential. The ence in the diagonal and off-diagonal photoelastic coeffi-
results, reported in Table XIX, quantify the errors due tocients (e.g., p1; and p,y), which is particularly large in
finite-size effects. Isotropy in the diagonal compongnmis a-SiO,, is due to the alignment of the SiOSi units along the
are achieved only for the largest model. However, errors duexis of tensile strain. Finally, while local fields beyond the
to finite-size effects for cells containing 81-162 atoms ard-orentz-Lorent approximation(via dipole-dipole interac-
only slightly larger than the errors due to LDA-DFT. tions) and their change upon strain are important to repro-

duce the dielectric and photoelastic propertiespecially bi-
refringence of the low-symmetry crystalline phases, they are
VII. DISCUSSION AND CONCLUSIONS obviously negligible fora-SiO,. This result confirms that

Photoelasticity of crystalline and amorphous silica haur models ofa-Si0,, despite thelr.small SIz€, aré already
been studied by density-functional perturbation theory. Thigd©d models of a homogeneous isotropic amorphous net-
framework has been checked successfully first on paradig?°TK- .
matic semiconducting and insulating systems, silicon and In summary, our work has demonstrated the reliability of
MgO. The same framework has been appliedatguartz thgab Initio DFT-LDA framework in t_he study of photoelas.—
providing photoelastic constants in good agreement with pret-ICIty of silica s_ystem's and ha§ provided a phenomenological
vious calculatiors and with experiments. The photoelastic M0de! of the dielectric properties transferable to several crys-
coefficients have been computed also femquartz under talline and amorphous polymorphs. The sara{k_a Initio
pressure up to 7 GPa and fercristobalite ang3-cristobalite framework, sup.plemen@ed by t_he phepomeloglcal model,
at normal conditions. The theoretical results obtained forCOUId. also prqwde a microscopic dg;cnpuon of the photo-
these latter systems are predictions open to experimentﬁ'aStIC properties of more complex silica-based glasses.

verification.

We have thus verified that the simple DFPT-LDA frame-
work is suitable to reproduce accurately the photoelastic co- D.D. acknowledges Pirelli Cavi e Sistemi S.p.a. for finan-
efficients. Correction of the DFT-LDA band gap by a scissorcial support. This work was partially supported by the INFM
operator is necessary to reproduce the dielectric constants bRarallel Computing Initiative.
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