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First-principles study of lattice instabilities in ferromagnetic Ni2MnGa
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The phonon-dispersion relations and elastic constants for ferromagnetic Ni2MnGa in the cubic and tetrago-
nally distorted Heusler structures are computed using density-functional and density-functional-perturbation
theory within the spin-polarized generalized-gradient approximation. For 0.9,c/a,1.06, the TA2 transverse-
acoustic branch along@110# and the symmetry-related directions exhibit a dynamical instability at a wave
vector that depends onc/a. Through examination of the Fermi-surface nesting and electron-phonon coupling,
this is identified as a Kohn anomaly. In the parent cubic phase the computed tetragonal shear elastic constant,
C85(C112C12)/2, is close to zero, indicating a marginal elastic instability towards a uniform tetragonal
distortion. We conclude that the cubic Heusler structure is unstable against a family of energy-lowering
distortions produced by the coupling between a uniform tetragonal distortion and the corresponding@110#
modulation. The computed relation between thec/a ratio and the modulation wave vector is in excellent
agreement with structural data on the premartensitic (c/a51) and martensitic (c/a50.94) phases of
Ni2MnGa.

DOI: 10.1103/PhysRevB.68.134104 PACS number~s!: 64.70.Kb, 63.20.Dj, 31.15.Ar, 75.50.Cc
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I. INTRODUCTION

Ferromagnetic shape-memory alloys displaying la
magnetic-field-induced strain have recently emerged a
new class of active materials, very promising for actua
and sensor applications. The largest known magnetos
effects have been observed in Ni2MnGa-based Heusler al
loys, where up to 6% and 9.5% strains have been induce
a magnetic field less than 1 T.1,2

The magnetic shape-memory behavior is closely linked
the occurrence of a martensitic transformation in conjunct
with a strong magnetocrystalline anisotropy of the lo
temperature martensitic phase. For a deeper understandi
the magnetic shape-memory mechanism, a microscopic
planation for the origin of the martensitic transformation a
the magnetocrystalline anisotropy is clearly needed. Towa
this goal, we have usedab initio techniques to investigate th
origin of the martensitic transformation.

Ni2MnGa is the most intensively studied of the relative
few known ferromagnetic shape-memory materials. A nu
ber of thermal and stress-induced martensitic transformat
have been observed in Ni2MnGa-based alloys, and both tran
sition temperatures and crystallographic structures are q
sensitive to alloy composition.

In the stoichiometric alloy Ni2MnGa, which is ferromag-
netic belowTC'380 K, two thermally induced phase tran
sitions have been observed. From the high-temperature c
Heusler structure, a premartensitic phase transformation
modulated cubic structure occurs belowTPM'260 K,3,4 fol-
lowed by a martensitic transformation to a modulated tetr
onal structure belowTM'220 K.5 The low-temperature mar
tensitic phase has a tetragonal structure (c/a50.94,a
55.90 Å) with a superimposed incommensurate modulat
along the@110# direction, consisting of a shuffling of~110!
0163-1829/2003/68~13!/134104~9!/$20.00 68 1341
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planes in the@ 1̄10# direction with a periodicity of almost five
interplanar distances, which corresponds to a wave ve
qM'(2p/a)~0.43, 0.43, 0! ~Refs. 4,6!. The low-temperature
martensitic phase has a high magnetocrystalline anisotro7

making it useful for applications. At a phenomenologic
level, the coupling between strain, modulation, and magn
zation has recently been described in a Landau-the
framework.8

Some clues to the microscopic origin of the martens
transitions are provided by the softening of particu
phonons and elastic constants. Inelastic neutron-scatte
experiments on the high-temperature phase found a sig
cant, though incomplete, softening in the TA2 phonon branch
along the@110# direction, at a wave vectorqPM'(2p/a)
~0.33, 0.33, 0! ~Ref. 3!. The phonon softening has been foun
to correspond to a premartensitic phase occurring betw
the high-temperature cubic and low-temperature marten
structures. The premartensitic phase has a cubic struc
with a superimposed@110#-transverse shuffling modulation
analogous to the modulation of the martensitic phase
with a different periodicity of almost six interplana
distances.3 While the PM phase is anticipated by a precurs
phonon softening atqPM, no phonon softening atqM has
been observed aboveTM .

The aim of this study is to provide a unified explanati
for the microscopic origin of the rich variety of phase tra
sitions and modulated structures occurring in this ferrom
netic shape-memory alloy. To this end we have performe
first-principles study of the phonon dispersion of cubic fe
romagnetic Ni2MnGa and its dependence on uniform tetra
onal strain. The presence of unstable phonons and ano
lously low elastic constants in these high-symme
reference structures is taken as predictive of phase transi
to low-temperature distorted Heusler structures and str
©2003 The American Physical Society04-1
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CLAUDIA BUNGARO, K. M. RABE, AND A. DAL CORSO PHYSICAL REVIEW B68, 134104 ~2003!
temperature dependence for these quantities. In our calc
tions we use the spin-polarized generalized-gradient appr
mation (s-GGA! recently developed within the density
functional-perturbation theory~DFPT! formalism.9 This
approach allows us to obtain an accurate description of
structural, magnetic, and vibrational properties of Ni2MnGa.

The paper is organized as follows. The details of the co
putational method are given in Sec. II. In Sec. III we pres
the results for the cubic Heusler structure. The crystal str
ture and magnetization are discussed in Sec. III A. Sec. I
is devoted to the phonon dispersion, with particular attent
to the phonon anomaly and related dynamical instability. T
origin of the phonon anomaly is discussed in Sec. III C. T
computed elastic constants are presented and discuss
Sec. III D. In Sec. IV we investigate the dependence of
phonon dispersions and lattice instabilities on uniform tetr
onal strain. In Sec. V the main results are summarized
the microscopic origin of the observed phase transitions
plained.

II. COMPUTATIONAL METHOD

Our calculations have been performed within the fram
work of density-functional and density-functiona
perturbation theory. In particular, the vibrational propert
have been computed using a recent implementation of u
soft pseudopotentials into DFPT.10 Pseudopotentials wer
used to describe the interaction between ionic cores and
lence electrons. For Ni and Mn we used ultras
pseudopotentials11 that were generated as described in Re
12,13, respectively, using as reference configurations the
electron atomic configurations@Ne#3s23p63d94s1, for Ni,
and @Ne#3s23p63d54s2, for Mn. The 3s and 3p electrons
were frozen in the core while 3d and 4s were included in the
valence. The scattering properties in the range of energie
the occupied states and of the empty 4p states of Ni and Mn
were accurately reproduced by construction. The nonlin
core correction is used to account for the overlap between
core and the valence charges.14 For the Ga atom we used
norm-conserving pseudopotential, which also includes a n
linear core correction, treating the 4s and 4p states as va-
lence levels. To describe the effects of exchange and co
lation, we used the Perdew-Burke-Ernzerhof15 functional
with the spin-polarized generalized-gradient correction,
cently implemented within the DFPT formalism in thePWSCF

code.9 For comparison, we have performed calculatio
within the local spin-density approximation~LSDA! using
the Perdew-Zunger parametrization of the exchange and
relation energy. The plane-wave basis set had a kine
energy cutoff of 25 Ry. The augmentation charges, requ
by the use of ultrasoft pseudopotentials, were expanded
an energy cutoff of 450 Ry. The Brillouin-zone integratio
was performed using the smearing technique,16 suitable for
metallic systems. The structural properties and most of
phonon frequencies are well converged using a first-or
smearing function with a smearing parameters50.03 Ry
and a fcc~6, 6, 6! Monkhorst-Pack grid,17 yielding 28 k
points in the irreducible wedge of the Brillouin zone~IBZ!
for the cubic structure. To obtain an accurate description
13410
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the anomalous TA2 phonon branch, a smaller smearing p
rameter is necessary and, consequently, a finerk point sam-
pling. An accuracy to within a few cm21 has been obtained
usings50.01 Ry and a fcc~10, 10, 10! K point grid, yield-
ing 110k points in the IBZ, for the cubic structure. For th
tetragonal structure, an~8, 8, 8! k point grid yielding 144k
points in the IBZ of the face-centered orthorhombic unit c
was used.

We studied the lattice-dynamical properties using DF
with which the dynamical matrix at anyq point in the Bril-
louin zone~BZ! can be directly computed~see Ref. 18 for
full details!. To compute the full phonon dispersions of th
cubic structure, we computed the interatomic force consta
by Fourier transformation of the dynamical matrices co
puted on a~6, 6, 6! q point grid in the fcc BZ. The phonon
dispersions along the@110# ~@011#! direction was obtained by
interpolating the dynamical matrices computed on a fi
mesh of 24q points betweenG and the shortest reciproca
space vector parallel to the@110# ~@011#! direction. An even
denser mesh ofq points has been used in the proximity
the anomaly for a more accurate interpolation of the T2
branch.

III. CUBIC Ni 2MnGa

In this section, we report the results of calculations
Ni2MnGa in the fcc L21 Heusler structure~see Fig. 1!.

A. Crystal structure and magnetization

In Table I we give the minimum-energy lattice parame
a0, the bulk modulus B0, and the magnetic moment per un
cell m0 computed within the spin-polarizeds-GGA. Note
that to obtain convergence to within 0.01mB , m0 has been
computed on a~10, 10, 10! k-point grid with s50.01 Ry.
These results agree well with those of all-electron calcu
tions ~FLAPW! performed using thes-GGA.19 The theoret-
ical results are also in very good agreement with the exp
mental data; the theoretical lattice parameter obtained w
s-GGA is equal, within theoretical precision, to the expe
mental value. For comparison, the LSDA results are includ
in Table I. The LSDA lattice parameter is 2.5% smaller th

FIG. 1. The fcc L21 Heusler structure of Ni2MnGa. The small
circles, large open circles, and large filled circles represent Ni, M
and Ga, respectively.
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FIRST-PRINCIPLES STUDY OF LATTICE . . . PHYSICAL REVIEW B 68, 134104 ~2003!
the experimental value. This underestimate of the lattice
rameter is correlated with an increase in the bulk modulu
38% higher than the experimental value.

Our calculated electronic density of states~not shown! is
in good agreement with the density of states of Ref. 20.

B. Phonon dispersion relation

The phonon dispersions of the ferromagnetic cubic str
ture (a0511.03 a.u.) have been computed, usings-GGA,
for qW along high-symmetry lines in the first Brillouin zone, a
shown in Fig. 2. The solid lines indicate the computed p
non dispersion converged to within a few wave numbe
The theoretical phonon-dispersion curves are in excel
agreement with the available inelastic neutr
scattering-data.4,21

To evaluate the accuracy of the theoretical method,
phonon frequencies computed using different approxim
tions for the exchange and correlation energy, at the z
boundaryX point, are given in Table II. Since the experime
tal frequency of the anomalous (zz0)-acoustic branch is no
strongly temperature dependent at thisq point, it is a good
reference for evaluating the accuracy of the theoret

TABLE I. Equilibrium lattice parametera0, bulk modulus B0,
and magnetic momentm0 for Ni2MnGa in the L21 Heusler struc-
ture. Calculations using the spin-polarized GGA (s-GGA! are com-
pared with experimental data and with the results obtained u
LSDA.

a0~a.u.! B0 ~Mbar! m0(mB)

s-GGA 11.03 155 4.27
LSDA 10.74 202 3.92
FLAPW-s-GGAa 10.98 156 4.09
Expt. 11.01b 146c 4.17b

aReference 32.
bReference 27.
cReference 19.
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method. The experimental frequency for the transver
acoustic modeX58 is in very good agreement with the phono
frequency computed using thes-GGA, with the computed
value being about 6% softer. For comparison, we have a
done the computation with LSDA. Calculations for the cub
structure with the LSDA lattice constant yield frequenci
about 10% harder than those computed using thes-GGA,
except for the lowestX58 mode which is 7% softer, increasin
the discrepancy with experiment. In addition, the ordering
the modes in LSDA is different. Specifically, theX48 mode is
softer than the nearbyX58 andX5 modes. We have also com
puted the phonon frequencies within the LSDA but fixing t
lattice parameter to the equilibrium value computed in
s-GGA. The result is that all the modes soften, so that
frequencies are about 10% smaller than those calcul
with s-GGA. This softening results in an even great
discrepancy with the experimentalX58 mode~20%!. We con-
clude that the better accuracy ofs-GGA is not merely
an effect of the more accurate value of the equilibriu
lattice parameter. All calculations reported below were p
formed withs-GGA.

g

TABLE II. Phonon frequencies~in cm21) computed at the zone
boundary pointX. Results obtained using different approximatio
for the exchange and correlation energy,s-GGA and LSDA, are
compared with the experiment.

s-GGA LSDA LSDA Expt.
a0 a0(s-GGA! a0~LSDA! a0(s-GGA!

X58 82 76 70 87
X18 160 179 151
X5 174 191 161
X58 176 195 166
X48 178 185 159
X1 191 203 168
X18 227 249 212
X58 259 286 233
olid
e
est

Refs.
FIG. 2. Full phonon dispersion of ferromagnetic Ni2MnGa in the fcc Heusler structure, along high-symmetry lines of the fcc BZ. S
lines are fully convergedab initio calculations obtained using an effective electronic temperatures50.01 Ry. The dashed line is th
dispersion obtained using a higher effective electronic temperature,s50.03 Ry showing the dependence of the anomaly in the low
acoustic branch along the (zz0) direction on the effective electronic temperature. The circles indicate the neutron-scattering data from
4, 21. The imaginary values of phonon frequencies are plotted along the negative frequency axis. The wave vector coordinatez is in units
of (2p/a).
4-3
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CLAUDIA BUNGARO, K. M. RABE, AND A. DAL CORSO PHYSICAL REVIEW B68, 134104 ~2003!
The most striking feature of the phonon-dispersion re
tion in Fig. 2 is the anomalous dip in the lowest branch of
transverse-acoustic modes (TA2) along@110]. The minimum
at the incommensurate wave vectorq05(2p/a)(z0 , z0,0),
with z050.34, is at imaginary frequency. Thus, the crysta
dynamically unstable to the lattice distortion correspond
to the eigenvector of this mode, which consists of a nea
rigid displacement of the~110! atomic planes along the

@11̄0# direction with a modulation period of slightly les
than six interplanar distances along the@110# direction. This
energy-lowering distortion can be specified by an amplitu
u and a phase,f:

um5u cos~mz0p1f!, ~1!

whereum is the displacement of themth ~110! atomic plane
along the@11̄0# direction. Due to the cubic symmetry, the
are 12 equivalent anomalies along the^110& directions which
give rise to six different but crystallographically equivale
lattice modulationsum .

The phonon anomaly is shown in more detail in Fig.
where the theoretical dispersion is compared with inela
neutron-scattering data taken at two different temperatu
T5370 K ~squares! and T5250 K ~triangles!.3 The experi-
mental data display an anomaly in the TA2 branch, which
corresponds to the anomaly predicted by our theoretical
persion. The wave vector of the experimentally observ
anomaly iszPM'0.33,3 in excellent agreement with the the
oretical value. For those modes that do not have a str
dependence upon temperature, such as the LA branch an
TA2 modes away from the anomaly (z>0.45), the agree-
ment between theory and experiment is very good. To co
pare theory and experiment for modes that are strongly t
perature dependent, we need to extrapolate the experim
values toT50 K. In accordance with the soft-mode theor

FIG. 3. Partial phonon dispersion of Ni2MnGa in the fcc Heu-
sler structure, along theG-K-X line in the @110# direction. The
theoretical data are the same as in Fig. 2. The experimental
taken at 250 K and 270 K are shown for comparison.
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(\v)2 is experimentally observed to decrease linearly w
temperature aboveTPM5260 K. Extrapolation toT50 K
gives an imaginary frequency of 30i cm21, which is in rea-
sonable agreement with the computed value.

Examination of the phonon dispersion throughout the
tire BZ shows that imaginary frequencies leading to dyna
cal instabilities occur only in a very localized region inq
space. This is in agreement with the experimental dispers
measured in the direction perpendicular toq0 , q5q01(z,
2z,0).4 The contour plot in Fig. 4 shows that the lattic
instability is confined to a ‘‘drop-shaped’’ small region i
reciprocal space, located along the@110# direction and cen-
tered at the critical wave vectorq0, where the dominant in-
stability occurs. The localized nature of the anomaly inq
space is a signature of its electronic origin, as will be d
cussed in detail in the following section.

C. Origin of the anomaly

Screening due to electron-phonon coupling involvi
electronic states near the Fermi level in metals can give
to anomalous dips in the phonon dispersion, called Ko
anomalies. The occurrence of these anomalies depe

ta

FIG. 4. Contour plots of the imaginary phonon frequencies

the ~001! plane~a! and (11̄0) plane~b! of the fcc BZ. These con-
tour plots show the region inq space where the crystal is dynam
cally unstable. This occurs in a narrow valley situated along
@110# direction with its minimum at the critical wave vectorq0

5(0.34,0.34,0).
4-4
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FIRST-PRINCIPLES STUDY OF LATTICE . . . PHYSICAL REVIEW B 68, 134104 ~2003!
mainly on the geometry of the Fermi surface, as well as
theq dependence of electron-phonon matrix elements. If
Fermi surface has flat portions with nesting vectorq0, there
generally will be very strong screening of the potential p
turbation due to atomic displacements at that wave vec
leading to a pronounced softening highly localized inq
space. The effect of Fermi-surface geometry can be qua
fied by calculation of the generalized susceptibility, as
Refs. 22, 23.

In cubic Ni2MnGa, the Fermi level crosses both minorit
and majority-spin bands. Of the two Fermi surfaces, only
one for the minority-spin bands, plotted in Fig. 5, sho
obvious nesting features. In particular, they exhibit nest
features which are consistent with the anomaly in our p
non dispersion which, in turn, is in very good agreem
with the experiments. In Fig. 6 we show two cross sectio
of the minority-spin Fermi surface and examples of nest
with vectorq050.34(1,1,0). The shape of our Fermi surfa
agrees with those of Refs. 22, 23. There are however s
quantitative differences that result in a different nesting v
tor and position of the peak in the generalized susceptibi
We have carefully investigated the possibility that these
ferences may be related tok-point sampling. In order to de
scribe details of the Fermi-surface structure, it is necessa

FIG. 5. ~Color online only! ~a! Fermi surface of the minority-
spin bands for cubic Ni2MnGa. ~b! The fcc BZ inscribed in the
same cube as in~a! is shown as a reference.kx , ky , kz , are in units
of 2p/a.
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use a very high density ofk points. Since the anomalou
frequency is extremely sensitive to the Fermi-surface n
ing, it provides the natural measure of convergence for
calculation. We checked convergence of the anomalous
quency with respect tok-point mesh and broadening~see
Table III!. We find full convergence only at ak-point density
significantly higher than that used in the calculations of Re
22, 23. Other possible sources of difference between the
culations could be the choice of lattice parameter~we have
used the optimized theoretical lattice constant, which is a
in good agreement with experiment! or of the exchange-
correlation functional.@110# appears to be a direction fo
which the anomaly is strongest. For example, although th
is nesting along@100# as well, there is no sign of an anoma
in the phonon dispersion. This can be attributed to the v
ishing of the relevant electron-phonon matrix elements.

The strength of a Kohn anomaly is expected to be v
sensitive to electronic temperature, with an increasing te
perature reducing the sharpness of the Fermi surface and
weakening the anomaly. In our calculations, the sensitivity
electronic temperature can be directly investigated, as
smearing parameters plays the role of a fictitious electroni
temperature. In Table III we show the dependence ons of
those modes at the critical wave vectorq0 that have the same
symmetry as the soft TA2 branch~i.e., the three modes ofS3
symmetry!. The anomalous TA2 modeS3(1) is much more
sensitive to the fictitious electronic temperature than
other two modes. All the frequencies are well converged
s50.01 Ry. The dependence of the phonon anomaly u
the electronic temperature is also shown in Fig. 2, where
dispersion of the anomalous TA2 branch computed withs
50.03 Ry ~dashed line! is compared with the fully con-
verged calculation fors50.01 Ry ~solid line!. Only the
modes with wave vectors close to the anomaly, (z020.16)
,z,(z010.16), are affected by the change in the electro
temperature. The anomaly is smoothed out as the fictiti
electronic temperature is increased. Thus, we conclude
the computed dip is indeed a Kohn anomaly.

D. Elastic constants

The computed elastic constants for the ferromagnetic
bic structure are reported in Table IV. In a first-principl
framework, the standard approach for obtaining elastic c
stants is to compute the stress tensor for a selected s
small strains. The computation of the stress tensor is
formed using the formalism of Nielsen and Martin,24 which
is a standard feature of thePWSCFcode.25 To obtain conver-
gence at the level of a few GPa, we have used very denk
point meshes@up to ~14 14 14!, corresponding to 10 976
points in the BZ#. To computeC11 andC12 the cubic crystal
is distorted by the tetragonal deformation:ezz5e, exx5eyy
50. For small deformations the stresss i j is linear with e:
sxx5syy5C12e, andszz5C11e. The values so obtained fo
the elastic constantsC11, C12, and the shear modulusC8
5(C112C12)/2 are indicated as ‘‘theory 1’’ in Table IV.

The small magnitude ofC8 requires additional attention
We performed an independent computation by conside
the tetragonal deformationexx5eyy5e, ezz522e. For
4-5
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FIG. 6. Cross section of the
minority-spin Fermi surface~a!
with the ~001! plane kz50.5
@shown in ~b!#, and ~c! with the
~110! planekx1ky51 @shown in
~d!#. The arrows are examples o
nesting vectorsq050.34(1,1,0).
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This direct calculation givesC85(262) GPa, in good
agreement with the value obtained as a difference ofC11 and
C12 in theory 1. The near-zero value ofC8 implies that there
is almost no energy cost for a small tetragonal shear dis
tion of the type 2exx52eyy52ezz. Evidence of this mar-
ginal elastic instability towards small volume-preserving
tragonal distortions was also found in Ref. 26, where it w
shown that the energy surface as a function ofc/a is remark-
ably flat; specifically, the change in energy associated w
varying thec/a ratio in the range of values between 0.97 a
1.01 is almost zero to within numerical accuracy.

In Table IV ~theory 2! we also show the values of th
elastic constants estimated from the slope of the long wa
length acoustic modes along the@110# direction. The elastic
constantsC44, C8, and CL5(C111C1212C44)/2 corre-
spond to the TA1, TA2, and LA modes, respectively. Thes
determine the values ofC11 andC12 given in the table. The
evaluation of the elastic constants from the phonon disp
sion is less accurate, especially for C8 where the correspond
ing TA2 branch deviates from a linear behavior already
very smallq.

These elastic constants have been computed for the
stable~and therefore hypothetical! cubic Heusler structure a

TABLE III. Dependence upon the smearing parameters of the
frequency of the threeS3 modes at the critical wave vectorq0. The
S3(1) mode is the anomalous TA2 mode, the other two,S3(2) and
S3(3), are higher-frequency optical modes. Thek-point mesh
needed to achieve convergence for each of the values ofs is also
reported. Frequencies are in cm21.

s~Ry! k mesh S3(1) S3(2) S3(3)

0.03 ~6 6 6! 8 195 244
0.01 ~10 10 10! 39i 195 242
0.005 ~12 12 12! 39i 195 242
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zero temperature, and caution must be exercised in atte
ing to compare these values with experiment. In the cas
elastic constants for which the observed temperature de
dence is slight, we expect a reasonable comparison betw
the computed values and the measurements. The elastic
stants in the high-temperature cubic phase have been ex
mentally determined between room temperature and the
termediate premartensitic phase transition by measuring
velocity of ultrasonic waves.27,28 These experiments show
that the elastic constantsCL andC11 are almost temperatur
independent. As expected, we indeed find good agreem
between theory and room temperature measurements foCL
andC11. In contrast, the transverse elastic constantsC44 and
C8 exhibit strong temperature dependence, softening as
premartensitic phase-transition temperature is approac
While the softening is small forC44, it is more dramatic for
C8, which decreases by 60% from room temperature to
transition. Although we cannot predict the detailed behav
from our T50 calculation, the strong temperature depe
dence is consistent with the anomalous near-zero va
for C8.

TABLE IV. Elastic constants, in GPa, for ferromagnet
Ni2MnGa in the cubic Heusler structure. Theory 1, elastic consta
from stress calculation under strain. Theory 2, elastic constants
timated from the slope of the@zz0# acoustic branches close toG:
C8, C44, and CL correspond to the TA2 , TA1, and LA modes,
respectively. Room-temperature measurements are shown for
parison.

C11 C12 C8 C44 CL

Theory 1 15362 14862 2.562
Theory 2 13869 14369 22.565 10065 24065
Expt. 152 143 4.5 103 250
Expt. 13663 2262 10263 22269

aReference 27.
bReference 28.
4-6
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IV. TETRAGONAL Ni 2MnGa

The identification of unstable phonons atq05(2p/a)
3(z0 , z0 ,0), with z050.34, in the cubic Heusler structur
leads naturally to an understanding of the transition to
premartensitic cubic-modulated phase with decreasing t
perature. To explore the subsequent transition to the l
temperature martensitic phase withc/a50.94 and modula-
tion wave vectorz050.43, we extended the calculations
phonon dispersion to Heusler structures with unifo
volume-preserving tetragonal strains ranging fromc/a
50.88 to c/a51.06, with particular attention to the TA
modes along thê110& directions.

A. Tetragonal structure with cÕaÄ0.94

We first consider in detail the volume-preserving tetrag
nal distortion with c/a50.94, corresponding to the low
temperature martensitic phase. The phonon dispersions c
puted along the inequivalent@110# and@011# directions of the
tetragonal BZ are shown in Fig. 7. The only mode subst
tially affected by the tetragonal distortion is the anomalo
TA2 mode. We find an overall softening~hardening! of the
TA2 branch in the@110# ~@011#! direction. The anomaly is
particularly affected by the tetragonal distortion. Along t
^110& directions, which are perpendicular to thec axis, the
phonon anomaly is more pronounced and is shifted t
larger q vector (z50.43) than in the cubic structure. Th
wavevector is in excellent agreement with the long per
modulation observed experimentally in the tetragonal m
tensitic phase. In contrast, along the^011& directions, the
anomaly has almost completely disappeared; the en
branch is stable and there is only a very small wiggle in
TA2 branch.

As in the cubic phase, the anomaly can be associated
features of the Fermi surface. In Fig. 8 we show t
minority-spin Fermi surface computed for Ni2MnGa in the
tetragonal structure. It is related to the Fermi surface of
cubic structure with two major differences:~i! There are no
flat surfaces perpendicular to the~001! direction and~ii ! The
‘‘pipes’’ running along the faces of the tetragonal BZ a

FIG. 7. Ab initio @110# and @011# phonon dispersions for ferro
magnetic Ni2MnGa in the tetragonal structure (c/a50.94,a
511.26 a.u.).
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wider than the corresponding features in the cubic Fe
surface. As a consequence of these changes, induced b
tetragonal distortion, there is significant nesting only in t
^110& directions perpendicular to thec axis and the edges o
the pipes are nested by the larger (zz0) critical wave vector,
z50.43. This explains why in the tetragonal structure th
are pronounced Kohn anomalies only in the^110& directions,
at a larger wave vector than in the cubic structure.

B. Evolution of phonon anomaly with tetragonal deformation

To understand better the lattice instabilities and rela
structural energetics of Ni2MnGa, we studied the evolution
of the TA2 phonon anomaly with uniform volume-preservin
tetragonal strain.

Studying the phonon dispersions of the cubic Heus
structure (c/a51) and its tetragonal distortion withc/a
50.94, we have identified the existence of the unsta
mode atz50.34 andz50.43, respectively, which explain
the transitions to the premartensitic and martensitic pha
with decreasing temperature. The fact that for the two tetr
onal strains the soft mode is always the TA2 mode but with a
different wave vector suggests that the wave vector of
soft mode and the tetragonal strain are coupled. We there
studied in more detail the dependence ofz upon tetragonal
strain.

The dispersion of the TA2 branch along the@110# direc-
tion is shown in Fig. 9 for several values of thec/a ratio. An
overall softening of the TA2 branch is observed with decrea
ing c/a ratio. With compressive strain (c/a,1) the anomaly
occurs at a largerz0 than in the cubic structure, and becom
broader and more pronounced. Forc/a&0.91 the entire
branch is unstable. With tensile strain (c/a.1) the anomaly
shifts to a smallerz0 and becomes less pronounced. T
lattice instability is completely eliminated forc/a*1.06.
This is in agreement with the experimental observation of
superimposed modulations in a stress-induced tetrag
phase withc/a51.18.29

In Fig. 9, we have shown the TA2 branch for several
different values ofc/a. For each of these values ofc/a, we
can find the value of the wave vectorz0 for which the imagi-
nary frequency of the TA2 branch has its minimum. This

FIG. 8. ~Color online only! Fermi surface of the minority-spin
bands for tetragonal Ni2MnGa (c/a50.94).
4-7
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gives us the dependence of the modulation wave vector u
strain and is shown in Fig. 10. Three regimes can be ide
fied: ~i! c/a&0.91, where the entire TA2 branch is unstable
and there is no unique minimum;~ii ! 0.9,c/a,1.06, where
the TA2 branch displays a well-defined dynamical instabil
localized at the wave vectorz0 that depends onc/a; and~iii !
c/a*1.06, where the lattice instability is completely elim
nated and the TA2 branch is stable over the whole BZ, so th
no minimum is defined. Only in regime~ii ! ~Fig. 10! can a
modulated structure be expected to occur.

In order to quantify these trends, in Fig. 11 we decomp
the phonon frequencyv2 into a short-range ‘‘normal’’ part
vn

2 and a long-range ‘‘anomalous’’ partva
2 : v2(z)5vn

2(z)
1va

2(z). The normal contribution, defined asvn
2(z)5A@1

2cos(zp)#, depends only upon short-range interatomic fo
constants and is connected to the local chemistry of the c
tal. It corresponds to the simple model for the transve

@11̄0# vibrations of the@110# planes when they interact onl
with a first-neighbor interplanar force constant:K5

FIG. 9. ~Color online only! Dispersion of the squared frequen
cies, for the anomalous TA2 phonon branch, computed for differen
volume-preserving tetragonal distortions, withc/a ranging from
0.88 to 1.06.

FIG. 10. Dependence uponc/a of the modulation wave vecto
z0 and the related modulation period@in unit of ~110! interplanar
distances#.
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2Am/2, wherem is the mass associated with each plane. T
long-range anomalous contributionva

2 depends on electronic
screening effects that can be stronglyq dependent. To fit the
constantA in the definition ofvn

2(z), we assume that forz
51 the anomalous contribution is zero.

The short-range contribution softens with decreasingc/a
ratio, causing the overall softening observed for the T2
branch. Decreasingc/a corresponds to a volume-preservin
tetragonal distortion with a shorterc and largera. Therefore
smallerc/a values correspond to a larger@110# interplanar
distance, which leads to a weaker interplanar force cons
and therefore a softervn

2 .
The anomalous contributionva

2 is negative, large, and
peaked at a critical wave vectorz0, indicating a strong
screening due to the electon-phonon coupling and Fer
surface nesting. Bothz0 and the intensity of the anomaly ar
strongly dependent upon strain. The value ofz0 increases
with decreasingc/a, the intensity reaching its maximum a
c/a50.97.

V. SUMMARY AND CONCLUSIONS

Our ab initio study of the phonon dispersion and lattic
instabilities in cubic and tetragonal Ni2MnGa can be summa
rized as follows.

First, the parent cubic phase exhibits a marginal ela
instability, C8'0 , meaning that there is almost no ener
cost for a small uniform tetragonal distortion.

Second, for 0.91,c/a,1.06 a Kohn anomaly is presen

FIG. 11. Decomposition ofv2 into ‘‘normal’’ ( vn
2) and anoma-

lous (va
2) parts for different volume-preserving tetragonal disto

tions, with c/a varying from 0.91 to 1.06. Dashed lines are f
c/a.1, dot-dashed lines are forc/a,1, and solid lines are for
c/a51.
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due to electron-phonon coupling and Fermi-surface nest
It develops into a deep minimum corresponding to a loc
ized dynamical instability whose wave vectorz0 is related in
a one-to-one fashion to thec/a ratio. Therefore, tetragona
structures withc/a in this range are unstable towards a p
ticular transverse~110!-shuffling modulation with a specific
wave vectorz0, the one-to-one relationship of thec/a ratio
and the modulation period being due to the behavior of
topology of the Fermi surface under tetragonal distortion

Consequently, the energy of the cubic structure may
lowered by any one of a family of deformations,$e,u(ze)%,
consisting of a tetragonal straine and a superimposed~110!-
shuffling modulation,u(ze) whose periodicityz is directly
related in a one-to-one fashion to thec/a ratio.

The near-vanishing ofC8 together with the fact that the
energy surface as a function ofc/a is remarkably flat permits
a modulated ground state withc/a significantly different
from 1. Indeed, the computed relation betweenc/a and the
modulation wave vector is in excellent agreement with str
tural data on the premartensitic (c/a51) and martensitic
(c/a50.94) phases of Ni2MnGa, and also with the unmodu
lated stress-induced phase (c/a51.18).

The next step is to carry out total-energy calculations
the complex modulated structures in order to determine
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