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Vortex behavior near a spin vacancy in two-dimensionalXY magnets
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The dynamical behavior of anisotropic two-dimensional Heisenberg models is still a matter of controversy.
In order to contribute to this discussion we use Monte Carlo and spin dynamics simulations as well as
analytical calculations to study the behavior of vortices in the presence of nonmagnetic impurities. Our simu-
lations show that vortices are attracted and trapped by the impurities. Using this result we show that if we
suppose that vortices are not very much disturbed by the presence of the impurities, then they work as an
attractive potential to the vortices explaining the observed behavior in our simulations.
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The anisotropic Heisenberg model~AHM ! in two dimen-
sions has received a lot of attention recently. This is beca
of the fact that a large variety of models may be mapped
the AHM. It is an interesting model because it can supp
topological excitations, such as solitons and vortices, wh
are present in several important phenomena. Topologica
fects are present in condensed matter systems such as s
conductors, liquid crystals, superfluids, magnetic materi
and several others. The knowledge of how such structu
behave is essential for technological applications and an
portant condition for the understanding of many physi
questions. Of great importance is the dynamical behavio
vortices in ordered structures. Knowing how vortices a
pinned in superconductors is essential for applications s
as magnetic levitation, improving magnetic resonance im
ing devised for medical diagnosis, and many others. To
logical defects can be the signature left behind by the c
mological phase transitions, which occur while the unive
expands and cools. In addition to all of that, the study of
dynamics of the AHM model is interesting by itself. The
are several questions that have not yet been addressed
the model. For example, the origin of the central peak in
dynamical structure factor observed in experiments
simulations is the source of several controversial interpr
tions. In fact, there is so far no theory that can fully expla
the central peaks observed in simulations and experimen
qualitative agreement is achieved by a phenomenolog
vortex gas theory, but one of its assumptions, namely, ba
tic vortex motion,1–3 is questionable.4,5 Simulations have
shown that a free vortex almost never travels more than
lattice spacing.4,5 Of course, the existence of some kind
impurity in the system may affect the vortex motion a
possibly the dynamical correlation function. For examp
solitons near a nonmagnetic impurity in 2D antiferromagn
cause observable effects in EPR experiments.6,7 Lattice de-
fects such as impurities and dislocations play a crucial rol
disrupting order in solids.
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The main task of this paper is to consider the dynami
effects caused by impurities on topological defects. In t
work we will consider the classical two-dimensional ma
netic ~XY! model, which is a special case of the anisotrop
Heisenberg model, described by8 H52J(m,n(Sm

x Sn
x

1Sm
y Sn

y). HereJ is a coupling constant,Sa (a5x,y,z) are

the components of the classical spin vectorSW 5(Sx,Sy,Sz),
and the summation is over nearest neighbors in a sq
lattice. The spin field can be parametrized in terms of sph
cal angles asSW 5(cosu cosf,cosu sinf,sinu), where we
took uSuW51. The continuum version of theXY Hamiltonian
can be written as

H5
J

2E d2r Fm2~¹m!2

12m2
1~12m2!~¹f!21

4

a2
m2G , ~1!

where m5sinu and a is the lattice constant. The spin dy
namics is given by the equations of motionṁ5dh/df, ḟ
52dh/dm, whereh is the Hamiltonian density from Eq
~1!. The introduction of nonmagnetic impurities modify th
Hamiltonian in the following way.9,10As the model considers
only spin interactions up to nearest neighbors, to take i
account the presence of a nonmagnetic impurity we in
duce a circular hole with radius of the order of the latti
spacing, inside of which the Hamiltonian density vanish
The Hamiltonian~1! becomes9

H5
J

2E d2r Fm2~¹m!2

12m2
1~12m2!~¹f!21

4

a2
m2GU~rW !,

~2!

with U(rW)51 if urW2rW0u>a andU(rW)50 if urW2rW0u,a, for a
nonmagnetic impurity atrW0. Early works9,10 have found a
repulsive force between the vortex and the nonmagnetic
cancy. The principal ingredient in the calculations was
suppose that the spin vacancy causes a small but globa
©2003 The American Physical Society09-1
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formation on the vortex structure. However, although the
sumption of vortex deformation near the impurity seems r
sonable, it needs a convincing demonstration. We disc
this question by means of numerical simulations, which w
be used not only to check the validity of the approximatio
done, but also as a guide to give us a clue on which assu
tions can be made in a safe way. We have performed
dynamical simulations on aL520 square lattice to observ
the behavior of a single vortex initially located at the cen
of the system, in the presence of a spin vacancy located
sites away from the center of the system. In order to int
duce a single vortex into the system, we have imposed
agonally antiperiodic boundary conditions11

SW L11,y52SW 1,L2y11 , SW 0y52SW L,L2y11 ,

SW x,L1152SW L2x11,1, SW x,052SW L2x11,L ~3!

for all 1<x,y<L. The discrete equation of motion for eac
spin is12

dSW m

dt
5SW m3HW e f , ~4!

where

HW e f52J(
n

~Sn
xêx1Sn

yêy! ~5!

and êx and êy are unit vectors in thex and y directions,
respectively. The equations of motion were integrated
merically forward in time using a vectorized fourth-ord
Runge-Kutta scheme with a time step of 0.04J21. The initial
structure is shown in Fig. 1.

In contrast to the analytical results presented in Ref. 9,
simulation results show that the vortex structure does
change appreciably near the spin vacancy. The vortex ce
moves toward the spinless site, indicating an effective att
tive potential of interaction between the vortex and the
cancy, as shown in Figs. 2 and 3. In Fig. 2 we show
configuration after 70 time steps and Fig. 3 after 150 ti

FIG. 1. A typical initial configuration. The square represents
spinless site.
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steps. We notice that after 150 time steps the position of
vortex center reaches the equilibrium with its center at
spinless site. The key point here is the property of nonde
mation of the vortex configuration.

The attractive potential could also be obtained from o
theoretical model Hamiltonian~2! by assuming that the vor
tex configuration is not deformed due to the presence of
impurity. Substituting both the nondeformed, static, and p
nar vortex solutionf05arctan(y/x) located at the origin and
a nonmagnetic impurity placed at the siterW0 in Hamiltonian
~2! we obtain

HI5
J

2E ~¹f0!2U~rW !d2x

5
J

2 F E ~¹f0!2d2x2E
A(rW0)

~¹f0!2dA~rW0!G , ~6!

whereA(rW0) is the area of the hole with radiusa around the
point rW0 that represents the spinless site. The integrals
easily calculated leading to

e FIG. 2. Configuration after 70 time steps.

FIG. 3. Configuration after 150 time steps.
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EI5En1
pJ

2
lnS 12

a2

r 0
2 D , ~7!

whereEI(rW0) andEn5pJ ln(L/a0) are the vortex energies i
the presence and absence of the nonmagnetic impurity
spectively, for a system of sizeL. The constant13 a0
50.24a present inEn , is some suitable short-distance cuto
to avoid spurious divergences due to the fact that the vo
center is a singularity in the continuum limit. Its appropriat
value for the square lattice was determined numerically
Ref. 13. Of course, Eq.~7! is not valid in the limitr 0→0,
where the continuum approximation breaks down. In t
limit there will have an intersection between the circular h
of the impurity and the structure of the vortex core. A po
of the circumference of the impurity circle would meet t
center of the vortex core lowering the vortex energy asrW0
decreases. Then, from Eq.~7! the effective potential experi
enced by the two defects can be written as

Veff~r 0!5EI~r 0!2En

5
pJ

2
lnS 12

a2

r 0
2 D , for r 0.a, ~8!

which is attractive. For large distances of separationr 0
@a), Eq. ~8! can be approximated byVeff(r 0)
'2(pJa2/2)(1/r 0

2). To know the behavior of the potentia
in the region inside the core (r 0<a), we first put the hole
exactly at the vortex center, obtainingEI5pJ ln(L/a), which
leads to Veff(0)5EI(0)2En5pJ ln(0.24)524.48 J. We
also calculate this pinning energy numerically for the case
zero temperature and for several square lattice sizes as c
seen in Fig. 4. Note thatVeff(0) tends to23.54 J in the
thermodynamic limit. Using a different approach, Wysin14

has found the approximated values23.178, 21.937, and
25.174 J for square, hexagonal, and triangular lattices,
spectively. We notice the reasonable agreement between
analytical result obtained using the continuum limit and

FIG. 4. Pinning energyVeff(0)/J for many sizesL of a square
lattice. This energy tends to23.54 J asL tends to infinity.
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numerical results in a discrete lattice. Then, using the c
tinuum approach, we modify Eq.~8! to get a complete func-
tion Veff(r 0), introducing a small constantb as follows:

Veff~r 0!5
pJ

2
lnS 12

a2

r 0
21b2D , ~9!

with the condition

Veff~0!5
pJ

2
lnS 12

a2

b2D 5pJ ln~0.24!. ~10!

This artifact leads to an expression valid in all space t
reproduces correctly the asymptotic limits forb51.03a. The
potential@Eq. ~9!# indicates that the vortex can be trapped
a nonmagnetic impurity. The attractive potential experienc
by the vortex can be written as

V~X!5
pJ

2
lnS 12

a2

X21b2D , ~11!

FIG. 5. Attractive potential as a function ofX/a.

FIG. 6. Antivortex configuration after 23105 MC steps. The
impurity is located at site~12,10!.
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whereX is the distance between vortex center and the s
less site. It has a minimum atX50 and goes to zero rapidl
for X.2a ~see Fig. 5!.

In order to observe the lowest energy configurations
low temperatures in a classical two-dimensional system
scribed by theXY model with a nonmagnetic impurity, w
performed Monte Carlo~MC! simulations. The simulations
were done onL520 square lattices at temperatureT50.1 in
units of J/kB (kB is the Boltzmann constant!, using a stan-
dard Metropolis algorithm15 with diagonally antiperiodic
boundary conditions@Eq. ~3!# and random initial configura
tions. Using these boundary conditions, at low temperat
the equilibrium configurations can have a single vortex o
single antivortex. We have observed that after 105 MC steps

FIG. 7. Vortex configuration after 23105 MC steps. The impu-
rity is located at site~13,12!.
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the equilibrium configurations was reached. Figure 6 show
single antivortex equilibrium configuration after 23105 MC
steps with the nonmagnetic impurity located at site~12,10!.
Figure 7 shows a single vortex equilibrium configuration
ter 23105 MC steps with the nonmagnetic impurity locate
at site~13,12!. We have observed that, in both cases, in
lowest energy configurations, the antivortex and vortex c
ters are located at the nonmagnetic impurity, which is
agreement with Eq.~11!.

Of course, thermal fluctuations increases the system
ergy, but they should not affect the pinning energy, which
consequence of the pure magnetic interactions. Really,
may induce favorable energetic conditions for some vorti
to escape from the vacancy.

In summary, using Monte Carlo and molecular dynam
simulations, we observed that a vortex structure put clos
a nonmagnetic site in a square lattice does not appreci
change its geometry. As the system evolutes in time the
tex center moves toward the spinless site. By using a c
tinuum approach we have modeled the interaction as an
tractive potential which has a minimum for the vortex cen
located at spinless site, as observed in MC simulations.
study of the dynamics of diluted models can help us to
derstand the origin of the central peak found in early sim
lations. If the vortex motion is the important contribution, th
presence of nonmagnetic sites will diminish the height of
central peak due to a trapping of vortices at that nonmagn
sites.

This work was partially supported by CNPq an
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the Laborato´rio de Computac¸ão e Simulac¸ão do Departa-
mento de Fı´sica da UFJF.
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