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Self-consistent calculations of the optical properties of GaN quantum dots

V. Ranjan,* G. Allan, C. Priester, and C. Delerue†

Institut d’Electronique, de Microe´lectronique et de Nanotechnologie, de´partement ISEN, UMR CNRS 8520,
41 boulevard Vauban, Lille Cedex, France

~Received 18 April 2003; revised manuscript received 7 July 2003; published 11 September 2003!

We present calculations of the transition energies and radiative lifetimes in GaN quantum dots embedded in
AlN. The effects of elastic strains, and piezoelectric and pyroelectric fields are included. The electronic
structure is described using a tight-binding method which takes into account the screening of the internal
electric field by excited carriers in a fully self-consistent procedure. We show that the presence of one electron-
hole pair in a quantum dot increases the optical gap by a few tens of meV and decreases significantly the
radiative lifetime, which could give rise to very interesting nonlinear optical effects.
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I. INTRODUCTION

The fabrication of light emitters from the blue to the u
traviolet remains a challenge. In this context, group-III
tride compounds in general and GaN in particular ha
emerged as materials of choice,1 not only for lasers2,3 but
also for other types of optical applications.4 Recently, inter-
est has grown to fabricate group-III nitride quantum we
and quantum dots, in particular because their light emiss
may cover a wide range of frequencies, from the red to
ultraviolet.5–12 These structures reveal original properti
due to the presence of strong internal pyroelectric and pie
electric fields, mainly along the~0001! axis and in the range
of a few MV/cm.13,14 These fields are evidenced by the fo
lowing observations:

~1! In large quantum wells5,6 and quantum dots,8,15,16 the
photoluminescence energy is lower than the free exciton
GaN ~Stark effect!.

~2! The decay times of the photoluminescence expon
tially decrease with emission energy, from tens of micros
onds for systems emitting red light to nanoseconds for s
tems emitting ultraviolet light.10 The reason is that the hole
and the electrons are spatially separated by the internal fie
and therefore the overlap between electron and hole w
functions becomes negligible at large sizes, increasing
recombination time.8,10

~3! A significant blueshift is observed in GaN quantu
dots as the excitation intensity is increased8 because photo
created electrons and holes screen the internal fields.
this reason, large optical nonlinearities are expected in
systems.

On the theoretical side, the prediction of the optical pro
erties of GaN quantum dots is complex because it must
clude the calculation of strains, confinement effects, and
ezoelectric fields in structures containing a large numbe
atoms~typically 104–105). In addition, the description of the
screening by free carriers is only possible with se
consistent calculations. Thus, GaN quantum dots provid
major challenge for the theory. Recently, Andreevet al. have
performed extensive calculations for pyramidal GaN qu
tum dots using ak•p model in the envelope function
approximation.17 They further calculated the lifetime of th
electron-hole pair.18 In their calculation, they have general
0163-1829/2003/68~11!/115305~7!/$20.00 68 1153
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attained the trends observed in experiments. However,
screening of the electric fields was not considered, and t
nonlinear optical properties could not be studied.

In this paper we calculate the optical properties of G
quantum dots, including the effect of strains, built-in elect
fields and screening by excited carriers. The strains are
culated using three-dimensional~3D! finite-difference tech-
nique in elasticity theory. To account for screening effec
we calculate the charges and fields in a fully self-consist
way. The electronic structure is described by a tight-bind
sp3 Hamiltonian which, in contrast tok•p model, provides a
good description of the bulk band structure in a wide ran
of energies and in the full Brillouin zone. We find that th
transition energies are in close agreement with experimen
the magnitude of the built-in field along the~0001! direction
is reduced with respect to the predicted values, confirm
the trends obtained for quantum wells.10 We show that the
screening by excitons is efficient and we calculate
screening energy per exciton versus size of the quantum d
We find that the lateral distribution of the piezoelectric fie
has little effect on the band gap of the system and tha
constant field along the axis of growth can reproduce
results in the whole range of sizes.

The paper is organized as follows. Section II is devoted
the calculation of strains and fields in the system. The ti
binding scheme is described in Sec. III. In Sec. IV, w
present the results of the calculations for the transition en
gies, the electron-hole lifetime and the effect of screeni
and we compare with the available experimental data.
conclude in Sec. V.

II. STRAIN CALCULATIONS

A. Geometry of the system

We present results on quantum dots consisting of tr
cated hexagonal pyramids of GaN embedded in AlN a
standing on a thin GaN wetting layer. The geometry has b
chosen as close as possible to experiments.15,16 The largest
dot we have considered is shown in Fig. 1. Defining t
height of the truncated pyramids byh ~including two mono-
layers for the wetting layer!, we assume that the lateral siz
of the hexagons at the base and at the top vary likedb
©2003 The American Physical Society05-1
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'4.2h anddt'db/3.5, respectively, which is justified by ex
perimental data.16 Quite similar rules have been used in t
theoretical work of Ref. 17.

B. Strains

To calculate the strains, we consider a square 2D arra
truncated pyramidal quantum dots, and making use of c
tinuum elasticity theory~finite elements method!, we mini-
mize the total elastic energy with respect to the strain co
ponents ei j .19 The strain elastic energy density in th
crystallographic axis set is given by

dU5
1

2
$C11~exx

2 1eyy
2 !1C33ezz

2 14C44~exz
2 1eyz

2 !14C66exy
2

12C12exxeyy12C13~exxezz1eyyezz!%, ~1!

and the total elastic energy is obtained by integrating
energy density all over the finite element meshes. Basic
the results are extremely close to those of Andreevet al.,17

the only difference being due to the fact that the syst
modelized in Ref. 17 corresponds to a 3D cubic array
quantum dots whereas we consider a 2D square arra
quantum dots, which is closer to the experimen
situation8,15,16 where the dots were grown on a thic
(1.5-mm) AlN buffer.

C. Built-in fields

A particular property of group-III nitride heterostructure
is the presence of large internal electric fields which ar
from the spatial variations of the macroscopic polarizationP.

FIG. 1. ~Color online! The largest cluster we have consider
with about 40 000 Ga and N atoms. Its base sizedb is 17.7 nm, the
height h is 4.3 nm, and the top sizedt is 5.0 nm. The heighth
includes two monolayers for the wetting layer. The bottom of
wetting layer is set atz50.
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Due to the wurtzite structure,P has a nonzero contribution in
absence of strain, the so-called spontaneous polariza
Pspont.

20 Elastic strains produce a variation of the polariz
tion (P5Pspont1Pstrain) which is determined by the piezo
electric constants.

To determine the pyroelectric field induced by the spo
taneous polarization, we calculate the equivalent surf
charge densitysspont at the GaN/AlN interfaces as

sspont5DPspont•n, ~2!

wheren is the unit vector normal to the interface andDPspont
is the discontinuity of the spontaneous polarization acr
the interface. The induced electrostatic potentialVspont is cal-
culated by replacing the densitysspont by point charges on
each atom at the GaN/AlN interface. We have checked
this discretization has a negligible effect on the potential
side the dot.

The piezoelectric polarization field is nonuniform, an
thus gives rise to a piezoelectric potential calculated as

Vstrain~r !5
1

4pe0e r
E Pstrain~r 8!~r2r 8!

ur2r 8u3
d3r 8, ~3!

where e0 is the vacuum permittivity ande r is the relative
dielectric constant. We usee r59.6 in the whole structure
which is the range of the reported values for GaN a
AlN.21–23

The total bare potentialVb5Vspont1Vstrain is calculated
using the values of Ref. 13 for the piezoelectric consta
and spontaneous polarization, and using the values of Re
for the elastic constants. The main variation of the poten
is along thez direction as shown in Fig. 2 for the quantu
dot of Fig. 1. The magnitude of the electric field varies fro
'8.5 MV/cm at the base of the pyramid to'6.2 MV/cm at
the top. These values are larger than those obtained in
17 ('6 MV/cm and'4 MV/cm, respectively!. The differ-
ence comes from the fact that we consider a single 2D a
of quantum dots, whereas in Ref. 17 the system is periodi

FIG. 2. The piezoelectric potentialVstrain, the pyroelectric po-
tentialVspont, and the total built-in potentialVb5Vspont1Vstrain as a
function of the position within the dot, along the~0001! direction
(x5y50), through the center of the pyramid shown in Fig. 1.
5-2
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SELF-CONSISTENT CALCULATIONS OF THE OPTICAL . . . PHYSICAL REVIEW B 68, 115305 ~2003!
the z direction. However, the trends in the variations of t
potentials are similar in the two calculations.

Figure 3 shows the variations of the electrostatic poten
in the x-y plane due to the strain component. In agreem
with Ref. 17, the resulting electric field is much smaller th
in the z direction. It leads to a weak potential well for th
holes towards the center of the pyramids.

III. TIGHT-BINDING CALCULATIONS

We describe in this section the method to calculate
electronic structure of the quantum dots. Whereasab initio
approaches are limited to small systems ('200 atoms),
tight-binding methods26,25 allow to calculate the electroni
states in a much wider range of sizes and thus can be dire
connected to experiments. Recently, self-consistent t
binding calculations using asp3d5s* atomic basis have bee
applied to 2D GaN/InGaN structures,27 and tight binding pa-
rameters have been developed for group-III nitri
semiconductors.28,29 But our calculations for 0D structure
are computationally more demanding than for quantum w
structures where Bloch’s theorem can be applied in two
rections. Thus we have used asp3 basis to reduce the size o
the Hamiltonian matrix. The parameters for GaN, includi
second-nearest-neighbor interactions~Table I!, have been ob-
tained by fitting the band structure and the effective mas
obtained by calculations that we have performed in the lo
density approximation31 ~the width of the band gap is ad
justed on the experimental one to avoid the intrinsic ba
gap problem of the local-density approximation, see R
25!. The band structure of GaN calculated in tight-bindi
case is shown in Fig. 4.

The description of the AlN barrier raises a difficulty. Pu
lished values for the valence-band discontinuity at the G
AlN interface are widely spread, between 0.5 eV and
eV.32–38 Taking into account this uncertainty, the large ba
gap of AlN ~6.2 eV!, the fact that the hole mass in GaN
heavy ~close to the free-electron mass!, and that the total
electric field creates deep potential wells for the electr
and holes,17 we make the approximation of an infinite barri
for AlN. As a matter of fact, we use pseudohydrogen ato
and adjust the Ga-H and N-H tight-binding interactions

FIG. 3. Contour and surface plots of the piezoelectric poten
Vstrain in the x-y plane (z50), for the quantum dot of Fig. 1. The
electrostatic potential forms a bowl, which confines the holes
wards the center of the dot.
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order to push the surface states far from the band edges
shown in Ref. 17 and in the following, this is not a seve
approximation in the range of sizes measured experimen
because the electron and hole energies are mainly determ
by the magnitude of the built-in electric field.

To illustrate the effect of the quantum confinement alo
and even if it is not in the main scope of the paper,
present in Fig. 5 the gap of spherical GaN nanocrystals a
function of size. These results may apply, for example,
nanocrystals embedded in a SiO2 oxide matrix or dispersed
in a solvent.39 The confinement energy is equal to 0.5 eV f
a diameter of 2.9 nm, a quite small value compared to ot
semiconductors25,26 where, for example, a shift of 0.5 eV i
obtained for a 3.8-nm silicon nanocrystal.25 These results are
supported by photoluminescence experiments on G
nanocrystals showing only a small blueshift for particle siz

l

-

TABLE I. Top: second nearest neighbor tight-binding para
eters for GaN. The notation is that of Slater and Koster~Ref. 30! a
represent-anion, andc represent-cation.D is the spin-orbit coupling
parameter. Bottom: effective masses for the conduction band~c!,
the heavy~hh!, and light ~lh! hole bands along thez axis (i) and
along the transverse directions (') in units of the free-electron
mass.

Tight-binding parameters for GaN~eV!

Es
a 210.70425 Ep

a 22.18636
Es

c 6.47663 Ep
c 8.48538

Da 0.004 Dc 0.0400
First nearest neighbor interactions~eV!

Esss(ac) 21.79002
Esps(ac) 3.13210 Esps(ca) 2.64275
Epps(ac) 1.35580 Eppp(ac) 21.58414

Second-nearest-neighbor interactions~eV!

Esss(aa) 20.21488 Esps(aa) 20.03594
Epps(aa) 0.32853 Eppp(aa) 0.17167
Esss(cc) 20.51133 Esps(cc) 0.84729
Epps(cc) 1.49551 Eppp(cc) 20.39783

Effective masses
mi

c 0.193 m'
c 0.189

mi
hh 1.288 m'

hh 0.447
mi

lh 0.617 m'
lh 0.281

FIG. 4. Band structure of bulk GaN~hexagonal structure!. The
zero of energy corresponds to the top of the valence band.
5-3
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of 30612 Å ~Ref. 39! ~there is probably no internal field in
these nanocrystals because they have a zinc-ble
structure.39!

The built-in potentialVb shown in Fig. 2 creates a poten
tial well ~i! at the bottom of the dot for holes and~ii ! at the
top of the dot for electrons. The charge distribution induc
by the spatial separation of electrons and holes within the
creates an electric fieldVscr which tends to screen the ba
field. To include this effect, we solve the Schro¨dinger and
Poisson equations self-consistently, which correspond to
Hartree approximation.40 The total potentialV5Vb1Vscr is
introduced into the tight-binding Schro¨dinger equation, the
wave functions are calculated, the new charge distributi
are derived, and the procedure is iterated up to s
consistency. Then we calculate the transition energies,
the energies for exciting successively one electron-hole
in the quantum dot. The transition energies are given
E(n11,n11)2E(n,n), whereE(n,p) is the total Hartree
energy of the system withn electrons andp holes. They are
calculated to a good degree of approximation by using S

FIG. 5. Band gap as a function of size of spherical GaN na
crystals. The bulk band gap is 3.5 eV.
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er’s transition state,41 expressingE(n11,n11)2E(n,n)
5«g(n11/2,n11/2), the one-particle gap calculated se
consistently with an occupation ofn11/2 electron andn
11/2 hole.

IV. RESULTS AND DISCUSSIONS

Figure 6 shows the transition energy versus size for
first excitation @E(1,1)2E(0,0)#. When the height of the
pyramids exceeds 2 nm, the effect of the confinement al
is small, confirming the results obtained on spherical na
crystals. Thus the optical gap is mainly determined by
magnitude of internal fields. In particular, the full calculatio
including piezoelectric and pyroelectric fields obtained w

- FIG. 6. Transition energy to excite one electron-hole pair fro
the ground state as a function of the height of pyramidal quan
dots and plotted in four cases:~i! without built-in field, ~ii ! self-
consistent calculation including the piezoelectric field and the sp
taneous polarization of Ref. 13,~iii ! using a constant field of 8.2
MV/cm, and~iv! using a constant field of 3.8 MV/cm. The exper
mental data (d) are from Ref. 8. The horizontal dotted-dashed li
corresponds to the bulk GaN band gap.
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e
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FIG. 7. ~Color online! Charge densities for the
electron ~right side! and the hole~left! in the
quantum dot of Fig. 1. The figures at the top a
obtained by the full calculation including th
spontaneous polarization and strains, show
that the hole is laterally confined when the piez
electric field is taken into account. The figures
the bottom are obtained with a constant field
8.2 MV/cm. For the clarity of the figures, the
vertical and horizontal scales are not the same
5-4
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the parameters of Ref. 13 shows that the optical gap is be
the bulk excitonic transition for heights above 2 nm. Int
estingly, a constant field of 8.2 MV/cm can reproduce
results in the full range of sizes, confirming that the tran
tion energies depend most strongly on the field along
~0001! axis.8,17 Figure 6 also shows that a constant field
about 3.8 MV/cm fits well the experimental data of Ref.
while for 8.2 MV/cm the transition energies are too small
large sizes. We conclude that the field along the~0001! di-
rection must be reduced compared to the value deduced
the piezoelectric constants and the spontaneous polariz
predicted in Ref. 13. This is consistent with previous analy
of the optical properties of quantum wells.6,10,42,43Several
reasons for this reduction have been invoked,10 such as the
neutralization of charges at the surfaces44 or the presence o
residual free carriers45,46which, in the case of quantum dot
would lead to charged excitons.

Figure 7 confirms that the hole wave function is localiz
at the bottom of the quantum dot, partly in the wetting lay
while the electron wave function is pushed up to the top
also shows that the piezoelectric field induces an extra lat
confinement for the hole towards the center of the dot
agreement with Ref. 17. Such a lateral confinement is cle
absent when one replaces the pyroelectric and piezoele
fields by a constant field of 8.2 MV/cm along the~0001!
direction. However, as shown above, the lateral confinem
has no significant influence on the transition energies.

Figure 8 presents the dependence on emission energ
the radiative lifetime. When the built-in fields are not i
cluded in the calculation, there are no significant variatio
while, when the fields are introduced, the lifetime quick
increases with size, with an exponential law for large qu
tum dots. These results are in agreement with the theore
work of Ref. 18.

Let us now discuss the effect of the screening by exc
carriers. Figure 9 shows the evolution of the gap as a fu
tion of the numbern of electron-hole pairs in the larges
quantum dot that we have considered. The electron-h
pairs formed in the quantum dot screen the built-in field a
hence lead to a blueshift of the transition energy. The va
tion of the gap withn is approximately linear. Recent calcu

FIG. 8. Calculated radiative lifetime for the transition from th
first excitonic state (n5p51) to the ground state (n5p50) as a
function of the quantum dot height.
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lations on InAs quantum dots submitted to an external e
tric field applied by a metallic tip also predict a linea
variation of the gap with the number of injected carriers40

Figure 10 presents the evolution with size of the screen
energy which we define as the variation in energy gap
electron-hole pair. We obtain a screening energy of 63 m
for the largest dot. Experimentally, a 70-meV blueshift
observed when the power density of the laser exciting
dots varies from 60 to 450 W/cm2.8 A few electron-hole
pairs per dot are estimated at the higher density. From
work, we conclude that a single pair can explain th
blueshift. The screening energy decreases when goin
small size because the overlap between the hole and ele
wave functions increases due to a stronger confinem
which tends to reduce the screening field.

Below 1.5 nm, our calculations predict that the screen
energy increases~Fig. 10!. However, we must note that in
this range of sizes where the electron-hole overlap is la
the Coulomb interaction between the two particles is
correctly described in the Hartree approximation. Thus
two-particle calculation should be required in this limit, fo
example, by solving the Bethe-Salpeter equation.47 With ato-
mistic descriptions of the electronic structure, such as ti

FIG. 9. Dependence of the one-particle gap and of the radia
lifetime on the numbern of electron-hole pairs in the quantum do
of Fig. 1. A constant field of 3.8 MV/cm was considered in th
calculations. The gap follows a linear law given by«g52.927
10.063n ~eV!.

FIG. 10. Screening energy as a function of the quantum
height. A constant field of 3.8 MV/cm was considered in the cal
lations. The experimental point (d) is from Ref. 8.
5-5
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binding or empirical pseudopotentials, one possible appro
would be to use a configuration-interaction technique like
Refs. 47–49. But, in addition, the procedure should be m
self-consistent. This is beyond the scope of the present pa
and could be the purpose of future works.

Figure 9 shows that the radiative lifetime has an expon
tial dependence on the numbern of excitations, which can be
understood as follows. The screening field is a linear fu
tion of n, and the lifetime is an exponential function of th
field through the overlap between the electron and hole w
functions. The variation of the lifetime is substantial, a
thus should be experimentally measurable if nonradiative
fects do not predominate.

V. CONCLUSIONS

We have performed atomistic calculations for the el
tronic structure of GaN quantum dots containing up to
proximately 40 000 atoms using second-nearest-neigh
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