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Energy landscape of relaxed amorphous silicon

Francis Valiquette and Normand Mousseau
Département de Physique and Centre de Recherche en Physique et Technologie des Couches Minces,
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We analyze the structure of the energy landscape of a well-relaxed 1000-atom model of amorphous silicon
using the activation-relaxation technique~ART nouveau!. Generating more than 40 000 events starting from a
single minimum, we find that activated mechanisms are local in nature, that they are distributed uniformly
throughout the model, and that the activation energy is limited by the cost of breaking one bond, independently
of the complexity of the mechanism. The overall shape of the activation-energy-barrier distribution is also
insensitive to the exact details of the configuration, indicating that well-relaxed configurations see essentially
the same environment. These results underscore the localized nature of relaxation in this material.
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I. INTRODUCTION

The dynamics of many complex materials is domina
by activated jumps over energy barriers generally higher t
kBT. For these systems, the energy-landscape picture, w
focuses on the topological relation between locally sta
states, has proven very valuable. Disconnectivity graphs
example, introduced by Czerminski and Elber1 and applied
extensively by others,2–6 have provided a first classificatio
of the dynamics of complex systems based on the struc
of their respective energy landscape.

In parallel with these developments, oriented towards
constructing the topology of the energy landscape, there
been some effort in trying to characterize the energetics
the nature of the events in clusters,3–5,7 proteins,6,8,9 and in
amorphous materials.10–13 This extensive sampling is esse
tial in order to try to connect the properties of the landsca
with the dynamics measured experimentally, it also serve
build a better understanding of the generic properties of v
ous networks: low vs high connectivity, bulk vs finite-siz
systems, covalent vs ionic bonding, etc.

In this paper, we present an extensive study of the st
ture of the energy landscape of amorphous silicon aro
two minima. Less extensive studies of this material w
already presented both by our group10–12 and Middleton
et al.,13 using two different approaches. Using the activatio
relaxation technique~ART nouveau!, we generate more tha
42 000 activated events around a well-relaxed minimum
analyze the properties of the reaction paths connecting
initial minimum to a nearby saddle point and new minimu
We find that:~i! the activation mechanisms ina-Si are local,
limiting somewhat the usefulness of the configurational
ergy landscape picture,~ii ! the activation energy is essen
tially limited by the energy required to break a single bon
~iii ! the entropic barrier is almost identical for all events,~iv!
more than 20% of all events generated are bond switche
the Wooten-Winer-Weaire type, and~v! the number of events
seems to be of the order 30–60 per atom.

II. DETAILS OF THE SIMULATION

We study here the energy landscape around two w
relaxed 1000-atom configurations ofa-Si. We focus mostly
0163-1829/2003/68~12!/125209~8!/$20.00 68 1252
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on the first one, repeating the simulation on a second c
figuration only to ensure that the results are generic and
dependent on some specific feature of the configuration.

The energy model used is a modified version~mSW! of
the empirical Stillinger-Weber~SW! potential14,15 developed
to ensure that the elastic and structural properties of
amorphous phase of silicon are in agreement w
experiment.15 With its original parameters, the SW potenti
describes both the liquid and the crystalline phases with g
accuracy but fails to reproduce the experimental structure
the amorphous phase.16–18 Recently, Vink and collaborators
proposed a slightly different set of parameters~see Table I!,
which generates the right amorphous structure in addition
providing the correct vibrational properties. Because of
empirical nature and the fact that it is not optimized for d
namics, the energy barriers computed with this poten
must be taken with some care. However, since the struct
properties of this material are well described by mSW,
qualitative features of the energy landscape are expecte
be correct.

A. ART nouveau

While our previous study of relaxation ina-Si used a
version of ART that could not identify saddle points,12,18,19

the results presented here are obtained using ART nouv
the latest version of the activation-relaxation technique p

TABLE I. Parameters of the original Stillinger-Weber potenti
as well as those modified by Vinket al., as described in Ref. 15. We
use the latter set in this paper.

Parameter standard SW modified SW

e ~eV! 2.168 26 1.648 33
A 7.049 556 277 7.049 556 277
B 0.602 224 558 4 0.602 224 558 4
s ~Å! 2.0951 2.0951
p 4 4
a 1.80 1.80
l 21.0 31.5
g 1.20 1.20
©2003 The American Physical Society09-1
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FRANCIS VALIQUETTE AND NORMAND MOUSSEAU PHYSICAL REVIEW B68, 125209 ~2003!
sented in Refs. 7 and 9. Using ideas similar to those p
posed by Munro and Wales,20 ART nouveau applies a Lanc
zos scheme to compute directly the lowest second deriva
of the energy during the activation phase and ensures
vergence to the saddle point to any desired precision.

Events are generated in the following way: In order
leave the harmonic well, one atom is selected at rand
This atom and its neighbors, contained in a shell of rad
3.5 Å, are moved iteratively in a randomly chosen directio
while keeping the energy, projected in the perpendicular
rections to a minimum. At each step, a Lanczos schem
used to compute the lowest eigenvalues and eigenvec
associated with the curvature of the energy landscape.
consider that the configuration has left the harmonic w
when the lowest eigenvalue falls below250 eV/Å2.

The activation processper sestarts from this point. The
configuration is slowly pushed up along the direction of lo
est curvature until the modulus of the force falls below 0
eV/Å—indicating that the configuration has reached a sad
point—or until the lowest eigenvalue become positive
indicating that the trajectory selected is back in the init
harmonic well region and must be rejected. After reach
the saddle point, the configuration is pushed slightly aw
from it, and is relaxed into a new local energy minimu
called the ‘‘final minimum.’’ This event is stored and a ne
event is started from the same initial minimum.

B. Properties of the initial configurations

The two initial configurations used here were prepa
using ART nouveau and mSW. Starting from a 1000-at
randomly packed unit cell with periodic boundary cond
tions, ART events were applied until the configurational e
ergy equilibrated. We used a Metropolis accept/reject al
rithm, based the energy difference between consecutive l
minima, as described in Refs. 18 and 21. The first confi
ration has an energy per atom of24.000 eV, compared to
24.137 eV for the crystal, with 20 fivefold and 26 threefo
defects. The radial distribution function is in good agreem
with recent experimental data~Fig. 1!. The model is there-

FIG. 1. Solid line: radial distribution function~RDF! of the
1000-atoma-Si model used in the simulation; dashes: experimen
RDF measured by Laaziriet al. ~Ref. 23!.
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fore of comparable quality to the models discussed in R
19 and 22. This configuration is used as the origin of
events for the first 42 000-event run.

The second configuration was prepared by further app
ing ART on the initial configuration, at a Metropolis tem
peratureT50.25 eV, for a few thousands of events, until th
average displacement per atom reached 1 Å. We gener
more than 7000 events around this second minimum in o
to ensure that the features of the energy landscape were
tistically independent of the minimum selected. All the qua
tities analyzed here are the same for both minimum, confi
ing that the properties of the landscape are not affected
the details of the topology. In view of the similarities b
tween the properties of these two sets of data, most of
discussion will focus on minimum 1.

C. Search for activated events

All events presented here are characterized by three
figurations: the initial minimum~either minimum 1 or 2!, a
first-order saddle point, and a second~final! minimum, ob-
tained by relaxing the configurational energy from the sad
point, in a direction opposite to that of the initial minimum
As discussed in Ref. 7, these events are reversible both f
the saddle point and the final minimum.

Each event is generated starting from the same in
minimum, but with a different random initial direction, th
rest of the procedure being deterministic. It takes about
force evaluations to generated a single event. About one t
of the random launches lead to a trajectory that brings
configuration back in the harmonic basin; these trajecto
are simply rejected and a new random direction selected.
whole search took about 4 weeks on a single processor
Regatta Power4 IBM.

III. RESULTS

A. Distributions on events

We first discuss the distributions of events generated fr
minimum 1. 42 581 events were generated following the p
cedure discussed in the previous section. The distribution
activated (Esaddle2Einitial) and asymmetry (Efinal2Einitial) en-
ergies for all these events are given in Fig. 2. The activa
energies form a continuous spectrum, from 0 to more tha
eV, with an average barrier height of 3.0 eV and a distrib
tion width of 1.2 eV. Both the width and average barri
energies are much lower than those reported earlier using
previous version of ART.11 This underlines the limit of the
original ART, which cannot converge directly to a sadd
point. As shown in Ref. 12, the error on the barrier using
initial version of ART could be as high as 1 eV. As with th
method of Munro and Wales,20 on the contrary, ART nouveau
makes it possible to identify the transition point to any d
sired accuracy. Comparing with experiment, we find that
average barrier height is in overall agreement with meas
ments of Shin and Atwater24 which indicate activation barri-
ers extending from 0.25 eV to about 2.8 eV. The typic
activation energies we find correspond also to the isother
calorimetric data of Roordaet al. which indicate high-
activation barriers.

l
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ENERGY LANDSCAPE OF RELAXED AMORPHOUS SILICON PHYSICAL REVIEW B68, 125209 ~2003!
Although there is no experimental information to compa
with, it is useful to examine the distribution of the asymm
try energy, i.e., the energy difference between the final
initial minima ~see the bottom panel of Fig. 2!. The average
of the distribution is at 1.7 eV, with a width of 1.4 eV. The
are only a few events with a final energy lower than t
initial as should be expected, since the initial configuration
already very well relaxed. As shown below, the distributi
around minimum 1 is essentially identical to that arou
minimum 2. This results suggests that the overall shape
the configurational energy landscape is not sensitive to
details of the configuration, contrary to what one could thi

It is also useful to compare our results with those
Middleton and Wales obtained on the same system using
eigenvector following the BFGS approach~EF-BFGS!;13

ART nouveau is similar in spirit to this method. In Fig. 3, w
plot the activated energy calculated from theinitial minimum
and thefinal (Esaddle2Efinal) for both sets of events. Th
barrier distribution calculated from the initial minimum sho
that the sampling of events differs seriously for both me
ods; while EF-BFGS seems to favor strongly events wit
barrier below 2 eV, ART selects events in a more Gauss
way. Since both methods follow closely the direction cor
sponding to the lowest eigenvalue to the saddle point,
difference is solely due to the algorithm used to leave
harmonic well. Remarkably, however, this selection has v
little impact on the barrier distribution calculated from th
final minimum; in this case, both methods find the sa

FIG. 2. Solid lines: Normalized distribution of energies for t
42 581 events generated around minimum 1. Top: distribution of
activated energyEsaddle2Einitial . Bottom: distribution of the asym-
metry energyEfinal2Einitial . Dotted lines: distribution of energie
for the 8799 different~unique! saddle points~top! and the 6519
different final configurations.
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barrier distribution, which is heavily skewed towards ve
lower barriers. We discuss the significance of these diss
larities in Sec. IV.

While the energy distribution inform us about the barrie
heights, the distribution of Hamming distances between c
figurations~Fig. 4! provide some insight as to the rearrang
ments taking place. As was found previously ina-Si and

e

FIG. 3. Comparison between the distributions of activation
ergy calculated from the final~top! and the initial~bottom! mini-
mum for the set of events computed by Middleton and Wales~Ref.
13! and that generated with ART nouveau from minimum 1.

FIG. 4. Distribution of the total displacement~Hamming dis-
tance! for the all events starting from minimum 1 at the saddle po
~solid line! and at the final minimum~dashed line!. The distribution
of Hamming displacements for unique events, as defined in the
is essentially identical to this one.
9-3
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FRANCIS VALIQUETTE AND NORMAND MOUSSEAU PHYSICAL REVIEW B68, 125209 ~2003!
v-SiO2 most saddle points are somewhere at midway
tween the initial and final stage.11,21 This is somewhat unex
pected in the energy landscape picture: in a high-dimensi
space, any two randomly selected direction are orthogo
For truly high-dimensional events, therefore, one would
pect to find little correlation between the displacement at
saddle point and that at the final minimum. This is not t
case, however, if events are taking place in a much restri
subspace. The distribution of displacements indicates th
fore that even though the simulation system is embedded
3000-dimensional space, the effective subspace in wh
each event takes place is much smaller and local in nat
one must therefore be cautious when interpreting the dyn
ics of a material based solely on the energy landscape
ture.

The local nature of the dynamics is also found plotting
number of active atoms participating in each event~Fig. 5!.
An active atom is defined as one that has moved by m
than 0.1 Å from its initial state. As discussed in Refs. 19 a
21, the value of the threshold is chosen to be close to
typical atomic displacement due to thermal vibration at ro
temperature. We see that most events involve a maximum
25 atoms at the saddle point, and 40 at the final minimum
the threshold is increased to 0.4 or 0.5 Å, the number
active events drops typically to between 2 and 4 per ev
The relatively narrow distribution of active atoms is not
artifact due to some bias in the sampling of the cell. Figur
shows the probability of each atom to participate into
event. The remarkably homogeneous figure confirms that
rearrangements can take place anywhere in the network,
a participation probability varying by at most a factor 3.

B. Properties of the landscape

As the sampling of events is random, the total data
contains redundant events that might bias the analysis o

FIG. 5. Distribution of the number of activated atoms at t
saddle point~solid line! and the final minimum~dashed line! for all
events starting at minimum 1. The distribution is almost identi
when only unique events, as defined in the text, are taken
account.
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landscape. It is therefore useful to look at the properties
‘‘unique’’ events, i.e., to analyze the set of single copies
all events. We identify each event based on the identity of
participating atoms as well as on the energy at the barrier
at the new minimum. In order to decrease the impact of
finite precision in the convergence at the saddle and the m
mum, we define the participating atoms as those moving
at leastdr threshold50.4 and 0.2 Å, respectively, at the sadd
point and the final minimum. Two events are consider
identical if the active atoms are the same and the ene
barrier differs by less than 0.2 eV. We verified that the p
cise values of the various thresholds do not affect the qu
tative results although the precise number of different eve
obviously depends on the threshold. The number of uni
events, as a function of the number of events alrea
sampled, is shown in Fig. 7. We find 6519 different minim
8799 different saddles, and 11 014 different events gener
within the 42 0001 sequence. On average, each event
therefore visited almost four times.

Using the distribution of unique events, it is possible
assess the biases in the ART sampling. Figure 8 shows
ratio of all saddle points or minima generated over the list
all unique ones. As was the case for the Lennard-Jones c
ters, a system with a totally different energy landscape, A
sampling seems to select events with an exponential b
exp(2DE/4).

These results are obtained using a subset of all ev
surrounding minimum 1. Even after 42 000 events, the nu
ber of different events around minimum is not yet converg
It is possible to obtain some very crude estimate of this nu
ber. We first set the full distribution of saddle points identic
to that shown in Fig. 7. Supposing a random selection
events, with an exponential bias on the barrier height suc

l
to

FIG. 6. Probability of participating in a event for each atom
the model, computed using on all generated events. Top: probab
of being an active atom at the saddle point; bottom: probability
being an active atom at the final minimum.
9-4
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ENERGY LANDSCAPE OF RELAXED AMORPHOUS SILICON PHYSICAL REVIEW B68, 125209 ~2003!
that of the previous paragraph, taken from the distribution
unique events, we find that growth of the total of uniq
events as a function of trial can be reproduced with an
ponential bias exp(2DE/A) with A between 0.40 and 0.60
and a total number of events somewhere between 30 000
60 000 or 30–60 different saddle points per atom.

FIG. 7. Solid line: Number of unique events as a function of
number of events sampled. The dashed and the dotted lines
the number of unique saddle points and final minima as a func
of the number of events sampled.

FIG. 8. Top: Log-normal ratio of all saddles points genera
from minimum 1 over the unique ones only. A histogram for bo
distributions is first constructed, as a function of the energy, and
ratio is taken over this histogram. Bottom: same but the configu
tions at the final minimum. The insets in both figures shows
same distributions plotted linearly.
12520
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C. Entropy

Having computed the distribution of activation ener
barriers around a minimum, it would be possible to consi
associating a time scale with the events. This can be d
within the framework provided by the transition sta
theory.25 For activated mechanisms, the diffusion rate
given by

D5
g

2a
l 2n0e2DF/kbT, ~1!

whereg is the number of equivalent diffusion paths,a the
spatial dimension,l the length of the jump,n0 a phonon
frequency, andDF5DE2TDS, the variation in the Helm-
holtz free energy between the transition state and the in
state.

In order to use the above equation, we need to mea
the change in entropy from the minimum to the transiti
state. We can do that using the harmonic approximation:

DS5kblnF )
i 51

3N

n i
( i )

n0 )
i 51

3N21

n i
(s)G , ~2!

where n i
( i ) and n i

(s) are the real phonon frequencies at t
minimum and at the saddle point, respectively. Since th
are 3N21 real frequencies at the transition state, we repl
the imaginary frequency by a typical phonon frequencyn0.

Assessing the time scale associated with leaving a gi
minimum remains a very expensive task even within the h
monic approximation as it would be necessary to comp
the entropy associated with each of the 30 000–60
saddle points. A simpler approach poses that the entro
prefactor is independent of the specific event.

We can ascertain the validity of such assumption by co
puting the distribution of the entropic difference from th
initial minimum to the saddle point. Due to the high cost
diagonalizing a 300033000 matrix, we have applied thi
procedure to 50 randomly selected events. As seen in Fig
the contribution of the entropy to the activation is of th
order of 0.0043 eV/K, with a variation of about 2.
31024 eV/K. The fluctuations in the entropic contribution
to the barrier can therefore affect the attempt frequency
about a factor 25. To a first approximation, it is therefo
reasonable to consider that the entropy is only a multipli
tive constant in the dynamics of the system.

D. Topological classification

In the previous subsections, we have analyzed the p
erties of the energy landscape itself. We now turn to
classification of the events generated around a single m
mum. There are many properties that could in principle se
for the classification. However, most of them, including t
local volume of the event, the change in bond angles
even the asymmetric energy of the event do not show eno
structure to be helpful. The topological classification us
here is described in detail in Ref. 19. Briefly, it only consi
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FRANCIS VALIQUETTE AND NORMAND MOUSSEAU PHYSICAL REVIEW B68, 125209 ~2003!
ers changes in the coordination of the atoms, obtai
through bond breaking and binding. Analyzing the more th
40 000 events generated here, we find more than 2000 di
ent types of topological events. Of those, we discuss be
only the events that occurred more than 1% of the tim
about 400 times in our sequence. Only five types of ev
satisfy this criterion.

As in previous simulations, the most common event
find, representing about 20% of all generated events, is
Wooten-Winer-Weaire~WWW! bond exchange mechanis
~or abacbd, in our notation!, introduced almost 20 years ag
in the sillium model~see Fig. 10!. Since then, this mecha
nism has been seen both in crystalline and amorph
materials.14,26–30

Figure 11 shows the energy and Hamming distance di
bution for this mechanism. Because of the frequency of
mechanism, it might not be surprising to find that both t
energy and Hamming distance distributions follow clos
those obtained for the whole set of events. These distr
tions underline once more, nevertheless, the roˆle of strain in
determining the activation barrier for a given mechanism:
same topological jump can lead to a new configuration w
an energy varying by as much as 6 eV.

FIG. 9. Distribution of the entropy barrier at the saddle po
evaluated in the harmonic limit, for 50 different events selected
random.

FIG. 10. A typical WWW-type event. The dark atoms chan
their coordination during the event, the medium gray move by m
than 0.1 Å during the event and the light gray atoms are near ne
bors of the atoms involved.
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The topological nature of the other four dominant eve
is also shown in Fig. 12. The classabc is associated with a
bond jumping from on pair of atoms to the next.ab repre-
sents a bond breaking at the saddle point and reforming
does not involve any topological change and is respons
for the low-energy peak in the asymmetry energy distrib
tion. As such it is not very interesting. Finally, the two oth
classes are modifications on the three most common typ

t
t

e
h-

FIG. 11. Top: Energy distribution for the 8000 WWW-typ
events. Solid line: distribution at the saddle point; dotted line: d
tribution of the asymmetry energy. Bottom: Distribution of th
Hamming distance to the initial minimum at the saddle point~solid
line! and the final minimum~dashed line!.

FIG. 12. The five most common types of events, according
our topological classification. The full lines represent a bo
present in the initial configuration and the dotted lines a bo
present in the final configuration.
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ENERGY LANDSCAPE OF RELAXED AMORPHOUS SILICON PHYSICAL REVIEW B68, 125209 ~2003!
We can also analyze the events in terms of change
coordination, effects that could be measured experiment
During the event, defects are introduced and removed le
ing mostly, as we have shown above, to metastable st
with a rather low escape barrier.

We find about 100 different types of coordination chang
as the configuration moves from the initial state to the fi
minimum ~see Table II!. Of these, three types of chang
account for more than 30% of all events and 15 for m
than 75%. The most commons involve no change the ove
properties of the network~representing 14% of all events!
and the creation of, respectively, one and two threefold
fects by the removal of one and two fivefold defects~repre-
senting 16% and 12% of all events!. As is often the case fo
these disordered networks, there is no correlation betw
the type of coordination change and the bond angles or
asymmetry energy; all the subsets that we have exam
give the same distributions. We note, however, that the g
eral tendancy, as the system is activated from a well-rela
configuration, is to decrease the average coordination
breaking bonds from four- and fivefold atoms, leading to
creation, on average, of one threefold coordinated atom
event.

IV. DISCUSSION AND CONCLUSIONS

The purpose of this study was to characterize in detail
energy landscape around a single minimum in a well-rela
model of a-Si. Previous work has examined much shor
sequences of events as the configuration relaxed and th
oms diffused. Here, we performed two extensive simulatio
always starting from the same two minima. Our results in
cate that events are essentially local with a barrier he
limited by the cost of breaking one single bond. We a
found that there is very little variation in the entropic barr
in spite of the wide spread in the energy part. This is like
related to the fact that the overall shape of the energy la
scape is not finely dependent on the specifics of a confi
ration. Finally, the bias found in ART nouveau indicates th
it might be possible to contemplate setting up a kine
Monte Carlo simulation on this system.

TABLE II. Frequency and energies of the most frequent eve
found in the simulation.

Class Event Number DEsaddle DEfinal

abacbd 8478 3.04 2.26
abc 759 1.64 1.00
ab 735 3.04 0.21
abacb.d 640 2.47 1.91
abc.de 404 1.64 1.00
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It is interesting to note the strong dissimilarities betwe
the activation barrier distribution as computed from the i
tial and the final minimum. In particular, the barrier me
sured from the latter are much lower that those measu
from the former configuration and new coordination defe
are introduced. This difference can be explained by the
that the initial configuration selected is very well relaxe
most low-energy barriers, associated with a very unsta
direction, would have been crossed during the relaxation
previous events. These states are likely not contributing
diffusion or the relaxation of the network since they wou
rapidly relax back into the initial minimum. The physicall
relevant barrier distribution for defining the evolution of th
system is therefore that measured from the initial minimu

In spite of the 40 0001 events generated, the total numb
of events around a minimum remains unknown. We can n
ertheless estimate that the number of different paths is so
where between 30 and 60 paths/atom; as shown here,
number should be independent of the size of the network
all events are local in nature.

Finally the stability of the distribution from one minimum
to another, as well as the narrow distribution of entrop
barriers suggests that it would be possible to develop
accelerated algorithm fora-Si, similar to that proposed by
Henkelman and Jo´nsson for the diffusion of Cu on Cu,31 and
that of Hernandez-Rojas and Wales for LJ glasses.32 This is
made even easier by the exponential bias of ART, also s
in LJ clusters. The origin of this bias is not understood bu
simplifies significantly the statistical analysis of an AR
sampling.

At this point, however, the main limitation of this type o
simulation is the absence of detailed experimental resu
Although the overall energy scale of the barriers is in agr
ment with experimental numbers, it is difficult to asse
whether or not the theoretical description is correct: there
no information available experimentally on the shape of
barrier distribution. It is currently impossible to generate
better comparison with experiment. Further experimen
work is clearly needed to expand on the current availa
data and help ensure that the advances in numerical re
are on solid ground.
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