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Perturbative approach for surface plasmon effects on flat interfaces
periodically corrugated by subwavelength apertures
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A perturbative approach for surface-plasmon-related effects encountered in metallo dielectric interfaces that
incorporate periodic subwavelength defects with arbitrary shapes or materials is presented. It provides a simple
insight into the physics of some important optical properties of these interfaces. We apply this understanding
to one and two-dimensional metallic membranes perforated by subwavelength apertures and other related
gratings geometries. The approach accounts quantitatively for the nearly null transmission of these membranes
in the surface plasmon frequency band. It also predicts phenomena like an antisymmetric surface plasmon
resonance for gratings with a vertical mirror symmetry at very small incidences and the possible absence of any
reflection when outcoupling from an array of subwavelength slits into free space.
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I. INTRODUCTION

For more than a century, the optical response of meta
gratings has constituted a topic of many experimental
theoretical investigation.1,2 This response encompasses a r
variety of phenomena, which manifest themselves as ra
variations in the intensity of the various diffracted orders
certain narrow frequency bands. These phenomena are
unexpected and even counterintuitive. For instance, a s
soidal metallic grating with a modulation depth as small
l/20 may totally absorb the incident illumination for som
specific frequencies and angles of incidence.3 These phenom-
ena are called Wood’s anomalies and are well underst
nowadays from both surface plasmon~SP! physics1 and
more quantitative mathematical models.2 They are due to the
resonant excitation of leaky waves~SP waves! supportable
by the grating. The leaky wave possesses a complex par
wave vector which reflects the fact that, as it propagate
radiates into one or more radiating space harmonics. Mos
the work performed on these anomalies are related to re
tion grating with continuous profiles.1,2 With the recent ad-
vances in nanotechnology, there has been a renewed int
in exploiting the optical response of metallic materials pe
odically corrugated by subwavelength defects. Examples
the trapping of light in small volumes,4 the anomalous trans
mission of light through metallic gratings with subwav
length holes,5 and waveguiding with lateral mode sizes we
below the diffraction limit.6,7

The objective of this work is to propose a perturbati
theory for SP-related effects encountered in metallodielec
interfaces that incorporate periodic subwavelength def
with arbitrary shape or material. The perturbative appro
relies on simple forms for the electromagnetic field whi
are periodically null and strictly satisfy Maxwell’s equation
on a flat metallic interface and which are expected to rem
approximately valid if an array of subwavelength defects
incorporated at the periodically null-field locations. The a
proach cannot model all SP effects of such engineered in
faces, especially effects related to localized SPs. Howeve
0163-1829/2003/68~12!/125404~11!/$20.00 68 1254
ic
d

id

ten
u-
s

d

llel
it
of
c-

est
-
re

ic
ts
h

in
e
-
r-
it

is rather general since it applies to many defect geomet
and metallo-dielectric interfaces, and as will be shown, p
vides a simple insight into the physics of some important
optical properties of these interfaces.

Section II is devoted to the electromagnetic study of
lamellar grating etched into metallic films, a classical on
dimensional geometry with many applications. Specifica
we study the physics of what will hereafter be called t
isolated interface~the air-metal interface perforated by slits!,
and we introduce the electromagnetic quantities involved
the coupling mechanism between the incident plane w
and the fundamental Bloch mode supported by the slit ar
To understand the complex SP-related phenomena of the
lated interface, we provide a thorough analysis of the po
and zeros of these electromagnetic quantities. Phenom
not reported before to our knowledge, like the resonance
the isolated interfaces at very small~but non-null! incidences
and the possible absence of any reflection when outcoup
from an array of very narrow slits into free space, are fou
In Sec. III, a perturbative approach allows us to provide
simple interpretation for these resonance phenomena
clearly evidences the complex role played by the SP wav
The symmetries of the grating geometry are shown to hav
clear impact on the SP physics. In addition, we interpret
nearly null transmission recently predicted for these lame
gratings8 when the momentum of the incident wave match
the SP momentum of a flat interface~a phenomenon gener
ally attributed to the Rayleigh anomaly, see Refs. 9 and
for instance! as a nonresonant SP effect. In Section 4,
illustrate the range of validity of the perturbative approa
by studying other related structures, like metallic substra
perforated by slits, and metallic membranes perforated
two-dimensional arrays of holes. In addition, from the und
standing gained with the perturbative approach, we engin
some other more complex one-dimensional structures
which SP effects may be controlled.

II. LAMELLAR GRATING

Perhaps the oldest example of metallic materials perio
cally corrugated by subwavelength defects is a meta
©2003 The American Physical Society04-1
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LALANNE, SAUVAN, HUGONIN, RODIER, AND CHAVEL PHYSICAL REVIEW B 68, 125404 ~2003!
membrane perforated by an array of slits; see Fig. 1~a! for a
definition of the parameters of the structure. For microwa
applications, the structure has been extensively studied fo
polarization properties. A first comprehensive study of
resonance associated to cavity modes in the slits has
reported in Ref. 11 for perfectly conducting materials. La
on, anomalies of non-perfect metallic gratings with s
widths comparable to the wavelength have been stud
theoretically12 and numerically as well as
experimentally.13–16

With recent advances in nanotechnology, there has be
renewed interest in the physical properties of metallic me
branes perforated by an array of subwavelength slits.8,17–21

Judging from that recent published literature, the phys
especially SP-related effects, of the coupling of light to t
fundamental Bloch mode supported by the array of slits
not fully understood. For instance Treacy,18 argues that SP
play no casual roles in the transmission. Other authors17,19–21

argue that the transmission at wavelengths close to the R
leigh anomaly is enhanced by the excitation of coupled s
face plasmons on the upper and lower interfaces of the m
grating. In Ref. 8, it is argued that SPs play a negative rol
the transmission.

Throughout this section, we assume that the permittiv
of the metal is«5(0.1213.7i )2, independent of the wave
length. This approximation is inessential for the followin
discussion because we are mainly concerned with SP-re
effects which are observed in a narrow energy band (L,l
,1.1L). More importantly, this value of«, which corre-
sponds to the permittivity of silver atl50.7mm, avoids too
close an energy proximity between SP and Rayle
anomalies.8 The numerical data are obtained with the im
proved version22 of the rigorous coupled wave analys
~RCWA!, an electromagnetic theory often used for analyz
grating diffraction.23

A. One-mode model

Virtually extending the slit region in Fig. 1~a! to infinity
in both directions, we can consider the Bloch mode struct

FIG. 1. ~a! Diffraction by a lamellar grating under TM polariza
tion. ~b! Isolated single interface with the definition of the releva
electromagnetic quantitiesr andt involved in the coupling between
the zero-order and fundamental Bloch modes of the slit array.
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of the slit array. It is well known that, when the slit is muc
smaller than the wavelength, only one Bloch mode pro
gates in the grating region, all the others being evanescen
practice, this occurs approximately whenl.2w.11 The one-
mode model8,19,24,25amounts to considering that the ener
flow in the grating region is mediated only via the fundame
tal propagating Bloch mode. Within this approach, it is co
venient to interpret the lamellar grating of Fig. 1~a! as two
single interfaces perforated by an array of subwavelen
slits. Figure 1~b! shows such an interface with the definitio
of the most relevant electromagnetic quantities, the coup
coefficientt~u,l! between the incident plane wave and t
fundamental Bloch mode, and the reflection coefficie
r~u,l! of this fundamental mode. In general, these quanti
also depend on the permittivity for a given grating peri
and slit width. The mode and plane-wave expressions
normalized so thaturu2 and utu2 represent the reflected an
transmitted intensities. Analytical formulaes relying on a
proximate models based on surface impedance19 or infinite
conductivity25 exist for these coefficients. However, becau
of the small conductivity of silver in the visible, these an
lytical formulaes are inaccurate in the SP energy band c
to the Rayleigh anomaly. Thus, hereafter, we refer to ex
electromagnetic computational results forr~u,l! and t~u,l!
which are obtained with the RCWA. We emphasize that
electromagnetic response of the top and bottom interface
rigorously modelized, including any SP-related phenomen
From the knowledge of these coefficients, the zero-or
transmissionT of a lamellar grating of thicknessh is straight-
forwardly obtained:

T5U t2

12ur2uU
2

•U 12ur2u
12r2 exp~2ik0neffh!

U2

5MT3FP, ~1!

where neff is the effective index of the fundamental Bloc
mode propagating in the slit. Equation~1! is a standard
Fabry-Perot formula that we have intentionally separa
into two terms. The second term, labeled FP for Fabry-Pe
is related to the classical Airy resonance. Because Im(neff)
!1 for metals operating at optical frequencies, it can be
to 1 for arbitrary wavelengthl and angle of incidenceu
provided that the grating depthh verifies the Fabry-Pero
condition

k0 Re~neff!h1arg~r!5mp, ~2!

wherem is a signed integer. The first term, labeled MT, re
resents themaximum transmissionthat can be achieved fo
arbitraryh. Figure 2 shows the spectrum of all the releva
electromagnetic quantities foru50°. The solid dash dotted
and dashed curves in Fig. 2~a! show the calculated spectra o
the MT, uru2 andutu2, respectively. Figure 2~b! shows the FP
term as a function ofh andl. The maxima of FP are orga
nized along four smooth curves. Every curve correspond
a slit resonance according to Eq.~2!, with different values of
the integerm. We note that an abrupt change of the ma
mum of transmission along the spectrum appears when
wavelength is equal to the grating period. This is due to
sharp variation of the phase of the reflection coefficienr
when the first orders of the isolated interface become pro

t
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PERTURBATIVE APPROACH FOR SURFACE PLASMON . . . PHYSICAL REVIEW B68, 125404 ~2003!
gating ~Rayleigh anomaly!. Figure 2~c! shows the produc
MT3FP, obtained by multiplying the plot in Fig. 2~b! by the
MT spectra@solid curve in Fig. 2~a!#. In Fig. 2~d! we repre-
sent exact numerical results obtained with the RCWA. Qu
tatively, by comparing the plots of Figs. 2~c! and 2~d!, it is
obvious that the one-mode model reproduces the op
properties of the metallic membrane very well. Quanti
tively, we found that, for any wavelength or incidence ang
the transmission predicted by the model and that compu
with the RCWA never differ by more than 1% provided th
h.l/3. Physically, this thickness condition implies that t
energy between the two single interfaces is mediated o
via the fundamental propagating mode. This assumpt
which is largely valid in previous related works,8,17–21 will
be used hereafter for understanding the optical propertie
metallic membranes.

B. Poles and zeros of the isolated interface

It is well established nowadays that the anomalies or re
nances of gratings can be understood with phenomenolog
studies, based on the computation in the complex plan
the poles and zeros of the scattering matrix; see Ref. 2
references therein. For metallic membranes perforated
slits, this approach has been successfully applied to grat
with infinite conductivity11 and more recently, to grating
with subwavelength slits.21 With the hope to understand th
role of SPs in the resonance transmission of such m
branes, in this section we provide a thorough analysis of
poles and zeros of the electromagnetic quantitiesr and t
related to the coupling of the incident plane wave to
fundamental Bloch mode of the slit array. This is radica
different from the approach in previous works,11,21 which
consisted of a study of the poles and zeros of electromagn
quantities related to the full problem, like the membra
transmissionT. We emphasize thatthe resonances of th

FIG. 2. Validation of the one-mode model foru50°. Param-
eters are«5(0.1213.7i )2, L50.7mm, andw50.1mm. ~a! Rig-
orously calculated spectra for MT~solid curve!, uru2 ~dash-dotted
curve!, andut2u ~dashed curve!. ~b! FP term as a function ofl and
h. ~c! One-mode model prediction (MT3FP) for the transmission
~d! Exact data for the transmission. A comparative inspection of~c!
and ~d! clearly shows that the model is highly accurate except
small depths.
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single interface are not the resonances of the full proble.
For instance, the poles ofr andT are different, as evidence
by Eq. ~1!.

1. Zero of t

As shown in Fig. 2~c!, the transmission of the metalli
membrane is nearly zero in the SP energy bandl
51.03L) for arbitrary depth. This is a general property
such membranes: extremely weak transmissions (,1026)
for arbitraryh, u, and« are achieved whenever the mome
tum of the incident wave matches the SP momentum of a
interface modulo the grating vector,8 i.e., for wavelengths
lsp given by

lsp5
L

m H ReF S «

11« D 1/2G6sin~u!J , ~3!

with m a nonzero signed integer. This phenomenon, wh
must not be confused with the Rayleigh or Wood anomal
is due to the existence of a nearly real zero fort for l
'lsp , as exemplified by the dashed curve in Fig. 2~a!
~which corresponds to the specific caseu50°).According to
Eq. ~1!, the spectral dependence of the membrane trans
sionT can be expected to vary asT'(lsp2l)4, resulting in
a low and flat transmission over a broad spectral range. S
the existence of this zero has previously attracted m
attention,8 it is not necessary to comment further on th
phenomenon which will be understood as a nonresonan
effect in Sec. III.

2. Poles ofr and t

Electromagnetic calculations of the complex photon
band structure of a single isolated interface have been ca
out with the RCWA by computing the polesb ~complex
value of the normalized parallel momentum! of r and t.
These poles are the same since they correspond to the s
larities of the determinant of the scattering matrix.2 Figure
3~a! shows the spectra of Re(b) and Im(b). Concerning the
real part ofb, it is found that the SP-resonance dispersi
relation of the single isolated interface nearly correspond
that of a flat air-metal interface, whose Re(b) is represented
by circles. More remarkable is the deep minimum of Im(b)
observed forl'1.03L. The corresponding value for Re(b)
is u50.7°. As shown in Fig. 3~b!, this minimum reflects in
the diffraction problem associated to a 700-nm-thick me
brane. For l'1.03L, a strong absorption peak~dotted
curve! is observed foru50.7°. This peak, which mainly
corresponds to a resonance of the upper grating surface,
not show up in the absorption spectrum foru50° ~solid
curve!, for which only one peak related to the slit resonan
@pole of the transmissionT in Eq. ~1! according to Eq.~2!# is
observed forl/L'1.1. We also computed the reflecte
negative r 21 and positiver 11 first-order amplitudes dif-
fracted by the 700-nm-thick membrane with the RCWA. T
phase origin forr 21 andr 1 is chosen in the mirror symmetr
plane in the center of the slit. Figure 3~c! shows the ratioa
5ur 211r 11u/(ur 11u1ur 21u) as a function of the normalized
wavelength. As could be expected from symmetry consid

r
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LALANNE, SAUVAN, HUGONIN, RODIER, AND CHAVEL PHYSICAL REVIEW B 68, 125404 ~2003!
ations, the solid curve (u50°) shows thatr 21 and r 1 are
in-phase (a51) for any wavelength. In addition we note
that r 1 ~or r 21) is small~'1! over the full spectrum includ-
ing wavelengths corresponding to the absorption peak
l/L'1.1. The dotted curve, which holds foru50.7°, is
similar except that a strong minimum is observed forl
'1.03L. For this minimum,r 21 ~or r 1) is large ~'13!,
showing the resonant nature of the phenomenon. As wil
explained in Sec. III the minimum fora is due to the reso-
nant excitation of two counterpropagating SPs with oppo
amplitudes on the isolated interface.

3. Zero of r

Because the fundamental mode supported by the slit
propagating one, the energy conservation law imposes
the reflection coefficientr presents a complex zero in th
close proximity of its pole.2 Using the RCWA, we calculated
the complex zeros ofr for the single interface. We found tha
this zero isnearly real for u50.92° andl51.03L, a value
very close tou50.7° ~SP resonance!. According to Eq.~1!, a
real zero implies that the transmission of the air membran
nearly independent of the grating thickness provided t

FIG. 3. Resonance of the single isolated interface.~a! Spectral
dependence of the complex momentum poleb ~solid curve: real
part; dotted curve: imaginary part! of the single interface of Fig.
1~b!. Circles represent the SP dispersion of a flat interface accor
to Eq. ~3!. ~b! Absorption of a 700-nm-thick membrane foru50°
~solid curve! and for 0.7°~dotted curve!. The absorption peak fo
l'1.1L is due to the resonance of the slit. The correspond
peak transmission is small,'8%. The peak forl'1.03L, ob-
served only foru50.7°, is due to the SP resonance on the t
grating lower and upper interfaces. The corresponding transmis
~'1.5%! is very weak.~c! Evidence of the presence of an antisym
metric SP pattern for the resonance atu50.7°. a is the normalized
sum of the positive and negative first reflected orders of the 7
nm-thick membrane. Grating parameters are the same as in F
12540
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Im(neff)!1. As shown by the bold curve in Fig. 4, this pre
diction is confirmed by rigorous computational results. F
h.0.2mm, a transmission of 4% is obtained, independen
of the grating thickness. This low value for the transmiss
is due to the momentum proximity with the null-transmissi
at lsp . In this phenomenon which is indeed related to
excitations on the top and bottom grating interfaces, SPs
as antireflection coatings for the channel. Consequently,
energy flows unidirectionnaly in the structure. The reflec
zero-order intensity~'66%! is also independent of the gra
ing depth, a large fraction~'30%! of the energy being ab
sorbed on the grating interfaces.

III. PHYSICAL PICTURE: PERTURBATIVE APPROACH

In this section, we present a perturbative approach
provides a simple interpretation for the phenomena discus
in Sec. II. Within this approach, we interpret the zero oft as
a nonresonant SP effect and the absorption anomaly al
51.03L in Fig. 3~b! as the exaltation on the isolated inte
face of two resonant counterpropagating SPs with oppo
amplitudes.

Let us first consider a plane interface between a metal
a dielectric material, with relative permittivities« and «8,
respectively. In the presence of an incident plane wave w
unit amplitude at frequencyv, the unique solution of Max-
well’s equations consists of one reflected wave and
transmitted waves with amplitudesr and t, the complex
Fresnel coefficients. In the absence of external excitation
waves confined at the interface exist. For a given freque
v, their parallel momentum ksp is simply1 ksp

5(v/c)A««8/(«1«8). From these solutions, a set of line
combinations for which the magnetic field is periodica
null at the interface can be readily exhibited for TM pola
ization. Two of them are shown in Figs. 5~a! and 5~b!. In Fig.
5~a!, the electromagnetic field consists in an incident pla
wave with the associated reflected and transmitted waves
a SP wave propagating either in the left or in the right dire
tion with an amplitude of2(11r ) at the interface. The mag
netic fieldH on the interface is thus

H~x!5~11r !$exp@ jk0A«8 sin~u!x#2exp~6 jkspx!%,
~4!

g

g

on

0-
2.

FIG. 4. Transmission of the lamellar grating vs its depth sho
ing the absence of any reflection when outcoupling from an arra
very narrow slits into free space. The bold curve, achieved fou
50.92°, shows a grating transmission nearly independent of
grating depth. The two other curves correspond tou52° and u
50.5°. Other parameters areL51.03L, «5(0.1213.7i )2, L
50.7mm, andw50.1mm.
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PERTURBATIVE APPROACH FOR SURFACE PLASMON . . . PHYSICAL REVIEW B68, 125404 ~2003!
with k05v/c. It is easily shown that, if one neglects the S
attenuation along the interface, Eq.~4! provides a
periodically-null pattern on the interface with a periodici
constantL given by

m
l

L
56ReF S ««8

«1«8D
1/2G2A«8 sin~u!, ~5!

m being a nonzero signed integer. For small incidences,
solution for a null-field pattern degenerates into a norma
incident plane wave and two counterpropagating SPs w
equal amplitudes2(11r )/2, the magnetic fieldH on the
interface being (11r ) @12cos(kspx)#. The second linear
combination@see Fig. 5~b!# is simply the superposition o
two counterpropagating SP waves with opposite arbitr
amplitudesa and 2a. Thus the magnetic fieldH on the
interface is simply

H~x!5a@exp~1 jkspx!2exp~2 jkspx!#, ~6!

which provides a periodically null-field pattern, if one n
glects the SP attenuation along the interface. The period
constant of this pattern is given by

m
l

L
5ReF S ««8

«1«8D
1/2G . ~7!

Note that the condition of Eq.~7! simply corresponds tou
50° in Eq.~5!. Equations~5! and~7! are classical since the
can be read as phase matching conditions between an
dent plane wave and the SP momentum of a flat interf
through a grating momentum 2p/L. However, let us empha
size that in the present approach, they simply represent
ditions such that a periodically-null solution of Maxwell
equations with a periodL exists on a flat interface for TM
polarization. No grating and no phase matching have b
considered for their derivation.

In a perturbative approach, one intuitively expects t
these two solutions of Maxwell’s equations remain valid
an array of subwavelength defects, like etches or parti

FIG. 5. Two solutions of Maxwell’s equations for a metallod
electric flat interface which provide a periodically null field at th
interface, with a periodicity constantL given by Eqs.~5! and ~7!.
~a! Solution in the presence of an incident plane wave.~b! Solution
in the absence of external excitation.~c! Field pattern associated t
~a!. ~d! Field pattern associated with~b!. In ~c! and~d! the origin of
the null field is placed on the interface, and the dark pins repre
subwavelength defects that could be introduced without much
turbating the field patterns.
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@represented by dark pins in Figs. 5~c! and 5~d!#, are incor-
porated at the periodically null-field locations. Within th
approach, we now explain the nearly-null transmission a
the resonance observed in Fig. 3 for very small, but non n
incidences.

A. Explanation for the zero of t

We claim that the solution of Maxwell’s equations repr
sented in Fig. 5~a! remains essentially valid for the metalli
membrane of Fig. 1~a! provided that the periodicity constan
of the grating corresponds to the periodicity constant of
null-field pattern. In the problem we consider,L and « are
given. Thus Eq.~5! gives the set of wavelengthsl and angles
of incidenceu for which the magnetic field on the gratin
presents a null-field pattern. For these parameters, the co
gated surface will behave almost as a flat one, with nearly
same reflectanceur u2 and absorption 12ur u2. In other words,
the incident light does not ‘‘see’’ the array of subwaveleng
defects and, consequently, no energy can be transferred
the fundamental slit mode:t is null. This is effectively what
was observed in Sec. II B. In addition, we checked throu
additional rigorous computations that, whenever the para
momenta of the SP of a flat interface and of the incid
wave are matched modulo the grating vector, the intensity
the zero order reflected by the lamellar grating is nea
equal to that of a flat interface. For instance, foru50° and
for l5lsp , the intensities reflected in the zeroth order va
between 0.95 and 0.958 forh.l/5, to be compared to the
reflectance of a flat interfaceu(«1/221)/(«1/211)u250.968.
The slight difference is due to the fact that the SP launc
onto the interface slightly dissipates. Thus within the pert
bative approach, the nearly-real zero fort for l5lsp , which
results in a nearly null transmission for the lamellar gratin
is interpreted as a nonresonant SP effect.

B. Explanation for the pole of r

The linear combination shown in Fig. 5~b! offers radically
different perspectives. It corresponds to a leaky wave wh
approximately satisfies Maxwell’s equations for the cor
gated interface in the absence of external excitation, p
vided that the periodicity constant of the corrugations cor
sponds to that of the null-field pattern given by Eq.~7!. In
the absence of corrugations~flat interface!, the linear combi-
nation represents a purely bound guided wave, but by in
ducing subwavelength periodic defects, this wave weakly
teracts with the defects, becomes leaky and radiates in s
space harmonics. Excited with an external source, like
plane wave with unit amplitude impinging at the same an
as would be taken by the leaky wave orders, a resonance
be excited: the resonance field will correspond to a strong
sinusoidal pattern (a@1) with a weak superimposed back
ground.

Let us now discuss the phase-matching condition for t
resonant excitation. Optimal excitation of two counterprop
gative SPs on a grating requires normal incidence. Fou
50°, the two SP momenta can be exactly matched thro
the reciprocal grating vectors 2p/L and 22p/L; see Fig.
6~a!. However, because the grating considered in this w

nt
r-
4-5
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LALANNE, SAUVAN, HUGONIN, RODIER, AND CHAVEL PHYSICAL REVIEW B 68, 125404 ~2003!
has a mirror symmetry along the vertical axis passing by
slit center, the amplitudes of the reflected positive- a
negative-first orders in this plane are strictly equal under n
mal incidence, as observed in Fig. 3~c!. Thus, for u50°,
only counterpropagative SPs with equal amplitudes can
excited. Actually, this situation corresponds to the nonre
nant SP pattern responsible for the zero oft under normal
incidence. To excite counterpropagative SPs with oppo
amplitudes, one has to brake the symmetry. One possibili
to consider gratings without the mirror symmetry, as will
discussed in Sec. III. Another possibility is to illuminate t
lamellar grating under oblique incidence. For rather la
values ofu, one intuitively expects that the antisymmetric S
pattern will not be excited efficiently because of the stro
momentum mismatch; see Fig. 6~b!. However, as illustrated
in Fig. 6~c! for very smallu values the momentum matchin
condition approximately holds, the mirror symmetry is br
ken and the antisymmetric SP resonance could be efficie
excited. As shown in Fig. 3, we found that this resona
excitation holds foru50.7° for the permittivity and slit
width considered in this work.26 Although not strictly equal
to zero becauseur 11uÞur 21u at oblique incidence,the mini-
mum fora in Fig. 3(c) clearly evidences the presence of tw
counterpropagating SPs with opposite amplitudes.

In general, the absolute value of the imaginary part o
complex pole of a scattering matrix is related to the imp
of this pole in real experiments with real values ofb.2 The
larger Im(b) is, the less spectacular the consequence of
pole in experiments. With this in mind, we are now able
interpret the strange behavior for the imaginary part of
pole ofr in Fig. 3~a!. Foru,0.7°, i.e., on the left side of the
dip in Fig. 3~a!, Im(b) quickly increases because of the sym
metry of the diffraction problem which does not allow for th
excitation of counterpropagative SP with opposite am
tudes. Foru.0.7°, i.e., on the right side of the dip in Fig
3~a!, the phase matching condition for two counterpropa
tive SPs is less and less satisfied whenl increases~see Fig.
6!, and consequently Im(b) slowly increases.

FIG. 6. Phase matching condition for the excitation of two cou
terpropagative SPs with opposite amplitude.~a! For normal inci-
dence, the two SP momenta are perfectly matched through the
ing momentum but, for a grating with a vertical mirror symmet
the SPs have equal amplitudes.~b! For oblique incidence, the phas
matching condition is not satisfied.~c! For small incidence angles
the phase matching is nearly satisfied and counterpropagative
with opposite amplitudes can be excited even for a grating wit
mirror-symmetry.ki denotes the parallel component of the incide
wave vector.
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IV. OTHER RELATED GRATING GEOMETRIES

As we have seen, the perturbative approach based
building up linear combinations of Maxwell’s solutions fo
the flat interface well explain the complex SP-related p
nomena of lamellar gratings etched into metallic films. T
objective of this section is to show that the approach is g
eral, since it applies as well to other related one- and tw
dimensional periodic structures. In addition, we show h
the perturbative approach of Fig. 5 can be useful for en
neering the optical response of metallic grating structure

A. Subwavelength lamellar grating
etched into a metallic substrate

The slit resonance of subwavelength lamellar gratin
etched into a metallic substrate; see Fig. 7~a! for the defini-
tion of the grating parameters, were recently stud
theoretically27 as well as experimentally.28 The optical re-
sponse of these gratings can be studied with the one-m
model of Sec. II. This response being qualitatively very sim
lar to those of subwavelength lamellar gratings etched i
metallic films, hereafter we only present the main featu
for the sake of conciseness.

Figures 7~b! and 7~c! show the absorption losses com
puted with the RCWA foru50° and 0.7°, respectively. In
view of the previous analysis, the interpretation of the
spectra is simple. The background fringe pattern is due to
resonance for Fabry-Perot conditions 2k0 Re(neff)h1arg(r)
1arg(r1)52mp, where r1 is the modal reflectivity coeffi-
cient on the bottom grating interface. The slit no longer re
nates when the nonresonant SP pattern responsible fo
zero of t is excited, i.e., for wavelengthslsp5L Re@«/(«
11)#1/2 in Fig. 7~b!, andlsp5L$Re@«/(«11)#1/26sin(u)% in
Fig. 7~c!, represented by vertical dashed lines. In additio
we note that, in Fig. 7~c!, a strong absorption nearly inde
pendent of the grating depth is observed in the spectral
gion delimited by the two vertical lines. From the previo

-

at-

Ps
a
t

FIG. 7. SP-related effects on subwavelength lamellar gra
etched into a metallic substrate.~a! Grating geometry.~b! Absorp-
tion spectrum foru50°. ~c! Absorption spectrum foru50.7°. Ver-
tical dashed lines represent frequencies for which a zero oft is
predicted according to Eq.~5!. Grating parameters are the same
in Fig. 2.
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analysis, this phenomenon is readily interpreted as the r
nance of the antisymmetric SP pattern on the upper gra
boundary.

B. Engineered one-dimensional gratings
perforated by subwavelength slits

Let us consider the grating shown in Fig. 8~a!. In com-
parison with Fig. 1~a!, two additional subwavelength slits o
finite depth h8 have been added on the upper and low
grating interfaces. The parameterb denotes the horizonta
shift of the additional slits with respect to the middle of t
ridge. Forb50, the grating possesses a vertical-mirror sy
metry. In Fig. 8~a!, we have represented the field pattern
the nonresonant SP~top interface! and that of the resonan
antisymmetric SP~bottom interface!. Null field locations are
represented on the interfaces. Clearly, one sees that the
resonant SP pattern is no longer solution of the enginee
isolated interface, since the field is not null on the additio
subwavelength slit~it is even maximum at this location!. On
the contrary, the resonant SP pattern composed of two c
terpropagative SPs with opposite amplitudes remains a s
tion of Maxwell’s equations of the engineered isolated int
face since the additional slits are etched on the null-fi
locations.

With these facts in mind, we are able to interpret t
absorption spectra of Figs. 8~c! (b50) and 8~d! (b5L/35)
calculated for normal incidence with the RCWA. For th
sake of comparison the absorption spectrum for the gra
of Sec. II ~i.e. for h850) is represented in Fig. 8~b!. As
expected qualitatively, it is found that the fringe pattern d
to the slit resonance is not interrupted forl5lsp in Fig.
8~c!. Because the nonresonant SP pattern responsible
zero oft is no longer a solution of Maxwell’s equation, th
slit can resonate, even when the parallel momenta of the
of a flat interface and of the incident-wave are matched. T
absorption spectrum of Fig. 8~d! obtained for a grating with

FIG. 8. Engineered one-dimensional gratings.~a! Grating geom-
etry. Forb50, the grating structure possesses a vertical-mirror s
metry. ~b! Absorption spectrum forb50 andh850 ~lamellar grat-
ing studied in Sec. II!. ~c! Absorption spectrum forb50. ~d!
Absorption spectrum forb5L/35. Other parameters are«5(0.12
13.7i )2, L50.7mm, w50.1mm, u50°, h850.1mm, and w8
540 nm.
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a very small dissymmetry (b5L/35) offers a strong reso
nance forl'1.03L and for arbitrary depths. This resonan
is due to the counterpropagative SP pattern which can
highly excited under normal incidence for this no
symmetric grating structure.

C. Two-dimensional gratings
perforated by subwavelength apertures

Recently, metallic membranes perforated by a tw
dimensional array of subwavelength holes have recei
much experimental5,9,29 and theoretical10,30,31 attention be-
cause the transmission of light through these membranes
be up to 2–3 orders of magnitude larger than that predic
by the conventional aperture theory. For these membrane
has been shown that, for deep enough gratings, the en
transfer through the membrane is mainly driven by one s
cific evanescent mode10,30 and that a one-mode model pro
vides a good qualitative explanation of the physics of
remarkable transmission10 through a pole ofr. Undoubtedly,
providing a physical picture with a perturbative approach~as
we did in Sec. III for lamellar one-dimensional grating!
which explains the existence of this pole would be benefic
for the understanding and for applications. We were not a
to provide such a physical picture probably because the p
responsible for the remarkable transmission correspond
the existence of an intense field pattern inside the hole an
the vicinity of the hole, which cannot be obtained at with S
patterns with a periodically-null field on the hole. Thus, o
intention in this Section is to show that the perturbative a
proach developed in Sec. III remains valid for the tw
dimensional case. The result is an overall better understa
ing of the SP-related phenomena in these membranes.

1. Zero of t

In this subsection, we aim at deriving superpositions
plane waves and SP waves which are periodically null o
flat metallo-dielectric interface. Although the discussion c
be set in general terms, we assume in the following that
periodic null pattern is a square lattice with a periodic
constantL in the x andy directions. Let us denote byG the
reciprocal lattice vector of the periodic null pattern,G
52p/L(mx1ny), with m andn signed integers.

Let us consider that the flat interface is illuminated by
incident plane wave with a given wavelengthl in a vacuum,
and let us denote byki the parallel component of the inciden
wave vector and byHi the parallel component of the
magnetic-field vector. The frequency of the wave bei
given, the modulusksp of the SP wave vector to be consid
ered for the linear superposition is fixed. In general, a p
odically null field pattern is achieved by the superposition
the incident plane wave, of the reflected plane wave and
single SP, wave provided that

ki1Re~ksp!5G, ~8!

and that

ksp•Hi50. ~9!

-

4-7
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Equation~9! can be read as a polarization selection con
tion. This general situation is depicted in Fig. 9~a! for the
specific caseG52p/L (x1y). The demonstration is
straightforward. Let us denote byr the in-plane vector (xx
1yy). For the linear combination formed by the incide
plane wave, the associated reflected plane wave and
wave with a magnetic field2(11r )Hi , the total parallel
magnetic fieldHp on the flat interface is then

Hp5Hi~11r !@exp~ j ki•r!2exp~ j ksp•r!#. ~10!

As previously done for the one-dimensional case, if on
neglects the SP wave attenuation, we deduce from Eq.~10!
that Hp is periodically null on the lattice node. For the sa
of convenience hereafter, Eq.~8! can be rewritten

~A«8 sin~u!cos~d!2mlsp /L!2

1~A«8 sin~u!sin~d!2nlsp /L!2

5H ReF S ««8

«1«8D
1/2G J 2

, ~11!

whereu denotes the angle of incidence of the plane wave
d the angle between thex axis and the plane of incidence
Thus for a given geometry, Eq.~11! provides the set of wave
lengthslsp for which the linear combination is null period
cally. Note that Eq.~11! represents a necessary condition
the observation of a weak transmission, which is not su
cient since the polarization selection condition of Eq.~9! also
has to be satisfied.

Of special interest are geometries for which several S
can be involved in the linear combination. Figure 9~b! shows
the situation for whichki•y50 and Hi•y50 ~transverse-
electric polarization! and a coupling through the reciproc
vectorsG52p/L (2x6y). For normal incidence, four SP
waves can be involved in the linear combination.

From the previous analysis, it is predicted that when
momentum of the incident wave matches the SP momen
of a flat interface through the grating momentum wavevec
according to Eqs.~8! or ~11!, the optical response of a me
tallic membrane perforated by subwavelength aperture

FIG. 9. SP configuration providing a null field pattern in th
presence of an incident plane-wave, on a square lattice of perio
ity constantL in the x andy directions. Dots represent the recipr
cal lattice vectorsG. ki , andHi are the parallel components of th
wave vector and of the magnetic field of the incident plane wa
~a! General scheme; note thatksp andHi have to be orthogonal.~b!
Specific case with two SP waves and with an incident plane w
with a transverse-electric polarization.
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nearly that of a plane metallodielectric interface. As w
done previously for one-dimensional gratings,8 we have
checked this property with many numerical computatio
performed with the Fourier modal method32 for metallic
membrane in air perforated by a two-dimensional arrayL
5750 nm) of square holes of size 280 nm. This spec
geometry has been previously studied in great details.10 The
main results are summarized in Fig. 10.

Figures 10~a! and 10~b! are relative to silver gratings il-
luminated under normal incidence. In Fig. 10~a!, the total
transmission spectrum is shown for three grating depthh
5320, 400, and 500 nm and foru50°. For l'800 nm, a
transmission as large as'50% is computed in agreemen
with previous numerical and experimental results.10 Accord-
ing to the previous analysis, a very small transmissio
('1025) is predicted for the three different depths and f
wavelengths given by Eq.~11!, represented by the two
dashed vertical lines in the figure. Figure 10~b! shows the
reflectance spectra of the grating foru50° and h
5400 nm. The bold curve represents the specular reflecta
in the ~0,0!th order. The thin curve represents the no
specular reflectance, i.e., the intensity reflected in all ord
except in the~0,0!th one. Forl5lsp ~vertical dashed lines!,
it is remarkable that the grating behaves as a flat interfa
the non-specular reflectance is nearly zero, the transmis

ic-

.

e FIG. 10. Zeros oft for metallic membranes in air perforated b
a two-dimensional array of subwavelength square holesL
50.75mm). ~a! Calculated transmission spectra of silver gratin
for three different grating depthh5320, 400, and 500 nm and fo
u50°. Two dips in the transmission curves are observed fol
5lsp ~vertical dashed lines!. ~b! Silver grating reflectance spectr
for u50° and for h5400 nm. Bold curve: specular reflectanc
Thin curve: non-specular reflectance. Dashed curve: reflectanc
an air-silver interface. Forl5lsp ~vertical dashed lines!, the grat-
ing nearly behaves as a flat interface.~c! Null transmission for
gratings with different permittivity,«5(0.12 in9)2 with 2,n9,8,
and illuminated under normal incidence.~d! Oblique incidence with
ki parallel to thex axis and a transverse-electric polarization,@see
Fig. 9~b!#, and for a metal with a refractive index 0.1– 4i indepen-
dent of the wavelength. In~c! and ~d!, circles correspond to wave
lengthslmin for which the calculated transmission spectra presen
very weak transmission (,1024) and solid curves arelsp wave-
lengths computed from Eq.~11! for the set of (m,n) values indi-
cated in the figures. A very good agreement is obtained.
4-8
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PERTURBATIVE APPROACH FOR SURFACE PLASMON . . . PHYSICAL REVIEW B68, 125404 ~2003!
is nearly zero@see Fig. 10~a!#, and the specular reflectance
close to that of an air-silver interface~dashed curve!, a re-
sidual absorption being carried out by the excitation of
nonresonant SP pattern.

Figure 10~c! is relative to metallic gratings with differen
permittivity values defined by«5(0.12 in9)2 with 2,n9
,8 and illuminated under normal incidence. The circles c
respond to wavelengthlmin for which we observed a very
small transmission from transmission spectra calculated w
the RCWA foru50°. The bold curves arelsp wavelengths
computed with Eq.~11! for (umu,n)5(1,0) and (umu,unu)
5(1,1). Except forn952, lmin almost coincides withlsp .
Within the perturbative model, the weak disagreement
n952 can be understood by the fact that the SP attenua
can no longer be neglected for metals with small conduct
ties. Figure 10~d! corresponds to oblique incidence withki

parallel to thex axis and a transverse-electric polarizatio
Again the circles correspond to wavelengthlmin for which
we observed a very small transmission from transmiss
spectra calculated with the RCWA for different angles
incidence,u50°, 5°, 10° ...60° and for a metal with a re
fractive index 0.124i independent of the wavelength. The
wavelengths are in very good agreement with thelsp values
given by Eq.~11! @solid curves in Fig. 10~d!#.

The null transmission of metallic membranes perfora
by subwavelength holes has been largely attributed to R
leigh anomalies in the literature, see Refs. 5, 9, and 10
references therein. From the present analysis, it is conclu
that the null transmission is a very general property of tw
dimensional metallic gratings with subwavelength apertu
and that it is due to the nonresonant excitation of SPs.

2. Pole ofr

As we did for one-dimensional gratings, we look for s
perpositions of SP waves which are periodically null on a
metal-dielectric interface. Figure 11~a! shows such superpo
sitions in the reciprocal space when the SP wave-ve
modulus is equal to 2p/L. Configurations~1! and ~2! are
relative to two SP waves with opposite amplitudes which
propagating along they and x axes, respectively. They ar
strictly identical to the SP pattern discussed in Sec. III for
one-dimensional case. For the two-dimensional case,
cause of the huge amount of computation required, we h
not extensively studied by calculations the spectral beha
of the poles ofr. Nevertheless, to verify the possibility o
exciting for very small incidences two counterpropagat
SP waves, we simply compute the losses associated to s
membranes forh5400 nm and for some arbitrary sma
angle of incidence,u50.7°. Note that this value that wa
identified as pecular for the one-dimensional lamellar grat
is absolutely arbitrary for the two-dimensional case.

Figure 11~b! shows the absorption losses of the silv
membrane foru50°, and foru50.7°, d50°, and two dif-
ferent polarizations. Vertical lines arelsp values given by
Eq. ~11! for u50.7°. Note that Eq.~11! can be read in two
different ways: as a condition for observing a null transm
tance@it is the case if Eq.~9! is satisfied#, or as a phase
matching condition for the excitation of two counterprop
gating SPs under slight oblique incidence. The spectra
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vertically shifted by 0.2 for the sake of clarity. Under norm
incidence, the SP pattern of Fig. 11~a! cannot be excited and
the large and intense peak atl'0.8mm is due to the hole
resonance associated to the extraordinary transmission.
u50.7° and for TM polarization, two additional peaks a
observed forlsp wavelengths given by Eq.~11!. These peaks
are easily interpreted by the excitation of the SP pattern~2!
in Fig. 11~a!. SP pattern~1! cannot be excited because of th
mirror symmetry along thex axis of the diffraction problem.
For u50.7° and for TE polarization, these two peaks disa
pear and the loss spectrum is nearly identical to that achie
under normal incidence. This is again understood from
SP picture of Fig. 11~a!. For TE polarization, SP pattern~2!
cannot be excited because its polarization is orthogona
that of the incident plane wave.

Figure 11~c! shows the absorption losses of the silv
membrane foru50.7°, d50°, and TM polarization and for
different grating depths. One sees that the losses assoc

FIG. 11. Counterpropagating SP with opposite amplitude o
metallic silver membrane.~a! SP configurations withksp52p/L
providing a null field pattern on a square lattice of periodicityL in
the x andy directions in the absence of incident illumination. Co
figurations ~1! and ~2! are relative to two SP waves propagatin
along they and x axes, respectively. Dots represent the recipro
lattice vectors and the thin vectors the magnetic polarization of
SP waves.~b! Absorption losses of a silver grating foru50°, u
50.7°, and for different polarizations. Vertical dashed lines arelsp

values given by Eq.~11!. The spectra are vertically shifted by 0.
for the sake of clarity.~c! Absorption losses of a silver grating fo
u50.7°, d50°, and TM polarization and for different gratin
depths. The losses associated with the hole resonance~for l
'0.8mm) strongly depend on the grating depths, whereas
losses associated with the resonant excitation of counterpropag
SPs with opposite amplitudes do not.
4-9
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to the hole resonance~for l'0.8mm) strongly depend on
the grating depth, whereas the losses associated to the
nant excitation of counterpropagative SPs with opposite
plitudes is only weakly dependent on the depth. This clea
evidences that the excitation of the SP pattern formed by
counterpropagative SP is mainly a property of the isola
interface and not of the full membrane.

V. CONCLUSION

In conclusion, a perturbative approach for SP-related p
nomena of isolated metallodielectric interfaces corrugated
subwavelength defects has been presented. It prov
simple physical pictures which help understanding differ
and complex SP-related effects. For instance, for o
dimensional or two-dimensional metallic membranes pe
rated by subwavelength aperture, the perturbative appro
quantitatively explains the fact that the optical response
these membranes is nearly identical to that of a
dielectric-metallic interface for frequencies corresponding
the SP momentum of flat interfaces. Consequently, the
responding membrane transmission is very weak for th
frequencies, a fact which is wrongly attributed to the Ra
leigh anomaly in the literature. The theory also predicts p
nomena like the SP resonance for gratings with a vert
mirror symmetry at very small~but non-null! incidences for
one-dimensional or two-dimensional metallic membran
and the possible absence of any reflection when outcoup
from an array of very narrow slits to free space.

However, the perturbative approach cannot account fo
SP-related phenomena on interfaces corrugated at subw
length scales. For instance, it cannot predict the pole res
sible for the remarkable transmission of two-dimensio
metallic membranes perforated by subwavelength ho
which corresponds to the existence of an intense field pat
inside the hole. More generally, the perturbative appro
does not apply to gratings for which localized plasmons
subwavelength defects are responsible for a strong field
hancement.

From the previous analysis, one can also analyze the
of SPs in the transmission through metallic gratings w
subwavelength apertures. For one-dimensional gratings,
are mainly responsible for two effects: the null transmiss
for frequencies corresponding to the SP momentum of
interfaces and the SP resonance of gratings with a ver
ce

R
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mirror symmetry at very small~but non-null! incidences.
Concerning the transmission, it is found that SPs have a
rimental role, in agreement with Ref. 8. It is noticeable
Fig. 2~a! that the zero-order maximum transmission MT
large ~'80%! for any frequency below the Rayleigh cutof
except for energies in the SP band. This is due to the exc
tion of the nonresonant SP pattern which results into a n
coupling~coefficientt! between the incident plane wave an
the fundamental Bloch mode of the slit array. In turn, t
grating transmission in the SP band varies asT'(lsp
2l)4, resulting in a low and flat transmission over a bro
spectral range. Explaining the observation of high transm
sion ~relatively to the fraction of the slit area! by a physical
mechanism relying on a capture of the incident light by S
and on a subsequent funneling or squeezing of the SP
the slit has to our knowledge not be substantiated so far
we suspect that it may be wrong. The reverse, holds, in f
In the SP band, the coupling between the incident wave
the Bloch mode of the slit array vanishes, resulting in
lower peak transmission. For two-dimensional membran
the situation is radically different because of the evanesc
character of the Bloch mode of the hole array. As shown
Ref. 10, the anomalous transmission results from a SP r
nance of the isolated interface and especially from a la
value of the pole ofr. Note that this pole ofr also results in
a pole for the coupling coefficientt responsible for an in-
crease oft by a factor 10 at the resonance. Thus, for t
two-dimensional membrane, a funneling mechanism can
invoked although the prime effect is a pole ofr which results
in a zero of the denominator in a Fabry-Perot model.10 Be-
cause this pole corresponds to a ‘‘localized’’ SP, it is shift
in frequency from the SP band associated to the zero oft. In
addition, note that the antisymmetric SP discussed in S
IV C, which results in a pole ofr, also provides anomalou
transmission. For instance, foru52° and TM polarization,
we calculated a peak transmission of'20% for the set of
parameters of Fig. 11.

The perturbative approach is general in the sense th
does not depend on the subwavelength defect geometry.
defect can be as well a deep etch in the metal as we
considered in this work, or a nonmetallic particle deposi
on the interface. It could also remain valid for more rando
metallic structures provided that some local periodicity
conserved to excite the SP waves. We hope that these si
pictures will be useful to optimize plasmonic nanomateria
ud-
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