
PHYSICAL REVIEW B 68, 113104 ~2003!
Dynamics of short-time-scale energy relaxation of optical excitations due to electron-electron
scattering in the presence of arbitrary disorder
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A nonequilibrium occupation distribution relaxes towards the Fermi-Dirac distribution due to electron-
electron scattering even in finite Fermi systems. The dynamic evolution of this thermalization process assumed
to result from an optical excitation is investigated numerically by solving a Boltzmann equation for the carrier
populations using a one-dimensional disordered system. We focus on the short-time-scale behavior. The loga-
rithmically long time scale associated with the glassy behavior of interacting electrons in disordered systems is
not treated in our investigation. For weak disorder and short range interaction we recover the expected result
that the relaxation rate is enhanced by disorder. For sufficiently strong disorder, however, we find an opposite
trend due to the reduction of scattering probabilities originating from the strong localization of the single-
particle states. Long-range interaction in this regime produces a similar effect. The relaxation rate is found to
scale with the interaction strength, however, the interplay between the implicit and the explicit character of the
interaction produces an anomalous exponent.
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The interplay of strong disorder and electron-electron
teraction is one of the major issues of contemporary c
densed matter physics. This problem may well be behind
insulator metal transition in two dimensions1 or behind the
unexpectedly large persistent current observed in exp
ments as compared to theoretical predictions.2 Similarly this
interplay is responsible for the glassy behavior of the el
trons recently investigated both experimentally3 and
theoretically.4 Since theoretically the nonperturbative trea
ment of both disorder and interaction is still a very dema
ing task, numerical simulations may yield important insig
into the problem. In this paper we present results of suc
numerical simulation.

For photoexcited ordered semiconductors, it is known t
Coulomb scattering is a rapid process.5 In the presence of a
weak disorder, i.e., in dirty metals in the diffusive regim
such process may become even faster7 because the particle
diffusively can spend more time close to each other, wh
results in an enhanced probability of scattering. This
hancement can in other words be attributed to the absenc
k vector selection rules in the scattering process.

Very little is known about the Coulomb scattering for th
case of a strong disorder. In this paper we show that w
increasing disorder the localization length of the sing
particle states reduces drastically and hence the scatte
probabilities as well. Our result is obtained from numeric
investigations of the dynamical energy relaxation due
electron-electron scattering in a system modeling a dis
dered metal in the localized regime. Our model is related
the quantum Coulomb-glass model introduced and studie
detail in Ref. 8. In these and subsequent studies this m
has been used to determine stationary and equilibrium p
erties of interacting electrons in a disordered environme
The interplay of strong interaction with strong disorder
also responsible for the emergence of glassy behavi3,4

which results in logarithmically slow relaxation process
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with time scales of the order of a day.
Here we are interested in the short-time-scale relaxa

of an initially nonequilibrium occupation number distribu
tion which is assumed to be a result of an optical excitati
Ultimately we are interested in optical phase relaxation d
to Coulomb interactions in a strongly disordered syste
These particular relaxation processes will take place arou
local minimum of the free energy of the Coulomb glas
They are completed long before the system moves from
minimum to a lower one. Therefore the logarithmic rela
ation times arising due to the slow process of finding
global minimum of the free energy is beyond the scope
the present study. The treatment of optical relaxation due
interactions is not a trivial subject even in order
semiconductors.5 In order to gain some insight into thes
processes we here study first the population relaxation in
time regime, typical for processes within a given minimu
We are aware, however, that phase and population re
ations are not identical. Nevertheless, the dependence o
relaxation rates on disorder and interaction strength in
situation envisaged is interesting in itself as far as opti
phenomena are considered.

In order to investigate the diffusive and the localized
gimes as well, we use both Hubbard-type short-range in
actions and Coulomb-type long-range interactions. We
ready anticipate that the former is more appropriate in
diffusive regime as it roughly incorporates the screening
fect of the other electrons, although, both types of inter
tions yield qualitatively similar results in the localize
regime.

In order to investigate the population relaxation due to
particle-particle scattering we consider a simplified mode
a strongly disordered system described by the Hamilton
that consists of two parts,H5H11H2, where the single-
particle partH1 reads as
©2003 The American Physical Society04-1
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H15(
i

« ici
†ci1(

i , j
Ji j ci

†cj , ~1!

whereci (ci
†) annihilates~creates! an electron on sitei, ~i.e.,

a stateu i &). We consider electrons without spin. The atom
energy levels« i are taken randomly from a box distributio
of width W around zero mean value.Ji j describe the hopping
amplitude from sitei to site j. Nearest neighbor approxima
tion has been used with a constant hopping rateJ taken as
the unit of energy. The sites are assembled in a regular
dimensional lattice of unit lattice spacing with period
boundary conditions.

The second part of the total Hamiltonian contains the tw
particle interaction which in site representation reads as

H25
1

2 (
i j

Vi j ~ci
†ci2K !~cj

†cj2K !, ~2!

where for the sake of charge neutrality we have already
cluded a compensating charge ofKe at each lattice site
whereK is the filling factor. The interaction matrix elemen
is either of short-range or long-range type. In the former c
Vi j 5U0 when two electrons are on the neighboring sitesu i
2 j u51, and zero otherwise. For long-range interaction,Vi j
5U0 /u i 2 j u, U0.0 characterizes the strength of the rep
sion between electrons located at neighboring sites. In
case due to the Pauli principle the electrons are not allo
to occupy the same site.

The electron-electron scattering is evaluated in an ef
tive single particle basis. This basis is obtained from
diagonalization of the HamiltonianH1 including the ‘‘diag-
onal’’ part of the interaction, i.e., as a first step we se
consistently obtain the Hartree–Fock~HF! solution of the
Hamiltonian ~1! by replacing the parameters« i and Ji j as
« i1

1
2 ( jVi j nj j and Jd^ i , j &2

1
2 Vi j nji , respectively. In the HF

basis our original Hamiltonian can be expressed as

FIG. 1. Typical time evolution of the root-mean-squared dev
tion of an initially nonequilibrium occupation from the Fermi-Dira
distribution for the case of long-range Coulomb interaction. T
inset shows thena distribution at different time instants. Time i
measured in units of Heisenberg-timeD21 energy in units of near-
est neighbor hopping,J.
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H5(
a

«aca
†ca1 (

abgd
Uab

gd ca
†cb

†cgcd , ~3!

where the single-particle part is obviously diagonal in the
basis with the«a’s being the HF eigenvalues. In the residu
interaction

Uab
gd 5(

i j
Vi j Cia* Cj b* CigCj d , ~4!

where theCia numbers represent the HF states in site rep
sentation. This model is in fact the standard two-body r
dom interaction model~TBRIM! of fermions. Within the
TBRIM, for example,Uab

gd values are chosen randomly from
a Gaussian distribution assuming that the single-part
states are sufficiently chaotic, i.e., delocalized. The typi
matrix elementŪ'D/g, whereg is the dimensionless con
ductance of the system andD is the mean HF-level spacing
In our case these interaction matrix elements contain

-

e

FIG. 2. Dimensionless relaxation rate in units of the mean le
spacing for the caseg5G/D of ~a! long-range Coulomb interaction
and~b! short-range Hubbard interaction as a function of the dim
sionless disorder strengthw5W/J. The initial occupation is similar
as in the inset of Fig. 1. The different curves are labeled accord
to u5U0 /J. The insets show the curves which are rescaled with
dimensionless interaction parameteru. The system size isN520.
4-2
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information about the microscopic details of the origin
model, e.g., the long-range correlations due to the Coulo
interaction and the presence of a disorder potential. He
especially in the case of strong disorder we are not allow
to use the TBRIM model. Also note that Eq.~4! depends on
the interaction strengthU0 explicitly throughVi j and implic-
itly through the coefficientsCia .

This HF basis corresponds to a zero-temperature equ
rium distribution of the occupation numbersna5^ca

†ca& that
equals 1~0! for «a<EF («a.EF).

We assume that an excitation process has somehow
erated an initial, nonequilibriumna distribution of the form
na5Z21exp@2(«a2Ec)

2/2w2#, whereEc is the center of the
‘‘excitation’’ and w is its energy spread.Z is fixed by the
condition(ana5N. The center of the excitation is chosen
the lower half of the energy band, typically at its middle or
the band edge. The widthw is typically chosen to be one
fourth of the bandwidth with which one could more or le
avoid the possibility of the non physical situation ofna
.1. During the numerical simulation this initial distributio
is assumed to relax6 towards equilibrium via electron
electron scattering. This process is described by the Bo
mann equation7

d

dt
na52

2p

\ (
b,g,d

uUab
gd u2d~«a1«b2«g2«d!

3@nanb~12ng!~12nd!2~12na!~12nb!ngnd#.

~5!

As we have noted already, in the localized regime we can
apply assumptions of ergodic wave functions in order to
timate the typical value ofUab

gd . Also our spectra are discret
therefore thed function in Eq.~5! is not possible to be sat
isfied exactly. However, we may approximate it with a b
of finite width of the order of the mean level spacingD. This
approximation enables us to call the relaxation describe

FIG. 3. Average dimensionless relaxation rateg5^Ga&/D as a
function of the dimensionless disorder strengthw5W/J as obtained
from the exponential ansatz for short times. The different curves
labeled according tou5U0 /J. Open symbols stand for Hubbar
type interaction and filled symbols for Coulomb type interactio
The data for the Coulomb interaction has been scaled down
factor of N, whereN520 is the size of the system.
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Eq. ~5!, in fact an inelastic process because the finite wi
effectively results in loss of energy.

Integration of the above equation using a standard fou
order Runge–Kutta procedure gives the time evolution
na(t). The form of a Fermi–Dirac distributionnFD(E)
51/(11exp@b(E2m)#) is fitted at every time step. This fi
provides a ‘‘chemical potential’’m and an ‘‘inverse tempera
ture’’ b. However, we are more interested in the error of t
fit, s2(t)5(a@na2nFD(«a)#2. This quantity characterize
how close the distributionna is to nFD . An example for one
single realization overN520 sites with half filling is pre-
sented in Fig. 1 where we can clearly see an approxima
exponential decrease that initially characterizes the re
ation process. From these initial exponentials a relaxa
rateG can be obtained throughs(t)'s0exp(2Gt).

The scattering probability between the pairs of sing
particle states$a,b% and$g,d% is (Uab

gd )2 which is explicitly
proportional toU0

2 . Therefore for small enoughU0 when the
Hartree-Fock states differ very little from the noninteracti
basis we expectG;U0

2. The power of two should, howeve
be an approximate value, since for strong enough interac
and also for strong enough disorder we expect a differ
exponent due to the implicit character of the interaction
coded in the coefficientsCia .

The relaxation rate obtained from the exponentials
shown in Fig. 1 has been collected and averaged over m
realizations. In Fig. 2 we show the data obtained for seve
interaction strengthU0 and disorderW. We can clearly iden-
tify qualitatively that for the case of short-range interaction
weak disorder produces an increase of the relaxation ra7

As disorder is increased, however, the rate decreases.
that a long-range interaction induces a much faster relaxa
as compared to a short range one.

As we can see in the insets of Fig. 2 the relaxation r
grows as a power ofU0 that is smaller than two. This is du
to the strong perturbation the interaction makes on the
states as compared to the noninteracting basis. One may
detect a slight difference in the exponents between the
types of interactions.

We may summarize that the error of the occupation nu
ber distribution decays for short times roughly as an ex
nential ~Fig. 1! therefore we may expect that the solutio
of Eq. ~5! is also an exponential whose derivative
ṅa'2Gana . If we substitute this ansatz into Eq.~5! we can
calculate theGa values from the initial derivatives. This al
lows obviously for a much better statistics, however, will s
strongly depend on the initialna distribution. An average
over the individual ratesGa and obviously over many real
izations of the disordered potential is presented in Fig. 3.
can observe that the effectiveU0 dependence here is rough
two owing to the simple approximation of the exponent
ansatz for short times.

In summary our numerical results show that weak dis
der indeed causes the energy relaxation of an initially n
equilibrium occupation number distribution towards a Ferm
Dirac distribution to become faster for the case of sho
range interactions. On the other hand with an increase
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disorder the single-particle localization volume decrea
hence the quasiparticles have smaller chance to effecti
scatter and therefore the relaxation rate decreases cons
ably. Note that the long-range type interaction is more eff
tive, thereforeG is orders of magnitude larger than in th
case of short-range interaction. However, qualitatively b
of them produce a similar tendency as a function of la
enough disorder,W.

From the results presented here one could expect tha
herent phenomena at elevated density of particles may
more robust with respect to dephasing processes in stro
disordered systems. Thus one could suspect that these
tems may serve as a testing ground of coherent phenom
even at elevated carrier densities, especially in the case w
these phenomena do require the presence of strong dis
anyway. One such phenomenon is for instance the cur
echo.9

The loss of coherence, i.e., dephasing, following int
band photoexcitation has been widely studied in semic
ductor systems, where the optically induced coherenc
monitored in the time domain by ultrafast nonlinear optic
techniques.10,11 Using many-body theory it has, howeve
been shown that the dephasing of the interband polariza
due to the Coulomb many-body interaction cannot be e
od
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mated directly from the carrier-carrier scattering rates bu
is a rather complicated phenomenon. So-calledin scattering
contributions largely compensate the dephasing provided
the usualout scattering terms.5,10–12As a result the depen
dence of the dephasing rate of the interband polarization
the carrier densityn is rather weak, see Ref. 11, where f
two- and three-dimensional systems a dependence of}n1/3

was found. It would be very interesting to include cohere
contributions in our type of approach and to investigate up
what extent such results are altered in the presence of d
der.
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