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Disorder in fractional quantum Hall states and the gap atnÄ5Õ2
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Theoretical results for the gaps of fractional quantum Hall states are substantially larger than experimental
values determined from the activated behavior of charge transport. The disparity in the case of the enigmatic
n55/2 state is worrying as it amounts to a factor of 20–30. We argue that disorder effects are responsible for
this disparity and show how intrinsic gaps can be extracted from the measured transport gaps of particle-hole
symmetric states within the same Landau level. We present theoretical results for gaps atn55/2 and 7/2, as
well as atn51/3, 2/5, 3/7, and 4/9, based on exact diagonalizations, taking account of the finite thickness of
the two-dimensional electron layer and Landau level mixing effects. We find these to be consistent with the
intrinsic gaps inferred from measured transport gaps. While earlier analyses@Du et al., Phys. Rev. Lett.70,
2944~1993!# assumed constant broadening for each sample, our results for the disorder broadening depend on
the filling fraction and appear to scale with the charge of the elementary excitations of the corresponding
fractional state. This result is consistent with quasiparticle mediated dissipative transport.
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The gaps obtained from analyzing the activated temp
ture dependence of the longitudinal conductance near
center of fractional quantized Hall~FQH! plateaus in GaAs
heterostructures1,2 disagree with the values obtained from d
rect diagonalizations of finite systems.3 This is the case even
taking account of the softening of the Coulomb interact
between electrons resulting from the nonzero thickness
the two-dimensional~2D! electron layer and of Landau leve
mixing effects. The discrepancies can be around a factor
in the highest mobility samples for FQH states in the low
Landau level~LLL !. For FQH states in the second Land
level the discrepancies are even larger, as much as a fact
20 at filling fractionn55/2 ~Refs. 3–5! and a factor of 30 at
n57/2 ~Ref. 6!. Such large discrepancies make one won
whether then55/2 state has been correctly identified.

We argue that disorder effects are responsible for th
discrepancies. We show how the intrinsic gap of FQH sta
which are strongly affected by disorder, can be estima
directly from measurements of the transport gaps usin
simple model. These estimates are consistent with result
obtain from exact diagonalizations of finite systems provid
we take account both of the nonzero width of the elect
wave function in the direction perpendicular to the tw
dimensional electron layer and of Landau level mixi
~LLM !. Our analysis also provides estimates for the red
tion of the measured activation gaps relative to the disord
free intrinsic gaps—the so-called ‘‘disorder broadening.’’ W
find that the disorder-induced gap reduction depends on
FQH state studied and is roughly proportional to the fr
tional charge of the corresponding elementary excitatio
Our results show that, using a combination of the scal
analysis~described here! and comparisons with the results
exact diagonalizations, it will be possible to extract fro
measurements of activation energies reliable estimates
for the intrinsic FQH gap and for the disorder-induced g
reduction.

This work has been motivated by the observation o
transport gap for a FQH state atn57/2 by Eisensteinet al.6

and by their report of transport gaps for then57/2 and 5/2
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FQH states ofDa(7/2)50.07 K andDa(5/2)50.31 K. The
latter is almost a factor of 3 larger than the earlier va
Da(5/2)50.11 K ~first reported in Ref. 4 and confirmed i
Ref. 5!. The smaller gaps atn55/2 were obtained for
samples with electron densitynS52.331011/cm2, whereas
the most recent results are fornS5331011/cm2 ~Ref. 6!. The
factor of 3 difference between the new and old results
Da(5/2) cannot result from Coulomb interaction effec
alone, as these scale withAnS.

A FQH state atn57/2 is expected on theoretical ground
Its structure should be very similar to that of then55/2 state,
as these two states are related by particle-hole conjuga
symmetry, which becomes exact in the limit when LLM ca
be neglected. In that limit, if the energy gaps are pur
controlled by the Coulomb interaction

Ec5e2/k,0 , ~1!

the intrinsic gapsD i(n) of pure ~disorder-free! systems can
be written as

D i~n!5d~n!Ec . ~2!

The symbol,0 in Eq. ~1! stands for the magnetic length
defined in terms of the magnetic fieldB, by ,05A\c/eB,
and k is the dielectric constant of the semiconductor ma
rial. For physically equivalent FQH states at fillingsn andn8
~those related by particle-hole conjugation symmetry!, the
coefficientsd(n) andd(n8) in Eq. ~2! will be the same and
the difference in the gap valuesD i(n) andD i(n8) will reflect
the difference in the Coulomb energy scaleEc at the mag-
netic fieldsBn andBn8 at which the FQH states occur. Th
will happen forn8522n, and in the second Landau leve
when d(21n)5d„21(22n)…, implying d(5/2)5d(7/2).
If, in addition, spin mixing effects can be neglected, FQ
states at filling fractionn can be mapped to states atn851
2n. As an example, we expect that gaps of fractional sta
at n51/3,2/3,4/3, and 5/3 will all be described by the sam
coefficient d(1/3) as long as the Zeeman energy is lar
enough to suppress spin reversal in all these states an
long as LLM effects can be neglected.
©2003 The American Physical Society09-1
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BRIEF REPORTS PHYSICAL REVIEW B68, 113309 ~2003!
The gap observed in the activated transport in an id
homogeneous sample should be the intrinsic gap given
Eq. ~2!. In practice, the transport is found to be activated
with a gap which is smaller than the expected intrinsic g
In the absence of any microscopic theory of the effects
impurities, previous analyses simply assumed that the int
sic gap is reduced by a filling-factor-independent~but
sample-dependent! disorder broadening of electronic state2

Such analyses gave intrinsic gaps which scaled asuBn

2B1/2u, whereBn is the magnetic field at which the filling i
preciselyn, and implied an effective mass of the compos
fermions which is independent of the filling fraction, co
trary to theoretical predictions.7

Here we explore the implications of a much weak
assumption—namely, that the effect of disorder in any giv
sample is the sameonly for states which have elementa
excitations carrying the same fractional charge. We de
the gap reductionG(n), as the difference between the me
sured activation gaps,Da(n), and the intrinsic gapD i(n)
5d(n)Ec :

Da~n!5d~n!Ec2G~n!. ~3!

We then assume that the intrinsic gap parameterd(n8) and
the reduction due to disorderG(n8) are the sameonly for
symmetry-related states, i.e., for states withn8 in the setSn

which is a subset of$n,12n,11n,22n% ~see below!, so that

Da~n8!'dnEc2Gn ; n8PSn . ~4!

Analyzing the experimental data on the basis of Eq.~4!
brings the experimental estimates of the intrinsic gaps v
closely into line with expectations from first-principles exa
diagonalization studies. We also find that the gaps in
lowest Landau level agree to within a few percent acr
different samples. In the second half of the paper we
~again empirically! the validity of the ansatz~4! using the
results of finite-size diagonalization studies. For states c
to n51/2 and for the pair atn55/2 and 7/2, for which Lan-
dau level mixing effects are similar, we find that our we
assumption appears valid and suggests a gap redu
which, in any given sample, scales with the fractional cha
of the elementary excitation.

The disorder scattering in the GaAs heterostructures,
which studies of the activated transport have been repor
is thought to be due mainly to ionized donors separated f
the electron gas by a spacer layer of widthd, where d
;800 Å ~Ref. 2!. In the case of moderate to strong disord
the system is expected to break up into regions of compr
ible fluid surrounded by filamentary strips of incompressi
fluid, which percolate through the system and are respons
for the quantized Hall response.9 Our assumption that the
values of G(n) in a given sample are comparable for a
statesn8 in Sn is equivalent to assuming that the effect of t
ionized donors on the low-lying excitations in~or at the
boundary of! the incompressible strips, which are respo
sible for the quantized Hall response, is similar for all fillin
fractions in the setSn . In the limit l 0 /d!1, the fractionally
charged elementary excitations will appear point like on
scale of the impurity potential, in which caseG(n) will de-
11330
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pend on properties of the low-lying excitations like the
chargeq. These will be common to symmetry-related sta
in the setSn but different for inequivalent setsSn . Effects
related to the internal structure of the excitations, which w
result in an additional dependence ofG(n) on the ratiol 0 /d,
are assumed to be small. In practice this means that
ansatz~4! should hold best for states inSn for which the
ratios l 0 /d are close, for example the states atn51/3 and
n52/3, but less well for the state atn55/3. When we com-
pare with our results from exact diagonalizations, this is
deed what we find~see below!.

In Fig. 1, we show the gap results from Ref. 6 for then
55/2 and 7/2 states as a function ofEc . According to Eq.~4!
the slope of the straight line through the two gap valu
yields d(5/2)'0.014. This is just;35% smaller than the
theoretical estimate for a spin-polarized paired state of
Moore-Read type,10 d th(5/2)'0.022, which was computed
without taking account of LLM effects.3 The intercept of the
straight line gives@see Eq.~4!# an estimate of the gap reduc
tion due to disorder,G(5/2)'1.24 K, which is only slightly
less than the estimate for the intrinsic gap itself. We emp
size that the estimate forG for the two states is based sole
on the assumption that the 7/2 and 5/2 states are particle-
conjugates of each other and that the Coulomb interac
dominates the value of the intrinsic gap. Although, in pra
tice, the state atn57/2 is likely to be more strongly affecte
by LLM than that atn55/2, the assumption of particle-hol
symmetry between the two states should still be appro
mately valid. In the following, we show that the effects
LLM reduce the theoretical value tod th(5/2)'0.016, so that
the discrepancy between theoretical and experimental
mates of the gap at 5/2 essentially disappears. This prov
further support for the identification of the FQH state atn
55/2 as a paired state.11,12

We have also reanalyzed older results for FQH state
filling n5p/(2p11) and (p11)/(2p11). In Fig. 2, we
show the measured gaps taken from Refs. 1, 2, and 8
three different very high-mobility samples at filling fraction
n5p/(2p11), n8512n, and n8522n for p51 @Fig.
2~a!#, p52 @Fig. 2~b!#, andp53 @Fig. 2~c!# as functions of

FIG. 1. The activation gaps,Da(n) from Ref. 6 plotted against
Ec5e2/k,0 for n55/2 ~right! and 7/2 ~left!. The slope of the
straight line through the measured gaps@cf. Eq. ~4!# yields a coef-
ficient d(5/2)50.014, i.e.,D i50.014Ec , and via the intercept, an
estimate of the gap reduction due to disorder,G5/2

est'1.2 K.
9-2
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BRIEF REPORTS PHYSICAL REVIEW B68, 113309 ~2003!
Ec . Samples A and B of Ref. 2 have an electron densitynS
of (1.12 and 2.3)31011/cm2 and mobilities m
5(6.8 and 12)3106cm2/V s. The sample of Ref. 1~which
we will call sample C! hasnS51.6531011/cm2 and a mo-
bility m553106cm2/V s. Gaps atn55/3 and 4/3 were re-
ported for sample A in Ref. 8. The dependence of the gap
total magnetic field in a tilted field experiment showed tha
n55/3 the ground and low-lying excited states were s
polarized. Atn54/3 the ground state was not spin polariz
for tilt angles up to 65.1° while the excitations involved sp
reversals up to even larger tilt angles. We therefore ass
that only the states atn51/3, 2/3, and 5/3 are related b
symmetry and not the state atn54/3. We show the measure
gaps in untilted field as a function ofEc in Fig. 2~a!. The

FIG. 2. The measured activation gapsDa(n) plotted against the
Coulomb energyEc5e2/k,0. Triangles and asterisks, respective
refer to samples A and B in Refs. 2 and 8; diamonds repre
results from Ref. 1.~a! Gaps atn51/3, 2/3, 5/3. ~b! Gaps atn
52/5, 3/5.~c! Gaps atn53/7, 4/7. The slope ofDa vs Ec gives an
estimate of the intrinsic gapD i'dnEc of the setSn of symmetry-
related states. Samples of differing quality lead to similar slopesdn

of the straight line fit, but to different intersections atEc50, which
provide estimates for the gap reductionGn

est for that family Sn .
11330
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slopes of the three straight line fits through the gaps
samples A, B, and C are quite similar, yielding estimates
d1/350.064, 0.058, and 0.075, respectively. By contrast,
intercepts atEc50 yield estimatesG1/3

est that vary by almost a
factor of 2 and reflect differences in sample quality. In Fig
2~b! and 2~c! we show the analysis of the states atn52/5,
3/5 andn53/7, 4/7, respectively. Again the slope of the ga
as function ofEc are very similar for the two samples A an
B. They yield estimates ofd2/550.029 for both samples@Fig.
2~b!# andd3/750.027 and 0.025@Fig. 2~c!# for samples A and
B, respectively.

We can test the ideas behind the ansatz~4! directly using
the results of exact diagonalization studies. We attribute
difference between precise calculations of FQH gaps
disorder-free systems and measured gaps to the effec
disorder and then use Eq.~3! as the definition ofG(n). Such
calculations must of course include the effects of the fin
thicknessw of the two-dimensional electron system as w
as LLM. We take account of LLM within the random phas
approximation for the dielectric function14

e~q,v!512Ṽ~q!P~q,v! ~5!

and represent the electron-electron interaction by

U~r !5E d2q

~2p!2
Ṽ~q!

eiqW rW

e~q,0!
, ~6!

where

Ṽ~q!5
2pe2

kq
eq2w2

er f c~qw! ~7!

is the interaction between electrons that are trapped at
interface in a Gaussian wave function of widthw ~Ref. 3!.
The polarizationP(q,v) in Eq. ~5! is given by

P~q,v!52
m*

p\2 (
s

(
n50

[n(s)21]

F„n~s!2n… (
k5n11

`

F„k

2n~s!…
~21!(k2n)~k2n!

~v/vc!
21~k2n!2

Ln
k2n~x!Lk

n2k~x!e2x,

~8!

where x5(q,0)2/2 and (s stands for the summation ove
spins5↑,↓. The symbol@x# denotes the largest integer<x.
Equation ~8! agrees with expression~A1! of Aleiner and
Glazman,14 which describes the spin-degenerate casen(↑)
5n(↓)5N, with integer filling 2N. The functionF(z) is
introduced to treat the case of fractional filling and measu
the filling fraction of the Landau leveln, via F(z)5z for 0
,z,1, F(z)[1 for z>1 andF(z)[0 for z<0. We have
verified this method for incorporating finite width and LLM
corrections at filling fractionn51/3 where we could check
that our results are consistent with those by Yoshioka.13 Ex-
pression~6! together with Eqs.~7! and ~5! lead to a modifi-
cation of the electron interaction at short separation, whic
controlled by the dimensionless parameterl5Ec /\vc .

nt
9-3



h

th
LL
th
n

ol
in

te

ve
ll

s
ica
al
or

The
sis
e
es

he
e
.

lies

are

e-
t

f
-

to

ith

la
ri
t-

is
-
nd

en-
and
-

BRIEF REPORTS PHYSICAL REVIEW B68, 113309 ~2003!
Herevc5eB/m* c stands for the cyclotron frequency, wit
m* the effective mass of the electrons.

For the particular sample of Ref. 6 we have repeated
calculation of Ref. 3 using the interaction amended for
mixing and taking account of the nonzero thickness of
wave function. We have computed the quasiparticle a
quasihole energies as described in Ref. 3 and, by extrap
ing to the thermodynamic limit, we have estimated the
trinsic gaps atn55/2 and n57/2. The gaps ared th(5/2)
50.016 andd th(7/2)50.015, and are close to the estima
d5/2

est'0.14 obtained from the experimental values ofDa at
n55/2 and 7/2, using Eq.~4! as discussed above. We ha
also calculated the finite width and LLM corrections for a
the other states reported in Refs. 1,2, and 8. These result
listed in Table I. The differences between the two theoret
estimatesd th for the pairs of states are generally very sm
reflecting very small differences in the LLM corrections f
the members of each pair. With the exception of then55/3

TABLE I. The values for the intrinsic gapdn
est @see Eq.~2!#

estimated by fitting the measured activation gapsDa to the ansatz
~4! for different samples, together with our theoretical valuesd th(n)
for the gaps obtained from exact diagonalization studies~cf. Ref. 3!
and the corresponding gap reductionG(n) ~see text!. The theoreti-
cal valuesd th(n) include finite width and Landau level mixing
corrections. Numbers in parentheses denote the error of the
quoted digit ofdn

est. These are calculated from the quoted expe
mental error~Ref. 1! or from the discretization error when extrac
ing numerical data from experimental plots~Refs. 2 and 8!. For the
latter as well as forn55/2 and 7/2, no experimental uncertainty
specified. If for the values ofDa of Refs. 2 and 8 similar uncertain
ties are assumed as specified in Ref. 1, errors for samples A a
are 4–5 times bigger than quoted.

n n8 Ref dn
est d th(n) d th(n8) G(n) G(n8)

1/3 2/3 1 0.069~9! 0.075 0.074 7.2 K 6.4 K
1/3 5/3 1 0.077~4! 0.075 0.057 7.2 K 5.3 K
1/3 2/3 2A 0.063~2! 0.077 0.073 6.5 K 5.3 K
1/3 5/3 2,8A 0.064~1! 0.077 0.052 6.5 K 3.1 K
2/5 3/5 2A 0.029~3! 0.036 0.034 3.0 K 2.6 K
3/7 4/7 2A 0.027~5! 0.025 0.025 2.3 K 2.3 K
4/9 5/9 2A 0.013~6! 0.019 0.019 2.2 K 2.1 K
1/3 2/3 2B 0.058~2! 0.077 0.076 9.4 K 7.8 K
2/5 3/5 2B 0.029~3! 0.036 0.036 4.3 K 3.9 K
3/7 4/7 2B 0.025~3! 0.025 0.025 3.6 K 3.5 K
4/9 5/9 2B 0.007~5! 0.020 0.020 3.3 K 3.0 K
5/2 7/2 6 0.014 0.016 0.015 1.5 K 1.4 K
B
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case, our assumptiond(n8)'d(n) for all n in the setSn of
symmetry-related states therefore appears reasonable.
estimatesdn

est of the gap coefficients, calculated on the ba
of the simple ansatz~4! from the experimental values of th
activation gapDa, are consistent with the theoretical valu
d th(n) within realistic error bars~cf. caption of Table I!.

Estimates forG(n), based on Eq.~3!, are listed in the last
two columns of Table I and plotted in Fig. 3 against t
chargeq51/(2p11) of the elementary excitation of th
FQH state atn5p/(2p11) or its symmetry-related siblings
The values we obtain forG(n) scale with the charge of the
excitation in each sample. They are comparable for fami
of symmetry-related states as we assumed in Eq.~4!, with the
assumption better justified the closer the filling fractions
to n51/2. However, in each family,G(n) is systematically
smaller for larger filling factors, with smaller differences b
tweenG(n) andG(12n) whenn is close to 1/2. The larges
differences are for the case ofn51/3, 2/3, and 5/3, where
G(1/3) is about twiceG(5/3). We attribute this reduction o
G(n) at largern to LLM and other polarization and screen
ing effects which should increase asl 0 /d increases~for the
n55/3 state in Ref. 8l 0 /d;1/3), but which would require a
microscopic model of the response of the FQH system
potential variations to quantify.
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FIG. 3. Disorder broadeningG(n) for samples of different high
electron mobility plotted as a function of the charge of the elem
tary excitations. Solid symbols refer to sample A, open triangles
diamonds to sample B~Refs. 2 and 8!, and the data on the dash
dotted line representn55/2 and 7/2~Ref. 6!. Triangles refer ton,
diamonds to 12n.
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